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ABSTRACT. Let G be a reductive group over a non-archimedean local field F'.
Consider an arbitrary Bernstein block Rep(G)® in the category of complex smooth
G-representations. In earlier work the author showed that there exists an affine
Hecke algebra H(O,G) whose category of right modules is closely related to
Rep(G)®. In many cases this is in fact an equivalence of categories, like for
Iwahori-spherical representations.

In this paper we study the g-parameters of the affine Hecke algebras H(O, G).
We compute them in many cases, in particular for principal series representations
of quasi-split groups and for classical groups.

Lusztig conjectured that the g-parameters are always integral powers of the
cardinality of the residue field of F', and that they coincide with the g-parameters
coming from some Bernstein block of unipotent representations. We reduce this
conjecture to the case of absolutely simple p-adic groups, and we prove it for most

of those.
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INTRODUCTION

It is well-known that affine Hecke algebras play an important role in the rep-
resentation theory of a reductive group G over a non-archimedean local field F'
In many cases a Bernstein block Rep(G)® in the category of smooth complex G-
representations is equivalent with the module category of an affine Hecke algebra
(maybe extended with some finite group). This was first shown for Iwahori-spherical
representations [IwMal, [Bor| and for depth zero representations [Mor]. Such an equiv-
alence of categories was established for representations of GL,,(F') and of inner forms
of GL,(F) [SéSt1),[SéSt2], by using the theory of types [BuKu2]. From there, almost
the same structure has been established for inner forms of SL, (F') [ABPS].

An alternative approach goes via the algebra of G-endomorphisms of a progenera-
tor IT° of Rep(G)®. The category of right modules of End¢ (I1°) is naturally equivalent
with Rep(G)*. Heiermann [Hei2| [Hei3] showed that for symplectic groups, special
orthogonal groups, unitary groups and inner forms of GL,(F), Endg(II°) is always
Morita equivalent with an (extended) affine Hecke algebra.

Recently the author generalized this to all Bernstein components of all reductive
p-adic groups [Sol4]. In the most general setting some subtleties have to be taken into
account: the involved affine Hecke algebra must be extended with the group algebra
of a finite group, but that group algebra might be twisted by a 2-cocycle. One of
the techniques used to get there is localization with respect to certain sets of central
characters. As a consequence the resulting equivalence with Rep(G)® works for
finite length representations, but cannot be guaranteed entirely for representations
of infinite length. (No concrete counterexamples are known, but the place to look
would be the non-split inner forms of SL,(F').) Nevertheless, the bottom line is
that Rep(G)® is largely governed by an affine Hecke algebra from Endg(11°).

Let M a Levi factor M of a parabolic subgroup P of G such that Rep(G)*® arises
by parabolic induction from a supercuspidal representation o of M. We denote
the variety of unramified twists of ¢ by O C Irr(M), and the affine Hecke algebra
described above by H(O, G). If at the same time a s-type (J, p) is known, then its
Hecke algebra

H(G,J, p) = Endg(ind§ (p))
is Morita equivalent with Endg(IT°)°P. In fact [BaSal Appendix A] shows that in
most cases indG(p) is isomorphic with II°. In this setting H(O,G) can also be
constructed from H(G, J, p).

The next question is of course: what does H(O,G) look like? Like all affine
Hecke algebras, it is determined by a root datum and some g¢-parameters. The
lattice X (from that root datum) can be identified with the character lattice of O,
once the latter has been made into a complex torus by choosing a base point. The
root system X% (also from the root datum) is contained in X and determined by the
reducibility points of the family of representations {I§ (') : ' € O}. Then H(O,G)
contains a maximal commutative subalgebra C[X] = C[O] and a finite dimensional
Iwahori-Hecke algebra H(W (2Y), ¢) such that

H(O,G) = C[O] @c H(W (X)), q}) as vector spaces.

Here gr denotes the cardinality of the residue field of F', while A will be defined
soon. For every X, € X)) there is a g, € R> such that

I§(0") is reducible for all o’ € O with X, (o) = ¢a-
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Sometimes there is also a number ¢u« € (1, g,] with the property
1§ (") is reducible for all o' € O with Xo(0") = —qax.

When such a real number does not exist, we put go« = 1. These g-parameters q,
and ¢u« appear in the Hecke relations of H(W (X%), ¢3):

0= (Tsa + 1)(T8a - Q?'(a)) with q}(a) = Gafax € R>1-

Further, we define A*(a) € R>g by
A _
ar = qagal.
Knowing ¢a, gas is also equivalent to knowing the poles of the Harish-Chandra u-
function on O associated to a. See Section [1| for more details on the above setup.
The representation theory of (O, G) depends in a subtle way on the g-parameters
o, Gox for X, € Y, so knowing them helps to understand Rep(G)°. That brings us
to the main goal of this paper: determine the q-parameters of H(O,G) for as many
Bernstein blocks Rep(G)*® as possible.
Like for all affine Hecke algebras, there are some constraints on the g, and gq«:
o if X, Xp € XY are W(X)-associate, then ¢, = gg and gax = ggx,
® (os > 1 is only possible if X, is a short root in a type B, root system.

¢

Notice that g, and gu« can be expressed in terms of the “g-base” gr and the labels
Aa), A*(a). It has turned out [Kalul [Soll] that the representation theory of an
affine Hecke algebra hardly changes if one replaces gr by another g-base (in Rs)
while keeping all labels fixed. If we replace the g-base ¢r by ¢ and A(a), \*(«)
by A«)/r, \*(a)/r for some r € Ry, then g, and g« do not change, and in fact
H(O, G) is not affected at all. In this way one can always scale one of the labels to 1.
Hence the representation theory of H (O, G) depends mainly on the ratios between
the labels A(a), \*(«) for X, € E).

e For irreducible root systems of type A,, Dy, and E,, A(a) = X\*(a) = A(B),
for any roots Xo, Xg € X%. There is essentially only one label A(«), and it
can be scaled to 1 by fixing g, but replacing ¢r by q..

e For the irreducible root systems C,, Fy and Gs, again \(«) always equals
A*(«). There are two independent labels A\(«): one for the short roots and
one for the long roots.

e For an irreducible root system of type By, A*(«) need not equal A(«) if X,
is short. Here we have three independent labels: A(3) for Xz long, A(«) for
Xq short and A*(«) for X, short.

Lusztig [Lus5|] has conjectured:

Conjecture A. Let G be a reductive group over a non-archimedean local field F,
with an arbitrary Bernstein block Rep(G)®. Let Zéj be an irreducible component of
the root system X, underlying H(O,G). Then:
(i) the g-parameters qq, o are powers of qr, except that for a short root o in
a type By, root system the q-parameters can also be powers of qllp/2 (and then
qaqff} is still a power of qp).
(ii) the label functions A\, \* on Eéj agree with those obtained in the same way

from a Bernstein block of um’pbtent representations of some adjoint simple
p-adic group, as in [Lus3), Lusd].
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We note that the affine root systems in Lusztig’s notation for affine Hecke algebras
correspond to affine extensions of our root systems . Below we list all possible
label functions from [Lus3, Lus4], for a given irreducible root system (taking a
remark at the end of Paragraph into account).

TABLE 1. Labels for affine Hecke algebras from unipotent representations

x5 A(long root) A(short root) A*(short root)
Ay, Dy, E, — € Z>o AF= A
B, 1or?2 € Z~o € ZZO
Ch € Z~g 1lor2 A=)\
Fy 1or2 1 1
F 1 2 2
Fy 4 1 1
Gy lor3 1 1
Go 1 3 3
Go 9 1 1
Ay — 15 1
Ay — 9 7

Conjecture (1) is related to a conjecture of Langlands about Harish-Chandra
p-functions [Shal, §2]. For generic representations of quasi-split reductive groups
over p-adic fields, [Shal §3] translates Conjecture (1) to a question about poles of
adjoint y-factors. (We do not pursue that special case here.)

Motivation for Conjecture (ii) comes from the local Langlands correspondence.
It is believed [AMSI] that Irr(G) N Rep(G)* corresponds to a Bernstein component
®.(G)*" of enhanced L-parameters for G. To ®.(G)*" one can canonically associate

an affine Hecke algebra H(s", qjlp/ 2), possibly extended with a twisted group algebra

[AMS3] §3.3]. It is expected that the module category of H(s", qllp/ 2) is very closely
related to Rep(G)*, at least the two subcategories of finite length modules should

be equivalent.

The nonextended version H°(s", qllm/ %) of H(s", qll;/ %) can be constructed with com-
plex geometry from a connected reductive group H" (the connected centralizer in
G" of the image of the inertia group Ir under the Langlands parameter) and a
cuspidal local system p on a unipotent orbit for a Levi subgroup LY of HY. The
exact same data (HY,LV,p) also arise from enhanced Langlands parameters (for
some reductive p-adic group G’) which are trivial on Ir. By the local Langlands
correspondence from [Lus3, Lus4, [Sol5l [Sol6], a Bernstein component of such en-
hanced L-parameters corresponds to a Bernstein component Rep(G’ )5, of unipotent
G'-representations.

It follows that H°(s", q}/ %) is isomorphic to H°(s", qllm/?). By [Solf, Theorem 4.4],

He(s", qllw//z) is isomorphic to H(O', G’), which is an affine Hecke algebra associated
to a Bernstein block of unipotent representations of G’. If desired one can replace G’
by its adjoint group, by [Sol5, Lemma 3.5] that operation changes the affine Hecke
algebras a little but preserves the root systems and the g-parameters.

Thus, if there exists a local Langlands correspondence with good properties, Con-
jecture[A]is a consequence of what happens on the Galois side of the correspondence.
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Conversely, new cases of Conjecture [A] might contribute to new instances of a lo-
cal Langlands correspondence, via a comparison of possible Hecke algebras on both
sides as in [Lus3].

An important and accessible class of representations is formed by the principal
series representations of quasi-split groups G. When G is F-split, the Hecke algebras
for Bernstein blocks of such representations were already analysed in [Rocl| via
types, under some mild restrictions on the residual characteristic. To every root
of a quasi-split group G (relative to a maximal F-split torus) one can associate a
splitting field F, a finite extension of F'.

Theorem B. (see Theorem and Corollary [4.5])

Congecture [4] holds for all Bernstein blocks in the principal series of a quasi-split
connected reductive group over . For X, € XY, (with one exception in type 2 Ay,
that we analyse as well) qox = 1 and qq, is the cardinality of the residue field of F,.

Theorem [B| will be employed to establish a canonical local Langlands correspon-
dence for principal series representations of quasi-split F-groups [Sol7].

For parameter computations in Hecke algebras associated to more complicated
Bernstein components, we need a reduction strategy. That is the topic of Section
which culminates in:

Theorem C. (see Corollaries and
Congecture [4] holds for G if and only if it holds for its derived group Gaer. If Con-
jecture [A] holds for the simply connected cover Gs. of Gger, then it holds for G.

This enables us to reduce the verification of Conjecture [A] to absolutely simple,
simply connected groups. For (absolutely) simple groups quite a few results about
the parameters of Hecke algebras can be found in the literature, e.g. [BuKull, [Séc|
Heil]. With our current framework we can easily generalize those results, in partic-
ular from one group to an isogenous group.

Sécherre and Stevens [Séd, [SESt1l [SESt2] determined the Hecke algebras for all
Bernstein blocks for inner forms of GL,,(F'). Together with Theorem |C|that proves
Conjecture [A] for all inner forms of a group of type A.

For classical groups (symplectic, special orthogonal, unitary) we run into the
problem that some representation theoretic results have been proven over p-adic
fields but not (yet) over local function fields. We overcome this with the method
of close fields [Kaz|, which Ganapathy recently generalized to arbitrary connected
reductive groups [Ganll [(Gan2].

Theorem D. (see Corollary
Let Rep(G)* be a Bernstein block for a reductive group G over a local function field.

Then there exists a Bernstein block Rep(G)® for a reductive group G over a p-adic
field, such that:

e G and G come from “the same” algebraic group,
e Rep(G)® = Rep(G)* and H(O,G) = H(O,G),

e the parameters for both these affine Hecke algebras are the same.

For classical groups over p-adic fields the parameters of the Hecke algebras were
determined in [Heill [Heid], in terms of Maeeglin’s classification of discrete series
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representations [Moe3]. With a generalization of this method and a closer analysis
of the resulting parameters we prove:

Theorem E. (see Paragraph

Congecture [A] holds for all pure inner forms of quasi-split classical groups, and for
all groups isogenous with one of those. This includes all simple groups of type
An, Bn, Cp, D, except those associated to Hermitian forms on wvector spaces over
quaternion algebras.

Theorem [E] is useful to study Hecke algebras and the local Langlands correspon-
dence for general spin groups [AMS4]. Among classical groups associated to Hermit-
ian forms, Conjecture [A]only remains open for the non-pure inner forms of quasi-split
classical groups. Unfortunately, the current understanding of their representations
does not suffice to carry out the strategies we applied to other groups.

Finally, we consider exceptional groups. For most Bernstein components we can
reduce the computation of the Hecke algebra parameters to groups of Lie type
Ay, B,,C, and D,,, but sometimes that does not work. We establish partial re-
sults for all simple exceptional groups, most of which can be summarized as follows:

Theorem F. (see Paragraphs and
Congecture |A| holds for all simple F-groups of type Go, Fy, Eg,%Fg, Eég), 3Dy.

If (for any reductive p-adic group G) X% has an irreducible component Z(VQJ of
type Fy, then Conjecture|A| holds for Eéj.

Our results about Fy are useful in combination with [Sol3, §6]. There we related
the irreducible representations of an affine Hecke algebra with arbitrary positive ¢-
parameters to the irreducible representations of the analogous algebra that has all
g-parameters equal to 1. The problem was only that we could not handle certain
label functions for type Fj root systems. Theorem [F]shows that the label functions
which could be handled well in [Sol3l §6] exhaust the label functions that can appear
for type Fj root systems among affine Hecke algebras coming from reductive p-adic
groups.

Acknowledgements.
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comments on earlier versions, and in particular for pointing out some problems. We
thank the referee for his or her report and comments, which helped to clarify some
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1. PROGENERATORS AND ENDOMORPHISM ALGEBRAS FOR BERNSTEIN BLOCKS

We fix some notations and recall relevant material from [Sol4]. Let F' be a non-
archimedean local field with ring of integers op. Pick a uniformizing element wp €
or. We denote the cardinality of the residue field kp = op/wop by qr. Let |- | be
the norm on F, normalized so that |wp|r = g5

Let G be a connected reductive F-group and let G = G(F') be its group of F-
rational points. We briefly call G a reductive p-adic group. We consider the category
Rep(G) of smooth G-representations on complex vector spaces. Let Irr(G) be the
set of equivalence classes of irreducible objects in Rep(G), and Irreusp(G) C Irr(G)
the subset of supercuspidal representations.
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Let M be a F-Levi subgroup of G and write M = M(F'). The group of unra-
mified characters of M is denoted X,,;(M). We fix (0, F) € Irreusp(M). The set of
unramified twists of o is

O={oc®@x:x€Xn(M)} CIrr(M).

It can be identified with the inertial equivalence class s);y = [M, o]ys. Let s = [M, 0]a
be the associated inertial equivalence class for G.

Recall that the supercuspidal support Sc(m) of 7 € Irr(G) consists of a Levi sub-
group of G and an irreducible supercuspidal representation thereof. Although Sc()
is only defined up to G-conjugacy, we shall only be interested in supercuspidal sup-
ports with Levi subgroup M, and then the supercuspidal representation is uniquely
defined up to the natural action of Ng(M) on Irr(M).

This setup yields a Bernstein component

Irr(G)® = {7 € Irr(G) : Sc(w) € (M,0)}

of Irr(G). It generates a Bernstein block Rep(G)® of Rep(G), see [BeDel.
Let M' ¢ M be the group generated by all compact subgroups of M, so that
X (M) = Trr(M/M?'). Then

(1.1) ind}, (0, B) = E @c C[M/M"'] =2 E @c C[Xn(M)],

where C[M/M1] is the group algebra of the discrete group M/M*! and C[X,,(M)] is
the ring of regular functions on the complex torus X,,(M). Supercuspidality implies
that is a progenerator of Rep(M)*™. Let P C G be a parabolic subgroup with
Levi factor M, chosen as prescribed by [Sol4, Lemma 9.1]. Let

I§ : Rep(M) — Rep(G)

be the parabolic induction functor, normalized so that it preserves unitarity. As a
consequence of Bernstein’s second adjointness theorem, Ig preserves projectivity.
The representation

I° := IS (E ® C[X(M)))
is a progenerator of Rep(G)®, see [BeRu, §II1.4.1] or [Ren, Théoreme VI.10.1]. That
means [Roc2, Theorem 1.8.2.1] that the functor

Rep(G)* — Endg(IT°) — Mod

V — Homg (I1°, V)
is an equivalence of categories. This motivates the study of the endomorphism
algebra Endg (IT°), which was carried out in [Roc2l [Hei2] [Sol4]. To be precise, our
IT° is a direct sum of finitely many copies of the progenerators studied (in special

cases) in [Roc2, [Hei2]. To describe the structure of Endg(II°), we have to recall
several objects which lead to the appropriate root datum. The set

Xnr(M,0) ={x € Xpx(M) : 0 @ x = x}
is a finite subgroup of X,;(M). The map
Xor(M)/ Xpy(M,0) - O : x—o®x
is a bijection, and in this way we provide O with the structure of a complex variety
(a torus, but without a canonical base point). The group

M? =

7 ﬂxeXm(M,a) ker x
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has finite index in M, and there are natural isomorphisms
(M3 /M) 2 Xue (M) / Xor(M, 0),
C[MZ/M"] =2 C[X(M)/ Xne(M, 0)].
Here and later on, the notation C[?] must be interpreted as in (1.1)). The group
W(G, M) := Ng(M)/M

is a Weyl group in most cases (and if it is not, then it is still very close to a Weyl
group). The natural action of Ng(M) on Rep(M) induces an action of W (G, M)
on Irr(M). Let Ng(M, O) be the stabilizer of O in Ng(M) and write

W (M, O) = Na(M,O)/M.

Thus W (M, O) acts naturally on the complex algebraic variety O. This finite group
figures prominently in the Bernstein theory, for instance because the centres of
Rep(G)® and of Endg(ITf) are naturally isomorphic with C[OQ]W(M:0),

Let Ajps be the maximal F-split torus in Z(M), put Ay = Ay (F) and let
X«(Apr) = X«(Anr) be the cocharacter lattice. We write

ay = X*(AM> ®ZR and Cl}(\/[ = X*(AM) X7, R.

Let (G, Ap) C X*(Ap) be the set of nonzero weights occurring in the adjoint
representation of Ap; on the Lie algebra of G, and let ¥,.q(Apr) be the set of
indivisible elements therein.

For every o € ¥eq(Aps) there is a unique Levi subgroup M, of G which contains
M and the root subgroups Uy, U_,, and whose semisimple rank is one higher than
that of M. Let o" € ap; be the unique element which is orthogonal to X*(Ay,)
and satisfies (o, a) = 2.

Recall the Harish-Chandra p-functions from [Sil2] §1] and [Wal, §V.2]. The re-
striction of u“ to O is a rational, W (M, O)-invariant function on O [Wal, Lemma
V.2.1]. It determines a reduced root system [Hei2l, Proposition 1.3]

(1.2) Yo, = {a € Trea(Anr) : pMe has a zero on O}.

For a € Yeq(Ap) the function x — pMe(o ® x) factors through the quotient
map Xp (M) — Xn(Ta), where Ty, is the onedimensional subtorus of Ay; with Lie
algebra spanned by (a multiple of) a¥. The associated system of coroots is

Eé,u ={aY €an: uMa has a zero on O}.

By the aforementioned W (M, O)-invariance of %, W (M, O) acts naturally on Yo,
and on Xp . Let so be the unique nontrivial element of W(M,, M). By [Hei2),
Proposition 1.3] the Weyl group W (3o ) can be identified with the subgroup of
W (G, M) generated by the reflections s, with o € £¢ ,, and as such it is a normal
subgroup of W (M, O).

The parabolic subgroup P = MU of G determines a set of positive roots 25 4
and a basis Ap , of ¥p . Let Lo be the length function on W (2 ) specified by
Ao . Since W (M, O) acts on Yo ,, Lo extends naturally to W (M, O), by

lo(w) = \w(Eau) N —Ea#].
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The set of positive roots also determines a subgroup of W (M, O):
R(O) ={we W(M,0):w(E5,) =25}

(1.3) ={w e W(M,0) : Lo(w) = 0}.

The simple transitivity of the action of W (30 ,) on the set of positive systems of
Y0, [Huml, Theorem 1.8] implies that

(1.4) W(M,0) = R(O) x W(So.,).

Recall that Xy, (M)/Xn (M, o) is isomorphic to the character group of the lattice
M2/M?. Since M2 depends only on O, it is normalized by Ng (M, O). In particular
the conjugation action of Ng(M,O) on M2/M! induces an action of W (M, O) on
M2/ME.

Let hY be the unique generator of (M2 N ML)/M' = Z such that |a(hY)|r > 1.
Recall the injective homomorphism Hys : M/M?' — aj; defined by

CI}HM(m)m = |y(m)|r for m € M,y € X*(M).

Remark. This definition is motivated by the correction to [Sold]. In earlier versions
we used an alternative convention, which differs from the above by multiplying h
and Hyr by a factor -1. That does not change the Hecke algebras, it only amounts
to a different choice of generators.

In these terms Hys(hY) € Rsga. Since M2 has finite index in M, Hy;(M2/M?)
is a lattice of full rank in ay;. We write

(M2/M")Y = Homg(M2/M*', 7).

Composition with Hj; and R-linear extension of maps Hy;(M2/M*') — Z determines
an embedding

Hyp+ (M2/MY)Y — ajy.
Then HY, (M2/M*')V is a lattice of full rank in a},.

Proposition 1.1. [Sol4, Proposition 3.5]
Let a € Yo .

(a) Forw e W(M,0): w(hg) = hy -
(b) There exists a unique of € (M2/MY)" such that Hy,(a*) € Ra and (hY,a*) = 2.
(¢) Write
Yo = {Oéﬁ YOS EO#},
Eé = {hx eSS 2(97“}.
Then (3%, M2/MY, Yo, (M2/MY)V) is a root datum with Weyl group W (Zo,,,).
(d) The group W (M, Q) acts naturally on this root datum, and R(O) is the stabilizer
of the basis A, determined by P.

We note that ¥» and Eé have almost the same type as ¥ ,. Indeed, the roots
HY,(a#) are scalar multiples of the o € Xo,u, so the angles between the elements of
Yo are the same as the angles between the corresponding elements of X¢ ,,. It follows
that every irreducible component of ¥ , has the same type as the corresponding
components of Yo and XY, except that type B,/C, might be replaced by type
Cpn/By.
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For a € Syea(M) \ S0, the function pMe is constant on O. In contrast, for
a € Yo, it has both zeros and poles on O. By [Sil2, §5.4.2]
(1.5) Sq -0 =0’ whenever pMe(o') = 0.

As Ap, is linearly independent in X*(Ays) and pMe factors through Apr/Ap,,
there exists a 6 € O such that pe(5) = 0 for all a € Ap,. In view of [Sil3] §1]
this can even be achieved with a unitary 6. We replace o by &, which means that
from now on we adhere to:

Condition 1.2. (0, E) € Irr(M) is unitary supercuspidal and pMe (o) = 0 for all
a € Aop,y,. Weidentify Xo(M)/ Xoe(M, o) with O via x — 0 @ X.

By (1.5) the entire Weyl group W (30 ,) stabilizes the isomorphism class of this
o. However, in general R(O) need not stabilize o. We define

(1.6)  Xo € ClXn(M)/Xnr(M,0)] = C[O] by Xa(x) = Xa(o@x) = x(ha)-
For any w € W (M, O) which stabilizes o in Irr(M), Proposition [L.1]a implies

(1.7) w(Xa) = Xy foral aeXp,.
According to [Sil2] §1] there exist ¢a, Gax € R>1, ¢}, € Rsq for o € ¥p,,, such that
G (1-Xa)A-XZY  (1+Xa)(1+X")

(18)  pM(o@)= = e - e
(1 - CIalon)(l - QOlea 1) (1 + qu*lXa)(l + QQ*lXa 1)
as rational functions on X, (M)/Xpn (M, o) = O. We may modify the choice of o
in Condition so that, as in [Hei2l Remark 1.7]:
(1.9) Jo = qax for all @ € Ap .

Then [Sol4, Lemma 3.4] guarantees that the maps o, — Rx>o given by ¢, and
Jox are W (M, O)-invariant. Comparing (|1.8)), Condition and (|1.9), we see that
go > 1 for all o € ¥ . In particular the zeros of M occur at
{Xoa=1}={0"€ 0: X,(c) =1}
and sometimes at
{Xo=-1}={0' € 0: Xo(c') = —1}.

When pMe has a zero at both {X,, = 1} and {X,, = —1}, the irreducible component
of ¥} containing hy, has type B, (n > 1) and h] is a short root [Sol4, Lemma 3.3].

For another characterization of o, we write down an explicit construction. Let
op : P — Ry be the modular function. We realize Ig(o ® x, E') on the vector space

{f:G— E| f is smooth, f(umg) = U(m)(Xéllj/z)(m)f(g) VueUme M,g € G},
with G acting by right translations. Let P’ = MU’ be another parabolic subgroup
of G with Levi factor M. Following [Wal, §IV.1] we consider the map
Jp/|p(0'®X) : Ig(a@)x,E) — Ig,(o®x,E)

/ = g f(UmU’)\U/ f(g)du'].
Here du’ denotes a quotient of Haar measures on U’ and U N U’. This integral

converges for x in an open subset of Xy, (M) (independent of f). As such it defines
a map

(1.10)

Xu(M) x IS§(E) — 16, (E),
(x: f) = Jpiplc@X)f,
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which is rational in x and linear in f [Wal, Théoreme IV.1.1]. Moreover it intertwines
the G-representation 1§ (o ® x) with Ig,(a ® x) whenever it converges. Then
Jpipr (0 @ Xx)Jpp(o @ x) € Endg(I§ (0 @ x, E)) = Cid,
at least for y in a Zariski-open subset of X, (M). For any «a € Y,q(M) there exists
by construction [Wal, §IV.3] a nonzero constant such that
constant

(1.11) TN Plsa (ManP) (T @ X) s (ManP) ManpP (T ® X) = W’

as rational functions of x € Xy,,(M). We note that
(UNsa(U)\sa(U) =U-, and (UNsa(U))\U =U,,

where UL, denotes a root subgroup with respect to Ap;. That allows us to simplify

(T 1o

(1.12) TabarP)Manp(@ @ X)f = 9= [y fu-g)du-],

IManPlsa(ManP) (@@ X) [ = (g [y flurg)dui],

where dus is a Haar measure on Uy,. The numbers g, q;" (and gax,q,+ when
Jax # 1) are precisely the values of X, (x) = Xo(0 ® x) at which pMe (o ® x) has a
pole, and in view of ([L.11]) these are also given by the x for which

TN Plsa (ManP) (0 @ X) s (ManP) Manp(0 @ X) = 0.

For other non-unitary o ® x € O the operators (1.12]) are invertible, and by the
Langlands classfication [Ren, Théoreme VIL4.2] I, (0 ® x) is irreducible.

Corollary 1.3. The poles of uMe are precisely the non-unitary o ®x € O for which

IIJL%‘MQ (0 ®x) is reducible.

We endow the based root datum
(Ev ) Mg/Mlv 2o, (Mg/Ml)vv Aé)
with the parameter ¢r and the labels

Ma) = 10g(dadar)/log(ar), A" (a) = log(daday )/ log(ar).

To avoid ambiguous terminology, we will call the ¢, and g,. g-parameters and refer
to gr as the g-base. Replacing the ¢-base by another real number > 1 hardly changes
the representation theory of Hecke algebras.

To these data we associate the affine Hecke algebra

H(O,G) = H(Sh, M2 /M So, (MZ/MY)Y XN qF).
By definition it is the vector space
CIMZ/M") ®c CIW (So,.)]
with multiplication given by the following rules:
e C[M2/M"] = C|O] is embedded as subalgebra,
o CW(Xo,)] =span{T, : w € W(Xp,,)} is embedded as the Iwahori-Hecke
algebra H(W (X0,), ql/}—,), that is,

TwTv = va if gO(w) + EO (’U) = E(’)(wv)a
(Ty, + 1)(Ts, — qp\™) = (Ts, + 1)(Ts, — Gatas) =0 if o € Ao,
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e for a € Ap, and m € M2/M?' (corresponding to X, € C[M2/M1]):
Xm — Xso(m)
1- X572

This affine Hecke algebra is related to Endg (I1°) in the following way. Let Endg, (I1°)
be the subalgebra of Endg(II°) built, as in [Sol4, §5.2], using only C[Xy,(M)],
Xur(M,0) and W(Xp,,) — so omitting R(O). By [Sol4, Corollary 5.8] there exist
elements 7, € Endg(11°)* for r € R(O), such that

(1.13) Endg(IT°) = @TER(O) Endg (IT°) 7.

XmTs, — TsaXsa(m) = (QaQa* -1+ Xgl(QOC - Qa*))

The calculations in [Sol4l §6-8] apply also to Endg, (II%) and they imply, as in [Sol4.
Corollary 9.4], an equivalence of categories

(1.14) End%(IT°) — Mod; «— H(O, G) — Mod.

Here —Mod; denotes the category of finite length right modules. To go from
Endg (I1°) — Mod¢ to Endg(I1°) — Mody is basically an instance of Clifford theory
for a finite group acting on an algebra. In reality it is more complicated [Sol4l, §9],
but still relatively easy. Consequently the essence of the representation theory of
Endg(I1°) (and thus of Rep(G)®) is contained in the affine Hecke algebra H(O, G).

Slightly better results can be obtained if we assume that the restriction of (o, F)
to M decomposes without multiplicities bigger than one — which by [RocI, Remark
1.6.1.3] holds for very large classes of reductive p-adic groups. Assuming it for (o, F),
[Sol4l Theorem 10.9] says that there exist:

e a smaller progenerator (II¥)X (M) of Rep(G)?,

e a Morita equivalent subalgebra Endg((Hs)Xm(M ) ) of Ende(IT9),

e a subalgebra End?;((ﬂﬁ)X”(M’”)) of Endg((HB)X‘"(M’”)), which is canoni-
cally isomorphic with H(O, G),

e elements J, € Endg ((IT%)Xur(M:0)) * for r € R(O), such that

Endg ((I1°) ¥ (M) = D)

As announced in the introduction, we want to determine the parameters ¢, gos for
a € Ap,y, or equivalently the label functions A\, \* : £o , = R>g of H(O, G).

When ¢, is empty, H(O, G) = C[O] and it does not have parameters or labels.
When Y0, = {o, —a}, it can already be quite difficult to identify g, and gq«. For
instance, when G is split of type G2 and M has semisimple rank one, we did not
manage to compute g, and ¢« for all supercuspidal representations of M. (This
was achieved later in [AuXu], and it fits with Conjecture [A])

Yet, for H(O, G) this is hardly troublesome. Namely, any affine Hecke algebra H
with Yo, = {a, —a} and ¢a, gasx € C\{0,—1} can be analysed very well. Firstly,
one can determine all its irreducible representations directly, as done in [Sol3) §2.2].
From [Sol3, Theorem 2.4] one sees that as far as representation theory is concerned
there are essentially only two different labels for such an algebra H: A(a) = \*(«)
and A(a) # A*(«). The cases with A = \* arise from the Iwahori-spherical represen-
tations of a split reductive p-adic group of semisimple rank 1, and cases with A # \*
can be obtained for instance from the Iwahori-spherical representations of a unitary

group Us(F).

o 5\ Xnr(M,0)
eno E0dE () )y
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Secondly, with [Lus2] the representation theory of H can be reduced to that of
two graded Hecke algebras Hj with root system of rank < 1. One of them has label
ko = log(ga)/log(qr) and underlying vector space T7(Q), while the other has label
kox =10g(qax)/log(gr) and underlying vector space T _(O) for some x_ € O with
Xa(X—) = 4

Recall that any graded Hecke algebra Hy, is isomorphic to H, with € € C* via
a scaling isomorphism [Solll, (1.15)]. For graded Hecke algebras with root system
{a, —a} and a fixed underlying vector space Ca" @ C¢, there are just two isomor-
phism classes: one with label k& # 0 and one with label K = 0. For both there is
a nice geometric construction of the irreducible representations of Hy, see [Lusi]
and [AMS2, Theorem 3.11]. These two graded Hecke algebras arise already from
the Iwahori-spherical representations of SLa(F) x (F*)4: Hy with k # 0 via lo-
calization around ¢ = 1 and Hy via localization around ¢ = x_. The construc-
tion of their irreducible representations is an instance of how that can be done
for affine/graded Hecke algebras associated to unipotent representations of p-adic
groups [Lus3| Lusdl, [AMS2] [Sol5]. Let us summarise that:

(1.15) for H(O,G) with rk(X0,,) =1,
Conjecture [A] holds on the level of the underlying graded Hecke algebras.

While this does not settle Conjecture [A] for all affine Hecke algebras in the rank one
cases, it looks like a satisfactory outcome.

2. REDUCTION TO SIMPLY CONNECTED GROUPS

In this section we reduce the analysis of the parameters of H(O,G) to the case
where G is absolutely simple and simply connected. Consider a homomorphism
between connected reductive F-groups 7 : G — G such that:

e the kernel of dn : Lie(G) — Lie(G) is central,
e the cokernel of 7 is a commutative F-group.

These properties imply [Sol2l Lemma 5.1] that on the derived groups 7 restricts to

(2.1) a central isogeny 7ger : Gaer — Gder

Such a map induces a homomorphism on F-rational points
n:G=G(F) > G(F)=G

and a pullback functor n* : Rep(G) — Rep(G).

Lemma 2.1. Let 7 € Irr(G). Then n*(r) is a finite direct sum of irreducible G-
representations.

Proof. According to [Tad, Lemma 2.1] this holds for the inclllsion of Gger in G.
Taking that into account, [Sill] says thfxt pullback along 7nger : Gger — Gder has the

desired property. This shows that Resgd n*(7) is a finite direct sum of irreducible
Gger-representations. As in the proof of [Tad, Lemma 2.1], that implies the same

property for n*(m). O

By (2.1]),  induces a bijection

{Levi subgroups of G} — {Levi subgroups of G}
M — M =n~Y(M) '
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One also sees from ([2.1)) that 1 induces a bijection
(G, An) — X(G,Ayg)
o = a=aon
For each o € ¥,eq(Aps) this yields an isomorphism of F-groups
Na - Ua — Ua.
This implies that n* preserves cuspidality [Silll, Lemma 1]. Further, pullback along
7 restricts to an algebraic group homomorphism n* : X, (M) — X (M).

Proposition 2.2. Let (0, E) € Trteusp(M) and let & € Trtensy(M) be a constituent
of n*(0). For a € 3yed(Anr) there exists ¢, € C* such that

pMe (o @ x) = éan™ (5 @ 0" (X))
as rational functions of x € Xnr(M).
Proof. In view of the explicit shape (1.8)), it suffices to show that the two rational
functions have precisely the same poles. Using the relation (1.11]), it suffices to show
that
(2.2) IManPlsa(ManP) (0 @ X) s, (ManP) ManpP(0 @ X) =0 <=
o1 (ManP) =1 (50 (ManiP)) (T @ 07 (X)) Ty~ (s0 (ManP))n-1 (ManiP) (0 @ 07 (X)) = 0.

Since 1, : Ug — U, is an isomorphism, we may choose Haar measures on U, and
Us such that the latter is pullback along 7, of the former. Then ((1.12)) shows that
the J-operators on both lines of (2.2) do the same thing, namely

fes g /U f(ug)dul,

where U stands for U, or U_,. The only real difference between the two lines of
lies in their domain. Since & ® n*() is a subrepresentation of n*(c ® x), it is
clear that the implication = holds.

Conversely, suppose that the second line of is 0, for a particular y. Let

E C E be the subspace on which & is defined, so that IS’:IP(E) =~ J§(E) is the
G

vector space underlying I'”, »(G®n*(x)). It is a linear subspace of I§(E), on which
I§ (0 ® x) is defined. Then

(2.3) IManPlsa(ManP) (0 @ X) s, (ManP) ManP (T @ X)
coincides on I§(E) with
T 1 (MarPY =1 (sa (ManP)) (T @ 077 (X)) Ip=1 (s (Mar P)) -1 (ManiP) (T @ 17 (X)),

so annihilates I§(E). But by (I.11) the operator (2.3) is a scalar on I§(E), so it
annihilates that entire space. O

From Proposition and (|1.2)) we deduce:

Corollary 2.3. In the setting of Proposition write O = an(M)& Then E@u
equals

" (Zou) ={ad=aon:aecXo,}.
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We warn that Proposition [2.2] and Corollary 2.3] do not imply that g, = gs. The
problem is that X, need not equal X4 o n*. To make the relation precise, we have
to consider kY, hY and their images (via Hyr and H ;) in aps and ay;. We note that
dn : Lie(A;) — Lie(Aps) induces a linear map a,, : a;; — aps. Further,  induces a
group homomorphism
(2.4) n: (MOMY/ MY — (M M/M.

Both the source and the target of (2.4]) are isomorphic to Z, so the map is injective.

Proposition 2.4. (a) For o € Xp ,, there exists a No € {1/2,1,2} such that
Hp(hY) = Noay(Hyp(RY)).

(b) If (2.4) is bijective, then N, € {1,2}. This happens for instance when n re-

stricts to an isomorphism between the almost direct F-simple factors of G and

G corresponding to & and «,
(¢) If n* (o) is irreducible, then N, € {1/2,1}.
(d) Let Eé’j be an irreducible component of X%, and regard it as a subset of ays via
Hy;. Consider the irreducible component

25]. = {hg : hy € B ;}

of Eé. There are three possibilities:
(i) No =1 for all hy, € 50 ;.
(it) X5 ; = B, Zéj = Cn, No =1 for hy € B ; long and Ng = 1/2 for
hy € X5 ; short. Then

4= 1 43 = g5 = 4/, N(8) =0 and A(B) = \(B) = \"(B).
(iii) B ; = Cn, Zéj = By, No =1 for hy € X short and Ng = 2 for
hy € 3 long. Then

doe = 1. 2 = @2, = g3, N"(B) = 0 and A() = A(8) = X'(8).
(e) The modifications of the labels in part (d) preserve the class of labels in Table|[]]

Proof. (a) As both sides of (2.4) are isomorphic to Z, the definition of hY implies

that the statement holds for some N, € Qsg. Then n(Xgs) = X;/N“, and this is a
well-defined function on X, (M) because it equals evaluation at n(hY). We plug this
into the equality of u-functions from Proposition and we use the formula (|1.8])
both for M and for M. That yields an equality of two rational functions on X, (M),
one built from X, and one built from Xg/ No  The equality of the numerators of
these two functions reads

(2.5) ¢, (1= Xa)(1 = X)) [(1+ Xa)(1+ X 1)] =
Gl (1= X/N) (1= XV [(1 4 XgA) (14 X1

Here the term (14 X,)(1+ X, !) must be omitted when g« = 1. On the other hand
do > 1 because a € Xp ,, so the zeros at X, = 1 do not cancel against something
in the denominator of . Analogous considerations apply to the second line of
. Now we see that there are only three values of N, for which is possible:

N, =1, N, = 1/2 (when the factor (1 + Xol/N”‘)(l + X,;l/NO‘) is not there) and
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N, =2 (when (14 X,)(1+ X;!) is omitted).

(b) By (2.1 . 7 induces an isomorphism between the respective adjoint groups. From
G — Gag — Gaq we get an action of G on G by “conjugation”. All the M-
constituents of n*(o) are associated (up to 1somorphlsm) by elements of M. For
m € M, Ad(m) : M — M does not affect unramified characters of M. Tt follows
that any x € X, (M) which stabilizes &, also stabilizes 7*(c). That implies

(Mg M) /M) € (MZ 0 Mg)/M
That and the assumed bijectivity show that
he € n(M2Zn ML)/ M.
By definition hY generates (M 2 NM 1/ M, so an integer multiple of its image under
n equals h). By part (a) the multiplication factor is at most 2.
(c) If x € Xy (M,0), then n*(0) ® n*(x) = n*(0c ® x) is isomorphic with n*(o).
Hence R
1 (Xur(M, o)) C Xne(M, 0" (0)),

which implies that n(M (o )) C M2. As h) generates (M2NM})/M" and n(hg) lies
in that group, 7(hg) is a multiple of h. Combine that with part (a).
(d) In case N, = 2, 2n(Xs) = X,. Then Proposition and entail g, = 1
and g5 = qa« = qi/ % Notice that this is only possible when Eéj =C,.

When N, = 1/2, we have n(Xs) = 2X,. For the same reasons as above, gz = 1

and ¢o = Qox = / . By [Sol4, Lemma 3.3] this is only possible if EV has type B,.
(e) Parts (d,ii) and (d,iii) just switch the second line (with \* = 0) and the third
line of Table [1l U

We remark that examples of case (ii) are easy to find, it already occurs for
SLy(F) — PGLy(F) and the unramified principal series (as worked out in Para-

graph . For an instance of case (iiiﬁe Example
2.4

We can apply Propositions and [2.4] in particular with G equal to the simply
connected cover Gy of Gyer, that yields:

Corollary 2.5. Suppose that Conjecture |A| holds for G = Gy and [M,&]q,.. Then
it holds for G and [M,o]q

Every simply connected F-group is a direct product of F-simple simply connected

groups, say
gsc - Hz gs(é)

Everything described in Section [I] decomposes accordingly, for instance any & €
Irtcusp(Gse) can be factorized as

5 =KX, O'(Z) with U(i) S Il“l“cusp(Gg:))‘

For every F-simple simply connected F-group gs(? there exists a finite separable field
extension F/F and an absolutely simple, simply connected F’-group gSQ), such that
gs(? is the restriction of scalars from F' to F of Qs((f). Then

Gl =Gl (F) =GO (F) = G,

so 0 can be regarded as a supercuspidal representation of G;gj). _Of course that
last step does not change the parameters ¢, and gq, associated to o(?. On the other
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hand, that step does replace gr by ¢p and changes the labels A(«) and A\*(«) by a
factor log(qr)/log(qr). As this is the same scalar factor for all a € X ,, it is in-
nocent. With these steps we reduced the computation of the parameters gq., gox, M)
and \*(«) to the case where G is absolutely simple and simply connected.

Sometime it is more convenient to study, instead of a simply connected simple
group, a reductive group with that as derived group. For instance, the groups
GLy, Uy, GSpin,, are often easier than, respectively, SL,,, SU,, Spin,,. In such situ-
ations, the following result comes in handy.

Proposition 2.6. [Tad, Propositions 2.2 and 2.7]
Suppose that G is a connected reductive F-subgroup of G that contains Gger. For

every 7@ € Irr(G) there exists a © € Irr(G) such that ResG(w) contains 7. Moreover
7 is supercuspidal if and only if ™ is supercuspidal.

We note that in this setting the inclusion 2 : Q — @ satisfies the conditions stated
at the start of the paragraph.

Corollary 2.7. Let G,G be as in Proposition . Then Congecture |A| holds for G
if and only if it holds for G.

Proof. Let M be a Levi subgroup of G and let 7@ € Irreygp (M NG). An appropriate 7
is obtained from Proposition applied to 2 : MNG — M. Then 7 is a constituent
of +*(m). This also works the other way round: if we start with 7 € Irreysp (M) we
can choose as 7 any constituent of +*(7). Now we can apply Proposition which
says that the Hecke algebras H (X (M N G)7,G) and H(Xn (M), G) have root
systems and parameters related as in cases (i) or (iii) of Proposition [2.4/d. O

3. REDUCTION TO CHARACTERISTIC ZERO

For several classes of reductive groups, stronger results are available over p-adic
fields than over local function fields. With the method of close local fields [Kaz,
Gan2|, we will show that all relevant results about affine Hecke algebras associated
to Bernstein components can be transferred from characteristic zero to positive
characteristic. ~

We start with an arbitrary local field of characteristic p. Choose a p-adic field F'
which is /-close to F, that is

(3.1) op/whop & op/wéop as rings.
As remarked in [Del], such a field F exists for every given ¢ € Zsg. If (3.1) holds,

then it is also valid for every m < ¢, and in particular the residue fields op/wrop
and 0;/wz0 are isomorphic. We note that

(32) F*/(I4+wror) = Zxoy/(1+@ror) = Zxo% /(14@rop) = F* /(1+@kop).
Let I% be the (-th ramification subgroup of Gal(Fs/F). By [Del, (3.5.1)] there is a

group isomorphism (unique up to conjugation)
(3.3) Gal(F,/F) /1% =~ Gal(F,/F) /1%,
and similarly with Weil groups. According to [Del, Proposition 3.6.1], for m < ¢

this isomorphism is compatible with the Artin reciprocity map

Wr /1% = F* /(1 +whor).
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Let G be a connected reductive F-group. We want to exhibit “the same” group over
a p-adic field. The quasi-split inner form G* of G is determined by the action of
Gal(Fs/F) on the based absolute root datum of G. That action factors through a
finite quotient of Gal(Fys/F), so there exists a £ € Z~¢ such that I% acts trivially.
The group G is an inner twist of G*, and the inner twists of G* are parametrized
naturally by

(3.4) HY(F,G:y) 2 Irr(Z(G )Wr).

Now we pick a p-adic field F which is ¢-close to F, and we define G* to be the quasi-
split F-group with the same based root absolute root datum as G* and Galois action
transferred from that of G* via . Then G* and Q* have the same Langlands dual
group (in a form where I% has been divided out) and hence

(3.5) Z(GOWVF = Z(GLOWT.

We define G to be the inner twist of G* parametrized by the character of Z(G=Y)Wr
that is transformed by into the character of Z(G%/)WF that parametrizes G.

The following descriptions are based on recent work of Ganapathy [Ganll [Gan2].
It applies when F and F' are (-close with ¢ large enough. The relation between G
and G is the same as in these papers, although over there it is reached in a slightly
different way, without . Let 7 C G be the maximal F-torus from which the root
datum is built, and let S C T be the maximal F-split subtorus. In the Bruhat—Tits
building B(G, F), S = S(F) determines an apartment Ag.

The same constructions can be performed for G. Then X, (S) = X, (S) extends
to an isomorphism of polysimplicial complexes Ag = Ag. For every special vertex
x € Ag, we get a special vertex & € Ag. For m € Zxq, there is a refined version of
the Moy-Prasad group G, see [Ganl]. It is a compact open normal subgroup of
G, the G-stabilizer of x. More precisely, there is an op-group scheme G, (a slightly
improved version of the parahoric group schemes constructed in [BrTi]), such that

Gz,m = ga:(w;?noF) VYm € ZZO-

By construction [Ganl, §2.D.3], G, is totally decomposed in the sense of [Bus,
§1]. This means that, for any ordering of the root system 3(G, S), the product map

(Gom N Zg(S)) x Haem S)(Gm NUs) — Gom

is a bijection. Here Uy, is the root subgroup of G with respect to o € (G, S) (to be
distinguished from the earlier U, when M is not a minimal Levi subgroup of G).

All the above applies to G as well. The following results generalize [Kaz] to non-
split groups.

Theorem 3.1. |[Ganll Corollary 6.3]
Fiz m € Z~qy and let { € Z~q be large enough. The isomorphisms (3.1) induce an
isomorphism of group schemes

m ~ m
Gr Xop OF /RO = Gz Xo, 05/ WEOL
and group isomorphisms

G10/Gom = Gu(op/wror) = Gi(op/whop) = G3.0/Gim-
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We endow G with the Haar measure that gives the parahoric subgroup Gy o
volume 1. The vector space Ce(Gym\G/Gzm) with the convolution product is an
associative algebra, denoted H (G, Gz m).

Theorem 3.2. [Gan2, Theorem 4.1]
Fiz m € Z~q and let £ € Z~q be large enough. The isomorphisms from Theorem [3.]]
and the Cartan decomposition give rise to a bijection
Gt Gom\G/Gom — Gz.m\G/ Gz m.
This map extends to an algebra isomorphism

¢S H(G, Gan) — H(G, Gzm).

In particular ¢, induces a group isomorphism G/G' — G / G', and hence a group
isomorphism

(3.6) CG : Xue(G) = Irr(G/GY) — Irr(G/GY) = Irr(G).
Let Rep(G, Ggm) be the category of smooth G-representations that are generated
by their G ,,-fixed vectors. Recall that G ,, is a totally decomposed open normal
subgroup of the good maximal compact subgroup G, of G. From [BeDel, §3.7-3.9]
we know that there is an equivalence of categories
Rep(G,Gym) — Mod(H(G,Gym))
% — v Gam ‘

From (3.7) and Theorem one obtains equivalences of categories
(3.8) (€5) = Mod(H(G,Gapm)) — Mod(H(G,Gzm))

' G : Rep(G,Gam) — Rep(G, Gz m) ’

which constitute the core of the method of close local fields. We will need many
properties of these equivalences, starting with two easy ones about characters.

(3.7)

Lemma 3.3. (a) Via (3.6), the equivalence of categories (G preserves twists by
unramified characters.
(b) Cm induces an isomorphism

Ac/(Ag N Gum) — Ag/(Ag N Gam).

The effect of@ on Ag-characters of G-representations is push-forward along
this isomorphism.

Proof. (a) This is clear from (3.6)).
(b) Notice that

(3.9) Acg/AcNGym = X (Ag) @z (F* /1 + whorp),
and similarly for G. Since (,, comes from the isomorphism X.(9) = X*(S'), it
induces a linear bijection X,(Ag) — X«(Agz), and hence an isomorphism from (3.9)

to its counterpart for G. The Ag-characters of representations in Rep(G, Gg.,) are
precisely the characters of ([3.9), and ¢ pushes them forward along (. O

Let P be a parabolic subgroup of G with a Levi factor M, which contains
S. By [Bus, §1.6] the normalized parabolic functor I§ sends Rep(M, M, ) to
Rep(G, G4,m). We will exploit an expression for this functor [Bus| in terms that can
be transferred to G with Theorems [3.1] and 3.2
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Let P°P be the parabolic subgroup of G that is opposite to P with respect to M.
Let My m = Gzm N M be the version of G, for M. Recall that an element g € M
is called (P, Gy m)-positive if

9(Gzm N P)g_1 CGygmNP and ¢g(GymN Pof")g_1 D Gym N PP.

Let HT (M, M, ) be the subalgebra of H(M, M, ,,,) consisting of functions that are
supported on (P, G n)-positive elements. In [Bus, §3.3], which is based on [BuKu2],
a canonical injective algebra homomorphism

jP : H+(M7 Mx,m) — /H(G, Gx,m)

is given. Let P and M be the subgroups of G corresponding to P and M via the
equality of based root data. All the above constructions also work in G, and we
endow the resulting objects with tildes.

Lemma 3.4. (a) (M restricts to an algebra isomorphism from HY (M, M, .,) to
HT (M, Mz ).
(b) The following diagram commutes:

G ~ ~
H(G, Gom) % H(G, Cim)
Tip tip
M

HE (M, My.,,) =2 HE(M, Mz,,)

Proof. (a) The property ” (P, G m)-positive” can be expressed in terms of the Cartan
decomposition of M. Namely, the elements of a double coset M, ogM; o with g €
Zn(S) are (P, Gy p)-positive if and only if

(3.10) la(g)|r <1 for all @ € 3(G, S) that appear in Lie(P).

(Notice that || extends naturally to a character of Zg(S) because S is cocompact
in Zz(S).) The map ¢, from Theorem for M preserve the property (3.10)),

~

because it comes from the isomorphism X, (S5) = X, (S), which preserves positivity
of roots. Thus ¢, maps (P, Gy m)-positive elements to (P, Gz, )-positive elements,
and then Theorem provides the desired isomorphism.

(b) We endow M (resp. M) with the Haar measure that gives M, o (resp. Mz )
volume 1. Suppose that f € HT (M, M,,,) has support My ,,gMy ., with g € M.
The map jp is characterized by: jpf has support G mgGym and

(3.11) irf(9) = F(9)0p(9)nr (M n) G (Gan) ™
By Theorem
NG(G:E,m) = [Gac,O : Gz,m}_l = [éi",o : éi",m]_l = Mé(éf,m)7
and similarly for pps(Mz ). It is well-known that dp(g) is the product, over all

a € X(G,S) that appear in Lie(P), of the factors |a(g) (}lmUO‘/UQ”‘. The root sub-
group U, contains the root subgroup Us, if 2« is also a root, and otherwise Us, = {1}
by definition. See [Ren, Lemme V.5.4] for a proof (although there a different con-
vention is used, which results in replacing g by ¢g~!). By Theorem dim U, equals
dim Ug, where & € 2(@, S ) corresponds to «. Furthermore ép is trivial on compact
subgroups, so dp(g) depends only on My ;,gMy . It follows that

Knowing that, we take another look at (3.11]) and we see that ($ojp = jpo¢M. O
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Let Zpy, : Mod(H(M, My 1)) = Mod(H(G, Gy,m)) be the composition of
Reg tM:Mom)
H+(M,Mz,m)

Mod(H*t (M, My 1)) — Mod(H(G, Gz m))
4 = Homy+ (ar 01,0 (H(G, Gzm), V) 7
where H(G, Gy ) is regarded as a left Ht (M, M, ,,)-module via jp.

Theorem 3.5. (a) The equivalences of categories (3.8|) are compatible with normal-
ized parabolic induction, in the sense that the following diagram commutes:

[

Rep(G,Gym) - Rep(éhé;@,m)
T I - TIg
Rep(M, M, ) L5 Rep(M, Mz )
(b) The equivalences of categories (3.8)) are compatible with normalized Jacquet re-
striction, in the sense that the following diagram commutes:

[

Rep(G,Gym) — Rep(é,(ﬁ?;cm)
LIp LIg

i

Rep(M, M,.,) =25 Rep(M, M;z,n,)

and

(¢) €& and its inverse send supercuspidal representations to supercuspidal represen-
tation. The same holds for unitary supercuspidal representations.
(d) €& and its inverse preserve temperedness and essential square-integrability.

Proof. (a) Lemma [3.4] ensures that the diagram

G ~ ~
Mod(H(G, Gam)) % Mod(H(G, Crm))

TZpm TZp

M ~ ~
Mod(H(M, Mym)) 2% Mod(H (M, M)

commutes. According to [Bus| §4.1], the unnormalized parabolic induction functor
Ind$ fits in a commutative diagram
Rep(G,Gym) — Mod(H(G,Ggm))
1 Ind§ T Zpm :
Rep(M, Mym) — Mod(H(M, My m))

where the horizontal arrows are the equivalences of categories from (3.7). Of course
the same holds for G. These two commutative diagrams entail that

(G o Ind§ = Ind% o G2

In view of , if we twist this equality on the left hand side by 5113/ % and on the
right hand side by 5115/ 2, it remains valid. That yields exactly the desired relation
with normalized parabolic induction.

(b) By Frobenius reciprocity Jg is left adjoint to Ig, so by part (a) y o Jg o @_1
is left adjoint to Ig. Now we use the uniqueness of adjoints.

(¢) The first claim follows from part (a), or alternatively from part (b). For the
second claim, we note that a supercuspidal G-representation is unitary if and only
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if its central character is unitary. As Ag is cocompact in Z(G), that is equivalent
to: the Ag-character is unitary. By Lemma b, ¢& preserve the latter property.
(d) For the property ”square integrable modulo centre” one can follow the proof
of [Badu, Théoreme 2.17.b], reformulated in the setting of [Gan2]. Combining that
with Lemma a, we find that (G also preserves essential square-integrability.

By [Wal, Proposition I11.4.1], every irreducible tempered representation
7 € Rep(G, G4 ) is a direct summand of a completely reducible representation of
the form I§(7), where 7 € Rep(M, M,,) is square-integrable modulo centre. By
the above and part (a),

(3.13) CGIE(m) = IE (G (m))
is also a direct sum of irreducible tempered representations. As @(7) is a direct
summand of (3.13)), it is tempered. O

Consider an inertial equivalence class s = [M, o]g, where S C M. Choose m €
Z such that Rep(G)* C Rep(G, Gy m), and similarly for all Levi subgroups of G
containing M. This is easy for supercuspidal Bernstein components and possible
in general because parabolic induction preserves depths [MoPrl, Theorem 5.2]. Fix
{ € Zsm so that Theorems .1 3.2 and [3.5] apply. We may and will assume that o
fulfills Condition [1.2] By Theorem [3.5ld the M-representation & = (M (o) is unitary
and supercuspldal We write §, O etc. for objects constructed from &.

Proposition 3.6. (a) The bijection (G, Ay) — X(G, Ay 1i7), induced by the equal-
ity of the root data of G and G, sends Lo u onto X5 O

(b) Let o € X, with image & € X5 6., The pullback of X5 along (3.6) is X, and
Ao = 4as Qax = Gax-

Proof. Let o € Xrea(Apr), with image & € Yyeq(Ay;). The groups M, and Mg

correspond via the equality of root data of G and G. For y € Xnr(My), Theorem
[B.5la implies that

Gile®x) =5 @ N (X)-
By (3.3), I %;‘M o ® x) is reducible if and only if I J&YM& (6® @(X)) is reducible.
If a ¢ Yo, then I%M (o0 ® x) is irreducible for all non-unitary x € Xy (My). It
follows that I %;EM~ (a ® X) is irreducible for all non-unitary y € an(Md), and by

Corollary a ¢ Z@,,u

On the other hand, suppose that a € ¥ ,. Then IyﬂM (o0 ® x) is reducible for a
X € Xnr(Ma) with Xo(x) = ga > 1. It is clear from the construction of X, in (L.6)

that X5 o (Mo is a multiple of X,. Consequently I o (5 ® CW( )) is reducible

and Xa (@( )) € Rug \ {1}. With Corollary [1.3 we conclude that & € ¥ 5
b) By (3.8) and Theorem m the bijection Cm induces a bijection

(M2 MY/ MY — (M2 N ML)/ M = 7.

The element hY generates (M2 N M})/M", while hY generates (M2 N ML)/M".
These generators are determined by conditions vgr(a(hy)) > 0 and va(a(hy)) > 0
respectively. As vz o0& oy = v o a, we can conclude that

(3.14) Cm(hl)=hY and X, = Xao(n®.
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Then Xa(Me(x)) = ¢o and I]]gl'f‘liM- (& ®@(X)) is reducible, so g, = ¢4.
If gox > 1, then I, (0 @ x') is reducible for a x' € X (Ma) with Xo(x') =

—(qax- In that case II];%M& (& ® @(X’)) is also reducible and Xg( Ma (X)) = —qas,

so by Corollary E Qax = Gox- When qos = 1, 1 }fm 1, (0 ® X') is irreducible for all

X' € X (M,) with Xo(X') € Re_;1. That translates to M&, and then Corollary
implies that gs. = 1. U

We summarise the conclusions of this sections:

Corollary 3.7. Let Rep(G)*® be an arbitrary Bernstein block for a connected reduc-
tive group G over a local function field F'. There exist:

e a p-adic field F, sufficiently close to F,

e a connected reductive F-group G with the same based root datum as G,

e o Bernstein block Rep(G)* for G,

such that:
e Rep(G)* is equivalent with Rep(G)?,
o H(O, Q) is isomorphic with H(O, G),
e whenever a € Yo, and & € X, correspond (via Proposition , AMa) =
AM@&) and X (a) = M (a).

Proof. Tt only remains to establish the isomorphism of affine Hecke algebras. From
and Theorem we get the bijection M2/M"' — M2/M". From we
obtain the bijection ¥ — Zé. Dualizing these two bijections, we obtain an iso-
morphism from the root datum underlying H(O, G) to the root datum underlying
’H(@, C;’) It respects the bases because G and Q have the same based root datum.
By Proposition [3.6]b the parameters ¢, gos« are the same on both sides. As

qr = [OF : wFOF] = [015 : WFOF] =45

also the label functions A, \* on both sides correspond via o +— @. O

4. HECKE ALGEBRA PARAMETERS FOR SIMPLE GROUPS

4.1. Principal series of split groups.

The affine Hecke algebras for Bernstein blocks in the principal series of split
groups were worked out in [Rocl], under some mild assumptions on the residual
characteristic of F'. In particular, for roots o € X, one finds g, = qr and gq+ = 1.
We will derive the same conclusion in a different way, which avoids any restrictions
on the residual characteristic. Using a little input from [BeDe] we will evaluate the
intertwining operators directly, which is instructive but unfortunately seems
infeasible outside the principal series. While the results in this paragraph are not
original and the kind of calculation is also not new, we have been unable to locate
such computations in the literature in the generality that is required for [Sol7].
The closest we found is [Casl, §3], which however applies only when the underlying
characters of tori are unramified.

Let G be a split connected reductive F-group. We may assume that G is a Cheval-
ley group, so defined over Z. Let T be a maximal F-split torus of G and write
T = T(F). We consider an inertial equivalence class s = [T, 0]g, where o is a
character of T that fulfills Condition
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For a € (G, T) the group M,, is generated by T and the root subgroups Uy, U_.
It has root system (Mg, T) = {a,—a} and parabolic subgroups P, = (T,U,),
P_o=(T,U_o). Let uy : F — U, and u_, : F' — U_,, be the coordinates coming
from the Chevalley model.

We assume that s, - ¢ = o, a condition which by is necessary for o € X .
Then ooV = (6 0a")™! so 0 oa” has order < 2 in Irr(F*). When the residual
characteristic of F' is not 2, this implies that o o a¥ has depth zero. Of course the
cases with o o oV of positive depth are more involved.

We start the search for ¢, with elements of I %"‘ (c®x) that are as close as possible
to fixed by the Iwahori subgroup

I =un(op)T (0p)u_o(wror).
For x € F* we write
50(7) = Ua(—2 Du_o(x)ua(—271) € Nap, (T).
It follows quickly from the Iwasawa decomposition of M, that
M, = P,I U P,ysoI, where s, = s4(1).
Consider the elements f1, fs € I]]‘Dio‘ (0 ® x) defined by

supp(fi) = Pol  fiua(@)tuo(y) = (ox0p°)(t) =€ F,t €T,y € wpop,
supp(fs) = Pasal fs(ua(X)tu_o(y)se) = (axél/z)( t) zeFteT,ycop.

We endow F' with the Haar measure that gives op volume 1. We compute
@) Trple® 06 = [ filuale)ds = vollwror) = g7,
Ip_ o1 (0 @ X) f1(80a) / J1(u—a(z)sq)dz =
/ f1(ua(—a:_l)u_a(x)ua(—x_l)ua(:v_l)sa)dx =
FX
/ fl(sa(x)ua(x_l)sa)dx = / fl(sa(:v)sau,a(fm_l))dx =
Fx Fx
/ fi(aY (=2 Nu_p(—2))dz =
FX
| @ ea (e fual-a)ds =
FX

Z/_ Jx5/ YoaY(—z 1)dz.

F 9F

(4.2)

As X(S}Di ? is unramified and o o oV is quadratic,
(4.3) (oxdp 12 Joa|, x=oox Y1, ox I quadratic.
If (4.3) is nontrivial, then

(4.4) / » (oxdy L2 Yoa'(—x “Hdz = (ax51/2)( F)/ ooaY(—z1)dx =0.

X
e or
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In that case Jp__|p, (0 @ X)f1(sa) = 0. On the other hand, when (4.3) is trivial:

~—

Tep(o ® () = [ @00 @) lala” ()] ae
n=1"%p ©
= (ox)(a¥(wr)) vol(wp" o)) ||
n=1
S (L= gp )oY (@)

Similar calculations show that
Ip_ 1P (0 @ X) f5(sa) = 1,
Jp_ p.(c@x)fs(lg) =0 ifoo ozv]"; #1
1-— ql;l
1= (ox)(a"(wr))

Tp_alpa (0 @ X) f5(16) = if 0 0a’], =1

Case I: 0o ” is unramified
Here Rep(M,)* is isomorphic with the Iwahori-spherical Bernstein block and

Jp_o P, (0 ® X) Testricts to a H(M,, I)-homomorphism
(4.5) Ipe(o@x) = I (e @ x)".
The space I%“a (0 ® x)! has a basis f], f* where supp(f]) = P_oI and supp(f.) =

P_,541. Abbreviating z, = (0 ® x) oa¥(wp), the above calculations entail that the
matrix of (4.5)) respect to the given bases is

1 1-g'
4dr T—2q
1— qF
— 1
Za —1

An equivalent result was obtained in |[Cas, Theorem 3.4]. Similarly one checks that
Jp.p_, (0 ® x) restricts to

1 1_qlgll M, I M, 1
1—g;! | i Ipelo@x) = Ipt(o®x).
—— qr
We find that Jp,p_ (0 ® x)Jp_,|p, (0 ® X) restricts to
(1-qp')

(4.6) (qF1 + )) id: 1Mo (0@ x)! = TN (0 @),

(1—24)(1— 25"
We already know that Jp p_ (0 ® x)Jp_,|p, (0 ® X) is a scalar multiple of the
identity on [ %‘1 (o0 ®x), so gives that scalar. We note that has a pole at
Zo = 1 and that is zero if and only if zo, = qp or z, = qgl. As o is unitary and
X € Hom(M,,R~q), this is equivalent to

(4.7) coa¥=1 and xoa'(wr) € {qr,qp'}.

Since M2 = T, h) generates T/T". If aV(wy') = hY, says that ¢, = qr and
Gox = 1. If @Y (wp!) = 2hY, then means g, = q}/z = (ux. But in that case we
can also define X, (x) = x(a" (")) instead of Xo(x) = x(hY). These new X, also
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form a root system, which embeds naturally in R(G,7)Y. From the presentation
after Corollary one sees that this redefinition does not change the affine Hecke
algebra. Hence we can achieve g, = qr, gox = 1 in all these cases.

Case II: 0oV is ramified
For r € Z~¢, M, has compact open subgroups

Jr = zo(whop)T (Whop)r—o(whor),
Hr = iL'a(w%r_lOF)T(?DEOF).T_Q(?DFOF).

Here T (w}0F) is a shorthand for the kernel of T (op) — T (op/@wfor).

Lemma 4.1. There exists r € Zsq such that T (wjor) C ker(o) and Rep(M,)* is
a direct factor of

Rep(M,, H,) = Mod(H(M,, H,)).
Proof. Choose an odd r € Zs( such that T (wjop) C ker(o) and I%Q(O')JT # 0.
Then I%‘* (0 @ x)7" # 0 for any x € Xpn,(T) because J, is compact. Hence
Rep(My)® € Rep(May, Jr).

We note that J, is a normal subgroup of the hyperspecial parahoric subgroup
M (op) of M,. Tt is known from [BeDe] that Rep(M,, Jr) is a direct product
of finitely many Bernstein blocks of Rep(M,,), and that

(4.8) Rep(M,, J,) — Mod(H(Ma, J,)) : V = V"

is an equivalence of categories. Consider conjugation by av(wg_l)/ 2). This sends
Jr to H, and induces equivalences of categories
Rep(My, J) = Rep(My, Hy), Mod(H(My, J;)) = Mod(H(M,, H,)). O

Lemma tells us that most aspects of T %j(a ® x) can already be detected on
I%a (0@ x)Hr.
Lemma 4.2. The double cosets in P,\My/H, can be represented by

{16} U{(u—a(2)80 : 2 € op/wr top}.

Similarly P_o\Ma/H, can be represented by {sa} U {ua(0F)/ua(wr tor)}.

Proof. From the Iwasawa decomposition M, = P, M, (0p) we get

(4.9) P\My/H, = (P,NMqu(op))\Mqa(or)/H,.
Recall that by the Bruhat decomposition of M, (kr):
(4.10) Ma<0F) =1UIs, I =1L ua(OF)T(OF)u_a(UF)Sa.

Furthermore, we note that (P, N My(or))H, = I and
(Pa N My (0p))u—no(2)saHy = (Py N My(op))u—a(z + w%’"_lop)sa z € op.

In combination with (4.9) and (4.10) that yields the desired representatives for (4.9)).
The representatives for the second double coset space are found in analogous
fashion, now using

MQ(OF) = SaI U Sa]SaI = u_a(OF)T(OF)ua(wFOF)Sa (] u_a(OF)T(UF)ua(OF)

instead of (4.10]). O
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It follows from Lemma that I%ﬂ (0 @ x)f" has a basis {fi} U {f.s : 2z €
OF/wzr 10F}. Here supp(f1) = PoH, = P,I as before and

supp(fzs) = Pat—o(2)Hy o = Poaz—o(z + w%f 10F)sa,
Fos(ua(@)tu_a(y)sa) = (oXSp)(t)  z€Fycz+w2 top,teT.

The next result can be deduced from [Rocll, Theorem 6.3] when the characteristic
of F'is not 2.

Proposition 4.3. Recall that o o oV is ramified and s, -0 = 0.

(a) The functions Jp__p,(c @ x)f1 and Jp_,|p, (0 ® X)fzs (with z € oF/w% Yor)
of x € Xunr(M,) do not have any poles.

(b) a ¢ Xou.

Proof. (a) Note that Jp__|p, (0 ® x) preserves the H,-invariance of an element f of
the given basis. By Lemma it suffices to check the values of Jp_ |p. (0 ® x)f
at {sa} Uua(op). From the earlier computations (4.1) and (4.2) we know that
Jp_,|p.(0 ® x)f1 does not have poles at 1g or at sq. For y € op\ wzr Lop the
multiplication rules in SLy(F') (which surjects on M, ger) enable us to compute

Tp .m0 ® X) f1 (ttaly / £1 (1 (@)t (y)) da

@.1) - [ ita ny) (g el )
:/F(ax(sl/z)( v( +$y))f1(u,a(1f7xy))dx

In terms of the new variable 2’ := 1 + xy this becomes

o (axa}afxawx’rl)fl(ua<xly‘,1>)dx’

The integrand is nonzero if and only if xz;;,l € wrop, which is equivalent to
(2’ —1)/2' € yowpop C wrop.

That is only possible when |z'| = 1, so (4.11)) becomes an integral of a continuous
function over the compact set 0. In particular it converges and Jp__p, (0 ® x)f1
does not have any poles.
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With calculations as in (4.2]) we check the other basis elements f.s:
To 120 © ) fas(50) = / Fos(t—a(@)sa)dz = vol(z + @2~ op) = g2,

Jp_ a|Pa(U®X)fzs ua /fzs U_ a ua( ))d$

(4.12) :/FX Fos(sa(@)ua(y + 27 1)) d
— [ @@ @) L sataly+ 2 )
= [ @@ @) ferls(@aly + 57 do
= [ @@ @) ferluoal-y =2 )

When —y ¢ z + wa Lop, this integral is supported on a compact subset of F,
and it converges. When —y € z + wif !

|z| > ¢2~!, and the integral reduces to

Z / (0 (@¥ @) da.

n=2r—1 F 9F

or, the support condition on = becomes

Since o o @ is ramified and quadratic, it is nontrivial on o3. Then and .
show that every term of the above sum is zero. We conclude that J, p_a‘ P, (0 ® X) fzs
also does not have any poles.

(b) Part (a) and Lemma show that Jp_ |p, (0 ® x) does not have any poles on
Iﬁi‘*(o ® x)"r. Similar computations (which we omit) show that Jp,p_ (0 ® X)
does not have any poles on [ %"a (0 ® x)"r. By Lemma they neither have poles
on, respectively, I%ﬂ (0 ® x) and Iljyfa (0 ® x). Then (T.11) says that u™e (o ® x) is
nonzero for x € X, (T'), which by definition means a ¢ ¥p ,. O

Let us combine the conclusions for all possible o o aV:

Theorem 4.4. Suppose that o € Yo ,, for a principal series Bernstein component
of a F-split group G. Define Xo(x) = X(av(wgl)). Then coa’ =1 and q, =
qr;4ax = 1.

4.2. Principal series of quasi-split groups.

We consider a quasi-split non-split connected reductive F-group G. By Section
we may suppose that G is absolutely simple. Then it is an outer form of Lie type
A,, D, or FEg.

Let 7 be the centralizer of a maximal F-split torus S in G, and let o be a character
of T satisfying Condition Let Gal(F,/F) be the normal subgroup of Gal(Fy/F)
that acts trivially on X*(7), so that F/F is a minimal Galois extension splitting 7.

Consider a root o € ¥o . By a suitable choice of a basis of (G, S) C ¥(G, Ar),
we may assume that « is simple. It corresponds to a unique Galois orbit W rar in
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(G, T). Then
@) wm=( I Un@) "

BreW rar

Uy (Fy)Wrear = pYVFer i

I

The field F,, does not depend on the choice of ar (up to isomorphism) and is known
as a splitting field for «.

By construction the numbers ¢,, ¢o« depend only on the group M,. Parts (b—c) of
Proposition apply, so we may even replace M, by its derived subgroup M, der-

Suppose for the moment that the elements of Wrap C (G, T) are mutually
orthogonal. Then M, ger is isomorphic to the restriction of scalars, from F,, to F,
of SLy or PGLy. Now g, and gus can be computed in SLs(Fy,) or PGLo(F,), as
in Paragraph (Recall that even for PGLs we insisted that X, is based on o
rather than on hY.) By Theorem cgoa¥ =1, qux = 1 and q, = qp, is the
cardinality of the residue field of F,,,. From Galois theory for local fields [Ser] it is
known that

(4.14) [Wpar|=[Wpr: Wga,] =ep, /rfr r=
Ir :Ir N Wrap] - [We/Ir : Wea, 1r/Ir] = Ipar| - 5, /F-
Since I is normal in W g, the number

fFq w I
(4.15) ar, = qFF /F _ qL“ ror|/|Irar|

depends only on «, and not on the choice of ar. This leads to the possibilities
for the Dynkin diagrams (with Galois action indicated by arrows), the relative root
systems and the ¢, in Table We stress that the parameters ¢, only come into
play when o € Xo ,,, for a € ¥(Ar)\ X0, they are not defined. Recall that the root
system underlying H(O, G) is ¥, which is a rescaled version of 25 s SO obtained
from the dual of the root system on the right hand side of the table.

In Table |2 ¢ = gr and ¢’ € {gr, ¢%}, according to (4.15)). For a F-group of type
3Dy, [F : F] can be of degree 3 or 6. In both cases [F, : F] = 3 for the roots o not
fixed by Wg, so ¢" € {qp, q%} Thus Conjecture |A| holds in all these cases.

It remains to consider the case where the elements of W pap are not orthogonal.
From the above diagrams we see that this happens only once (up to Weyl group
conjugacy) for absolutely simple groups, namely for certain pairs of roots in type
2 Ay,,. With Proposition we can transfer the determination of g, and gq. (which
no longer needs to be 1) to the simply connected cover of M, ger, which is isomorphic
to SUs. This does not change the g-parameters, by Proposition (b—c). Because
we cannot reduce the issue to SLy or PG Lsg, the necessary computations are more
involved.

With Section [2] we can further transfer these computations to the F-group Us,
which is a little easier. Indeed, for that group all the Hecke algebras were computed
by means of types by the author’s PhD student Badea [Badel]. In particular, it was
shown in [Badel §2.7 and §5.2.1] that only the following possibilities can arise:

(i) 4o = qr, = qr, qox = 1,
(11) 4o = 4r,4qFr, = Q%'v Gox = 17
(iii) 4o = 4F, = Q%a Jax = 4F-
The option (i) leads to an affine Hecke algebra with all ¢, for o € 3¢, equal, which
occurs in Table |1l In case (ii) the connected component Eé j of ¥, containing hy,
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TABLE 2. Dynkin diagrams and parameters for quasi-split groups
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has type B,, (for some m < n) and g3 = q% for all other simple roots in E(VQJ-. The
possibility (iii) arises only from the Iwahori-spherical principal series. The latter
consists of unipotent representations, so that Conjecture [A]is automatic.

We have to be a little careful, because it is assumed in [Bade|] that the residual
characteristic of F' is not 2. For the Iwahori-spherical principal series that is not a
problem, those affine Hecke algebras are known from [Bor] regardless of the residual
characteristic. For ramified characters of T' C Us(F) it is troublesome, because some
computations in [Bade| change substantially in residual characteristic 2. To be sure
in those cases as well we refer to Theorem , where all the g-parameters for U, (F')
are computed in a different way (for arbitrary F' but with much heavier machinery).
From Lemma one sees that the only options for Us(F) in residual characteristic
2 are still (i), (ii) and (iii).

Let us state the above conclusions concisely:

Corollary 4.5. Conjecture[4] holds for all Bernstein blocks in the principal series of
a quasi-split connected reductive group G over F. When we base X on oV, qox = 1
and qo = qr, (except for one root in type 2Asay, ).

4.3. Inner forms of Lie type A,.

We consider simple F-groups G that are inner forms of a split group of type
Ap—1. The simply connected cover of G is an inner form of SL,, so isomorphic to
the derived subgroup of an inner form of GL,. In view of Section [2] it suffices to
consider the latter case, so with G isomorphic to GL,,(D) for a division algebra D
with centre F' and dimp(D) = (n/m)2.
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For every Bernstein block Rep(G)® there exists a type (J, p) [SéSt2]. We can write
s = [M,o]g in the form

M = H GLy, (D)%, 0 = R;oP,

where the various o; differ by more than an unramified character. The associated
Hecke algebra H (G, J,p) is a tensor product of affine Hecke algebras of type GLe,
[SéSt1], so the underlying root system has irreducible components of type Ae,_1,
for suitable ¢; < n. The same result was obtained around the same time in [Hei2|,
using II°. The parameters of such a type GL., affine Hecke algebra were determined
explicitly in [Séc, Théoréme 4.6], they are of the form ¢, = q};, Gox = 1 for a specific
positive integer f. Thus A and A\* are constant and equal to f on the underlying
root system Ag;,_1. From [Hei2, 1.13-1.15] or [SéSt2] we also see that

(4.16) W(M7 O) = W(EO,M) = He‘ Sei

and R(O) = {1}. From that, and
Mod — H(G, J, p) = Rep(G)® = Endg(IT°) — Mod

we deduce that H(G, J, p) is Morita equivalent with #(O, G)°P. These are both affine
Hecke algebras, and then Morita equivalence implies that H(G, J, p) and H(O, G)
and H(O, G)° are isomorphic. We summarise:

Theorem 4.6. [Heiermann, Sécherre-Stevens|

Let G be an inner form of a simple F-split group of type An—1, and let s be an inertial
equivalence class for G. Then the root system underlying H(O,G) has irreducible
components of type Ae_1 with e < n. The label functions X\, \* are constant on Ae_1,
and equal to an integer f.

We note that such parameters already occur for Iwahori-spherical representations.

Namely, consider GL,,(D) where dimp(D) = f?. TIts Iwahori-Hecke algebra is

isomorphic with an affine Hecke algebra of type G L. with parameters q{,.

More explicit information about f comes from [SéSt2, Introduction]. Every type
GL, affine Hecke algebra as above comes from a supercuspidal representation 7>
of G Ly, /e(D)¢ for some m’ < m. Then f equals the torsion number

tr = |an(GLm’/e(D)7 7T)|

times the reducibility number s.. The number s, detects when the (normalized)
parabolic induction of
X vt e Irr(GLm//e(D)Q)

is a reducible representation of G'Ly,,, /.(D), where v stands for |- |r composed with
the reduced norm map GL,,, /E(D) — F*. With the Jacquet-Langlands correspon-
dence [Badu, DKV] one can relate the torsion and reducibility numbers of 7 to the
same numbers for a specific discrete series representation JL(7) of G Ly jem (F)-
More information about those numbers is already known from [BeZel BuKull]. From

that or from a comparison with Langlands parameters as in [AMS3], p. 57], one sees
!/ /

that s, divides nm and that ¢, divides . Therefore
me mesy
nm' _ n
(4.17) f = spty divides < —.
me e



32 PARAMETERS OF HECKE ALGEBRAS

We note that in all these cases oV generates Hp (ML/M?'), because the derived
groups are simply connected. The torsion number ¢, says precisely that

Hy (M2 ML/MY) = ZtaV.

Consider a F-split connected reductive group M, with root system of type Ay+pm—1-
Let M be the standard F-Levi subgroup of M, obtained by omitting a simple root
«, with root system of type A,_1 X A;,,—1. Then the simply connected cover of Mg,
is isomorphic to SLy(F') X SLy,(F).

Put s = [M, o], for some o € Irreysp(M). The inflation of o, to the simply
connected cover M. of My, can be written as a finite direct sum

@A 0; W o} with 0; € Irteysp (SLy (F)), 0 € Irteusp (S L (F)).
K3

From Theorem (4.17) and Section [2| we obtain the following criterion for Hecke
algebra parameters in split type A groups:

Corollary 4.7. Let M,, M and o be as above.

(a) If n # m, then s does not give rise to an element of Ny, (M)/M.

(b) Suppose that n = m and that, for any i, o; and o} are not isomorphic. Then sq
does not give rise to an element of W (M, Q).

(¢) Suppose that n = m and that, for at least one i, o; and o’ are isomorphic. Then
Yo = {a, —a} and s, gives rise to an element of W (M, O) that exchanges the
two almost direct simple factors of Mge;-

When My, = GLoy(F), the g-parameters for H(O, M,) are qo. = 1 and
Qo = qlfp. Here f is the torsion number t,, € Z~q, which divides n.

Proof. (a) This is clear, because such an element would have to exchange the two
almost direct simple factors of Myer.

(b) Now s, does give an element of Ny, (M)/M, which exchanges the two almost
direct simple factors of Mye;. By Proposition [2.2) we may lift to the simply connected
cover My, picking one irreducible constituent o; @0} of the inflation of o|pz,_,. As Mg
does not have nontrivial unramified characters, stabilizing s has become stabilizing
0; ® o}. Clearly s, does that if and only if o; and o] are isomorphic.

(c¢) This follows from Theorem O

In part (c) for M, # GLa,(F), it may still be necessary to apply Proposition
4ld to obtain the precise parameters.
d to obtain th i t

Example 4.8. Consider the inclusion 1 : SL4y(F) — GL4(F) and the Levi subgroups
M = GLy(F)? and M = S(GL2(F)?). Let 0 € Itteusp(GLo(F)) with

Xnr(GLo(F),0) ={1,x_}.
We may assume that o|gp,(r) decomposes as a direct sum of two irreducible represen-

tations, both stable under diag(a,b) € GLo(F') for alla,b € of. Then oc®o € Irr(M)

and n*(o ® o) is a direct sum of two irreducible M -representations 61,52, permuted
by diag(wp,1) € M. Here

N (X (M,0®0)) ={1,x- ® 1}
but tensoring by x— ® 1 exchanges 61 and G9. It follows that
Xue(M,61) = Xpe (M, 52) = {1}.
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The root systems of the Hecke algebras are {a,—a} and {&,—a}, while h) =
n(hy)? € M/M?'. So this is an instance of Proposition . d.(iii).

4.4. Classical groups.

We look at classical groups associated to Hermitian forms on F-vector spaces. Let
G* be a symplectic group or a special orthogonal group (not necessarily split). It
was shown in [Hei2|] that Endg(I1°) is Morita equivalent with the crossed product of
H(O,G) and R(O), where H(O, G) is a tensor product of affine Hecke algebras with
lattice Z¢ and root system A._1, B, Ce or D.. When G* is F-split, the parameters
are computed in [Heil], relying on [Mce2]. Later the (quasi-)split assumption in
IMce2| was lifted in [MoRe|, which means that [Heil] also applies to pure inner
forms of quasi-split groups.

We also allow G* to be a special unitary group. With Section [2| we reduce that to
U, a unitary group which splits over a separable quadratic extension F /F. Accord-
ing to [Hei3d, Theorem 1.8 and §C.5], the above description of H(O, G) is also valid
for U,,. Unfortunately there is no real proof of these claims in [Hei3|, but it is similar
to [Hei2] and in fact an instance of the more general results of [Sol4]. Also according
to [Heidl §C], the parameters of these affine Hecke algebras can be computed as in
[Heil]. This uses the results of [Mcell Mce2l, Mce3].

Recall that every F-Levi subgroup of G* is of the form

(4.18) M*(F) = Hi GL,, (F') x H*(F),

where H* is of the same type as G*, but of smaller rank. Here F’ = F for (special)
unitary groups and F’ = F otherwise. Let f be residue degree of F'/F, so 2 for
unramified (special) unitary groups and 1 otherwise.

Let G be a group isogenous to G* as above and let M be a F-Levi subgroup of
G. Consider an inertial equivalence class s = [M,o]g. Via Lemma for groups
isogenous to M, o gives rise to an irreducible representation ¢ of M*(F). By
Propositionthe choice does not matter. In terms of , o is the tensor product
of supercuspidal representations 7; of the factors GL,,(F’) and one supercuspidal
representation of H*(F'). As explained in [Heill, §2], one can adjust & inside its
inertial equivalence class to bring the 7; in a better position, so that in particular as
many of them as possible are equal. We fix an irreducible component X5 ; of %,
as in Section [2| Of the various 7; a unique 7 is relevant for Z(VQ’ e We write n; = d,
so that 7 € Irr(GLg, (F)).

Theorem 4.9. Assume we are in the setting described in this paragraph. Let t =
t: € Z~q be the torsion number of T, a divisor of d.

(a) When E(v,lj >~ C. and hY is a long root, there exists an integer ay € Z~q such
that g, = q;il,*, Gox = 1 and M) = X (a) = fta,.

(b) When Eé,j >~ B, and h) is a short root, there exist integers a > a_ > —1 such
that qo = qigflﬂ)/?,qa* = q;ﬁ(fl_ﬂ)/2 and Ma) = ft(a+ a- +2)/2, \'(a) =
fta—a_)/2.

(¢) For all other hy, € ¥ 5, Ga = s, Qax = 1 and M) = \*(a) = ft.

Suppose that M is isogenous to (4.18)) and that the complex dual group of H* consists
of matrices of size NV. Then

(5[5 = e
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in case (b) and a®> <2NVd ' + 1 in case (a).

We note that for a maximal Levi subgroup M* = GLy_(F') x H* of G*, the root
system XY, has type B; or is empty.

Proof. By Corollary we may assume that F' has characteristic zero.

For G* the claims (b) and (c) follow from [Heill Proposition 3.4] and [Hei3|
§C.5]. The role of the torsion number ¢ is to replace the sublattice Z¢ of M /M*!
corresponding to X ; by (Z)°, which is a direct summand of M2/M*. In this
process, all the labels A(a) and A*(«) are multiplied by ¢.

The numbers a,a_ come from [Mcell Proposition 4], [Mcoe2, §1.3-1.4] and [Mce3|,
Théoreme 3.1], where they are computed in terms of reducibility of the parabolic
induction of a supercuspidal representation 7 ® w of GLy_ (F') x H*. This shows
that in general we have to use F' instead of F. For (special) unitary groups, the
factors GLy (F) in cause another factor f in all the parameters, as explained
in [Hei3, §C].

Recall that the Jordan block of 7 € Irr(H*) is built from the pairs (7,a) that we
consider (but those with a < 0 omitted), by adding new pairs according to the rule

if (1,a) € Jord(w) and @ > 2 then (7,a — 2) € Jord(m).
It was shown in [Mce2l, §1.4] and [Mcell Proposition 4] that

(4.19) Z(T wesond(n 7 = NV

We fix a 7 and let 7— be the unramified twist of 7 from which a_ is determined.
Isolating the terms with 7 and 7— in (4.19)), we obtain

\Y > / /
(4 20) N Z a’)eJord(m) adr + Za’:(ﬂ—,,a’)GJord(w) adyr_
a+1.2 a_+1.2
- dr+ | |d-.
(S e+ [
Case (a) for G* is not mentioned explicitly in [Heil], it is an instance of case (b)
when we focus on the Weyl group (not on the root system). As the lattice containing

¥, ; is isomorphic to Z¢, the construction of h, entails that hy ¢ 27¢, so that X ;
does not have type C.. Still, this root system occurs if Eé ; = Be and go = gax-

Then we can replace h,, by hX/Q =2h), Xo by X2, Be by Ce, qo by @2 = qaqax and
dax by 1, without changing the Hecke algebra H (O, G). We find
Ma/2) =N (a/2) = Ma) + X(a) =tf(a+ 1),

so the ay for 2h is 1 plus the a from B.. When a is odd, the previously established
bound on a = a_ directly yields the new bound on ay. When a is even, (4.20) says

a+ 1,2 .
2(( 9 )" - 4)<Nvd L soa? =(a+1)? <2NVd;'+1.

When G is a quotient of G*, Section [2] enables us to reduce to G*. According
to Proposition in the process the labels for o must be multiplied by some
N, € {1/2,1,2}. But for type A roots nothing really changes along G* — G (the
computations can be placed entirely in a general linear group) so N, = 1. For other
roots f either Ng = 1 or (if ¥ ; = Cc) Ng =2 or (if ¥ ; = Be) Ng = 1/2. In
the last two cases types C, and B, are exchanged, and the relations between the
parameters are the same as between cases (a) and (b) of the theorem.
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In the remaining cases G is a spin group (or a half-spin group, but by passing
to the simply connected cover, as allowed by Corollary [2.5] we reduce that case to
a spin group). Then G can be embedded in a general spin group GSpin, — not
necessarily split, but at least a pure inner form of a quasi-split group. The Levi
subgroups of GSpin,, follow the same pattern as for SO,,, and their discrete series
representations can be classified as for special orthogonal groups, see [Mce2, §1.3,
§1.5] and [Mce3l, §4.4, §6.3]. Consequently the results of [Heill, [Hei2] also hold for
GSpin,,, with the only difference that the lattices in the Hecke algebras have rank one
higher than for SO,,. Thus Theorem holds for GSpin,,, possibly with correction
factors Ng € {1/2,1,2} as above for quotients of G*. By Corollary [2.7] the theorem
also holds for the derived group G of GSpin,,. O

In the generality of Theorem it is hard to make the integers a4,a and a_
more explicit, since they depend in a very subtle way on the involved supercuspidal
representations. If one restricts to specific classes of Bernstein components, more
can be said about the Hecke algebra parameters. In particular, for the principal
series representations of quasi-split classical groups the method in Paragraphs
and yields the concrete g-parameters.

To check the integrality of the label functions A, A*, we analyse the parity of a and
a—. As explained in [Heill, §1], this boils down to comparing the Langlands param-
eter p of a supercuspidal representation of GLk(F’) with the Langlands parameter
of a supercuspidal representation of H (a classical group of the same type as G).

For G of Lie type By, Cp, D,, or 2D,,, p is self-dual. Then a is odd if and only if p
and the complex dual group H" of H have the same type (orthogonal or symplectic).

For G of Lie type 2A,_1, p is conjugate-dual, that is, the contragredient p" is
isomorphic to s - p for s € Wr \ W;. From [GGP, Theorem 8.1] we see that
the standard representation of H" is conjugate-orthogonal or conjugate-symplectic,
depending on the size of HY. Just as above, a is odd if and only if p and this
standard representation have the same type.

The parity of a_ is determined by analogous considerations, starting from a diffe-
rent self-dual or conjugate-dual representation p® x with x an unramified character.
More specifically, let t, be the torsion number of p € Irr(W ), that is, the number
of unramified characters x such that p = p ® x. Then there exist precisely 2t,
unramified characters xy of Wr such that p ® x is self-dual, namely those with
X% = 1. When moreover x'» # 1, also p ® x % p. That provides a unique (up to

isomorphism) p_ = p ® x which is self-dual and not isomorphic to p. The number
a_ is computed from this p_. The same applies to conjugate-dual representations
of W z.

F

The following result extends [Heill, Proposition 1.3].

Proposition 4.10. (a) Let p € Irr(Wpg) be a self-dual and let p— be as above.
o Ift, is odd, then p and p— have the same type (orthogonal or symplectic).
o Ift, is even, then p and p_ can have the same or opposite type.
(b) Let p € Irr(W 1) be a conjugate-dual and let p— be the unique (up to isomor-
phism) conjugate-dual twist of p by an unramified character.
o If F/F is ramified and t; is odd, then p and p— have the same type
(conjugate-orthogonal or conjugate-symplectic).
o If F/F is ramified and t; is even, then p and p_ can have the same or
opposite type.
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o If F/F is unramified, then p and p— have opposite type.

Proof. (a) Since the inertia group Ir is normal and Wg/Ir = Z, p can be anal-
ysed well by restriction to Ir. Clifford theory tells us that there exist mutually
inequivalent irreducible Ip-representations p1, ..., p: such that

(4.21) Resp\ " p = p1 @ -+ @ py

and a Frobenius element Frob of W permutes the p; cyclically. The unramified
characters y that stabilize p are precisely those for which y(Frob’) acts trivially on
p1, so t equals the torsion number ¢,.

If p; is self-dual, then so are all the p;, and the W p-invariant bilinear form on p
is a direct sum of Ip-invariant bilinear forms on the p;. Then the type of p is the
same as the type of p;, which depends only on Ir and is not affected by twisting
with unramified characters. This can happen for even ¢ and for odd ¢.

If p1 is not-self dual, then none of the p; is self-dual. In that case ¢ is even and
the dual of (p;,V;) is isomorphic to p;v for a unique integer 7. Further the W p-
invariant bilinear form on p restricts on p; X p;v to z times the canonical pairing,
for some z € C*. Similarly it restricts on p;v X p; to 2V times the canonical pairing.
It is easy to check that the representation p;v @ p; of Ir x <Frobt/ 2) is self-dual and
2V = 42 where = indicates the type of the representation. Then the type of p is the
same as the type of p;v & p;.

By self-duality of p and p_ = p®x and p % p_, we must have x(Frob’) = —1 and
x(Frob/?) = 4i. In particular the representation (pyv @& p;) ® x of Ir x (Frob/?) is
not self-dual with respect to the same bilinear form as p;v @ p;. To make (p;v @ p;) @ x
self-dual, we can take the bilinear form where in the above description 2" is replaced
by —zV. This changes the sign of the bilinear form, so p and p_ have opposite type.
(b) When F/F is ramified, we can pick a representative for W /W 7 in Ip. Then
the notions conjugate-dual, conjugate-orthogonal and conjugate-symplectic can be
defined in the same way for Iz-representations. The proof of part (a) applies to
p € Irr(W ), when we replace self-dual by conjugate-dual. The conclusion is that
p and p_ have the same type.

When F /F is unramified, we pick a representative s for Wr/W z so that s?is a
Frobenius element of W ;. Conjugate-duality is still defined for I;-representations
(because I is normal in W), but the type of such a representation is not (because
s> ¢ 1). Nevertheless, we can still decompose p € Irr(W ) as Iz-representation
like in . We see that the W g-invariant bilinear pairing between p and s - p
restricts to a pairing between (p;, V;) and (p;v, Vyv) for a unique V. By definition
[GGPL §3], the type of p is given by the sign + in

(4.22) (v, ') = £, p(s*)v)  Yu,v € V.

We consider v in Vj and v/ € Vv such that the pairing is nonzero. Then
p(s%)v must also belong to V7, but at the same time p(s?) permutes the j; cyclically.
That renders impossible, unless t; = 1. But then ﬁhp is irreducible and
isomorphic to s - ﬁvhp. In this situation the bilinear pairing between p and s - p is
already determined by their structure as Iz-representations.

The same applies to p— = p® x. Then the conjugate-duality of p and p_ implies
that x is quadratic. It cannot be trivial because p and p_ are not isomorphic, so x
is the unique unramified character of W of order two. By [GGP], Lemma 3.4] x is
conjugate-symplectic, and by [GGP), Lemma 3.5.ii] p and p_ have opposite type. [
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Proposition [£.10] is the key to the following result.

Lemma 4.11. We assume the setting of Theorem [{.9.b.

(a) When G* is a special unitary group which splits over an unramified extension
F/F, a and a_ have different parity.

(b) For all other G* eligible in Theorem : if t; is odd, then a and a_ have the
same parity.

(¢) All the labels A(c), A* () in Theorem[{.9 are integers.

Proof. Let p € Irr(Wg) be the image of 7 under the LLC for GL;_ (F). The func-
torial properties of the LLC ensure that ¢, = ¢.

(b) Assume that G does not have Lie type 24,_1. In the proof of Theorem we
saw how the issue can be reduced from G to G* or GSpin,,. To G* and GSpin,, we
apply Proposition [£.10ja and the remarks above it.

(a) When G does have Lie type 2A,,_1, Section [2] allows to reduce to G* = SU,,, and
then to U,,. Now we apply Proposition [f.10b and the remarks above it.

(c) It is clear that the labels in parts (a) and (c) of Theorem are integers. We
recall that the labels in Theorem E.9b are

Ma)=t,fla+a-+2)/2 and N'(a)=t,f(a—a_)/2.

These are integers, except possibly when a and a_ have different parity. In the
cases where G* is an unramified special unitary group, f = 2 and again the labels
are integers. In the other cases with a and a_ of different parity, part (b) of the
current lemma tells us that ¢, is even, which makes the labels integral. H

Having checked Conjecture [A](i), we turn to Conjecture [A](ii).

Lemma 4.12. Consider a root system of type Ae_1, Be, Ce or De, with label func-
tions A\, \* as in Theorem[{.9 There exist:

e q simple group G over a nonarchimedean local field F,
e a Bernstein block Rep(@)s, which consists of unipotent representations of
G=G(F),
o a s-type (J,m),
such that H(é, J,m) is an affine Hecke algebra with the given root system and the
given label functions.

Proof. When the root system has type A._1 (resp. D.) we take G = GL, (resp.
S0s¢). Choose a non-archimedean local field F with residue field of order qp =
q{,t, where f and t = t; are as in Theorem E We take the Iwahori-spherical
Bernstein block and let J be an Iwahori subgroup of G. Then (J,triv) is a type
and H(G‘, J,triv) is an affine Hecke algebra with parameters ¢z. We obtain labels
AMa) = M (a) = ft.

Suppose that the root system is C, (or B, with a_ = —1, that boils down to the
same thing). We choose the g-base q{;t, which can be achieved by considering F-
groups. Thus reduce to the situation where the short root « has label 1 and the long
root 3 has label a™ € Z~o. Now see [Lus3 7.40-7.42] when a4 is even and [Lus3|
7.56] when a4 is odd. In each case, a type for the associated Bernstein component
is produced in [Lus3| §1].
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Suppose that the root system is B, and that a_ > 0. Let 8 be a short root and «

a long root. When a + a_ is even we take the ¢g-base q{,f and we reduce to the labels

Ma)=1, XpB)=(a+a_+2)/2, X(B)=(a—a_)/2

Depending on the parities of A\(3) and \*(53), see [Lus3, 7.38-7.39] (both even) or
[Lus3l, 7.48-7.49] (both odd) or [Lus3, 7.54-7.55] (one even, one odd).

When a + a_ is odd we take the g-base q{;tm (a power of g by Lemma D and
we reduce to the labels

Ma)=2, AXp)=a+a_+2, N(B)=a—a_.

See [Lus4l, 11.2-11.3] for an appropriate Bernstein component consisting of unipotent
representations. O

We covered all simple groups of type A,,2A, or B,, but some simple groups of
Lie type Cp, D,, or 2D,, remain. With the classification of inner twists via Galois
cohomology and the Kottwitz isomorphism [Kot] we can count them, and realizations
of those groups can be found in [Spr, §17.2-17.3]:

e the non-split (non-pure) inner twist of a symplectic group,

e the two non-pure inner twists of a split even special orthogonal group,
e the non-pure inner twist of a quasi-split even special orthogonal group,
e groups isogenous to one of the above.

We note that (apart from the last entry) this list consists of classical groups asso-
ciated to Hermitian forms on vector spaces over quaternionic division algebras. As
far as we are aware, much less is known about the representation theory of these
groups. They are ruled out in [Mcell Mce2l Moe3], so it is not clear which Hecke
algebra labels can arise.

For unipotent representations, this is known completely [Lus3), Lus4l [Sol5l [Sol6],
and that indicates that Theorem might hold for these groups. The relevant label
functions A, \*, in the tables [Lus3, 7.44-7.46 and 7.51-7.53], occur also in Theorem
(with a — a_ odd, like for unitary groups).

4.5. Groups of Lie type Gs.
Up to isogeny, there are three absolutely simple F-groups whose relative root
system has type Ga:
e the split group Ga,
e the quasi-split group 3Dy, which splits over a Galois extension F /F of degree
3 or 6,
e the non-split inner forms Eé?’), which split over the cubic unramified exten-
sion F3) /F.
Let G = G(F) denote the rational points of one of these groups. Let M be a Levi
subgroup of G and write s = [M, 0]g, O = X, (M)o. When the semisimple rank of
M is > 1, ¥, has rank < 1. For those cases we refer to .

Otherwise M is a minimal F-Levi subgroup of G. For G = G2(F), Rep(G)*
consists of principal series representations. In Theorem we proved that g, = qp
and ga = 1 for @ € ¥ . For G = 3D4(F) Rep(G)* also belongs to the principal
series. We showed in that gosx = 1,90 = qp for long roots o € Yo, and
g« = 1,qp € {qF,q%} for short roots B € Yo . Notice that in 3, the lengths of
the roots are reversed.
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The group G = Eé3) involves a central simple F-algebra D of dimension 32 = 9.
We assume for the moment that G is simply connected, so that we can apply some
reduction steps from Section [2 more easily. For a short root a € Xp ,,, the inclusion
M — M, is isogenous to

S(GLi(D)?) x GLi(F) = S(GL1(D)?) x SLy(F).

In particular the coroot " is orthogonal to My, and the restriction of o to the image
of aV is a direct sum of finitely many characters. Hence the same computations as
in Paragraph apply here, with M instead of 1. Thus g, = qr and gax = 1. On
the other hand, for a long root 8 € ¥, the inclusion M — Mg is isogenous to

S(GL1(D)?) x GL1(F) — SLy(D) x GL,(F).

Again with Section [2] the computation of the parameters can be transferred to
GL1(D)? — GLy(D), which is discussed in Paragraph Then Theorem and
show that gg. = 1 and g3 = qf; where f divides 3. All this based on an X,
defined as evaluation at av(wgl). We still have to take the effect of the isogenies

(4.23) Mg — SLQ(D) X GLl (F) — GLQ(D)

into account. As worked out in Proposition this goes via changing h). Since
the derived groups are simply connected, no a*/2 can be involved, and this effect
comes only from changes in the torsion number | X, (M, o)|. That boils down to the
torsion number of a representation of GLj(D), so it can only be 1 or 3. In terms of
cocharacter lattices both maps in are index 2 inclusions, and 2 is coprime to 3,
so actually the torsion numbers do not change along these inclusions. We conclude
that the labels are A(a) = 1 and A\(8) € {1,3} (and the same for \*).

When G is not simply connected, we can apply Proposition to compare with
its simply connected cover. If ¥ , has rank > 1, then it is isomorphic to A; x Ay, Ao
or Gi2. In the latter two cases we are not in the instances (ii) or (iii) of Proposition
d, so Proposition d.(i) tells us that the parameters do not change when we
pass from G to its simply connected cover. In the first case there could be a change
as in Proposition [2.4]d.(ii) when we go to a cover of G, but that does not bother
us because we already understand affine Hecke algebras of type A; completely — see

the discussion before ((1.15)).

4.6. Groups of Lie type Fj.

Just as for G2 we will analyse all possibilities for the parameters, by reduction to
earlier cases. Up to isogeny there are three absolutely simple F-groups with relative
root system of type Fj:

e the split group Fy,
e the quasi-split group 2FEjg, split over a separable quadratic extension F'/F,
e the non-split inner form Eéz), split over the unramified quadratic extension
FO/F.
Supported by Section [2, we only consider the simply connected version of these
groups. We number the bases of Fy and E7 as follows:
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Let D be a central simple F-algebra of dimension 22 = 4. The anisotropic kernel of
Eg) (F) corresponds to the simple roots labeled 1,5, 7 and is isomorphic to SLi(D)3.

Let G = G(F) denote the rational points of one of the above groups. Fix a
maximal F-split torus S = S(F) and let A be a basis of (G, S). Let My = M ;(F)
be the standard Levi subgroup associated to J C A. Write s = [My,0]g and
O = Xp(My)o. We will verify Conjecture |A| for G, M, except that in a few cases
for G = E§3) we cannot work it out.

Recall from [Hei2, Proposition 1.3] that a € Yo, implies s, € W(G,M). Let
Yw (A, ) be the set of & € X,eq(Anr,) for which W (G, M) contains s,. Such s, be-
long to the normalizer of W in W (F}), which links our setup to [How]|. It is shown
in [How, Theorem 6], that Xy (Aps,) is a root system. The type of Xy (A, ), as
well as a lot of other useful data, are collected in [Howl p. 74].

Jis empty, ZW(AMJ) = F4
For Fy and 2Eg, Rep(G)* consists of principal series representations. For G = Fy(F)
we proved in Theorem @ that ¢, = qr and go« = 1 for all a« € Xp .

For G = 2E4(F), we showed in that gax = 1,90 = gqr for long roots
a € Yo, and ggy = 1,95 € {qF,q%} for short roots B € Yo . Notice that in Y
the lengths of the roots are reversed.

For G = E§2) (F) and a € {1, a2}, the inclusion My — My, is isogenous to
GLi(F)? x S(GL1(D)?) — GLy(F) x S(GLy(D)?).

The direct factors S(GL1(D)3) do not influence the rest, so can be ignored for the
computation of the parameters. It follows that g, = ¢, gax = 1.
For o € {a3, 4}, we can instead consider the inclusion

GLi(F)* x S(GL1(D)?) — GL1(F) x S(GLy(D) x GL1(D)).

With Section [2] we reduce this to GL1(D)? — GLa(D), and then Paragraph [4.3]tells
us that go« = 1 and g, € {qr,¢%}-

J= {043} or J= {a4},zw(AMJ) = B3
These two J's are W (Fjy)-conjugate, so it suffices to consider J = {a4}. The pa-
rameters for a; and «g are the same as when J is empty, SO qo; = Ga, = qr and
o = Qagx = 1.

The short simple root of Xy (A, ) is 8 = az + 2a3 + o, which is orthogonal to
az and ay. The inclusion M; — Mg is isogenous to, depending on the type of
g:

Fy GL1(F)? x SLy(F) — GL1(F)? x SLy(F)?
2E6 GLl(F)Z X GLl(F’) X SLQ(F/) — GLl(F)2 X SLQ(F/)2
EY®  GL\(F) x GLi(D) x GLy(D) — GL(F) x SLy(D) x GLy(D)

Again the determination of the g-parameters can be simplified with Section[2 Then
we see from Paragraph that gg. = 1 and g5 € {qr,¢%}.

J= {al} or J = {az},zw(AMJ) = C3
These two J’s are W (F}y)-conjugate, so it suffices to consider J = {a;}. The param-
eters for ag and ay are the same as when J is empty.
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The long simple root of Xy (A, ) is 8 = a1 + 2a2 + 23, which is orthogonal to
a1 and ay. The inclusion Mj; — M Ju{g} 1s isogenous to:

F4 SLQ(F) X GLl(F)g — SLQ(F)2 X GLl(F)2

2E6 SLQ(F) X GLl(F) X GLl(F,)2 — SLQ(F)Q X GLl(F,)2

B SLy(F) x GLy(F) x S(GL(D)®) — SLy(F)? x S(GL1(D)?)
In each of the three cases, this reduces to GLq(F) — SLy(F'). Hence gz = qp and
qpss = 1.

J equals {ag,a4} or {aq,a3} or {az, asa}, Ew(AMm,) = A1 X Ay
These three subsets of A are associate under the Weyl group W (F}), so it suffices to
consider J = {a1,a3}. Up to a sign there are just two possibilities for o € Yo, =
Ay x Ay. These can be represented by as and 5 = as + 2a3 + 2a4. We note that 5
is orthogonal to as and ag, but not to ;. The inclusion M; — M Ju{g} 1s isogenous
to:

Fy GLQ(F) X GLQ(F) — SLg(F) X GLQ(F)

2FEs GLo(F) x GLy(F") — SL3(F) x GLy(F")

EY GLy(F) x S(GLy(D) x GL1 (D)) — SL3(F) x S(GLy(D) x GLy (D))

In all three cases this boils down to GLa(F') — SL3(F), so gg = qr and gg, = 1.
We also list inclusions isogenous to My — M jy(a,):

Fy  GLy(F) x SO3(F) x GL{(F) — SO(F) x GL,(F)
Bs GLy(F) x SO;(F) x GL1(F) — SO3(F) x GL1(F)
EY GLy(F) x SO4(F) x GLy(D) — SO!y(F) x GLy(D)

Here SO;,, denotes a quasi-split special orthogonal group, while SO%,, stands for a
non-split inner form of SOs,. For the parameter computations, the direct factors

GL1(F) and GL1(D) can be ignored. In all three cases Theorem [4.9/b shows that

Qo = q;(aﬂ)ﬂ and Ga,« = q;(“‘ﬂ)ﬂ, where t € {1,2}. A small correction might

still come from the involved isogenies via Proposition

J= {()[1,&2}, EW(AMJ) = G2
Now a3 gives rise to a short root of Xy (A, ), and to a long root of £%. Analysing
the inclusion Mj — M j (o) up to isogeny, we obtain:

group inclusion Qo
F4 SLg(F) X GLl(F)2 — SLg(F) X GLQ(F) qr
2Fs SL3(F) x GL1(F')? — SL3(F) x GLo(F") qr
EY  SLs(F) x SLy(D) x GL1(D)? — SLs(F) x SLi(D) x GLy(D) ¢h

where f € {1,2}. In all three cases ¢a,« = 1 by Theorem[4.6] Since a is orthogonal
to M der, the computations behind these g-parameters work equally well in M7 q,},
no corrections from isogenies are needed.

For a3 we find

group inclusion do

F, GL3(F) x GLy(F) —  SOg(F) x GL1(F) q;(’a—l-l) 2
2By GL3(F) x SO3(F) x GLy(F') — SOi(F) x GLi(F') ¢,
E§2) GL3(F) x SO)(F) x GL1(D) — SO|,(F) x GL1(D) q§a+1)/2
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tla_+1)/2

where t € {1,3}. The parameter g,,« equals ¢p . Recall the bound on a and
a_ from Theorem
When Y¢ , has type G, [Sol4, Lemma 3.3] says that ¢ay« = 1. Then a_ = —1

and Lemma tells us that a is odd. For Fj and Eéz) that means a = —1 and

da; = 1, so that actually ¥ , does not have type G2. For Eég) it would still be
possible that @ = 1, so that ¢o, = q%. But then the Langlands parameter of a repre-
sentation of SO} (F) would be the sum of a three-dimensional and a one-dimensional
representation of W which is not compatible with the isogeny to SLi(D)2. Hence
this case does not arise, and we conclude that for J = {a1, @} the root system ¥p ,
has rank < 1.

J={as, as}, Tw(Anm,) = Ge
Now a long root of Xy (Axs,) comes from aq, and in ¥; a short root comes from
ai. The inclusion M; — M jy4,) 18 isogenous to:

Fy GLl(F)2 X SLg(F) — GLQ(F) X SLg(F)
2E6 GLl(F)2 X SLg(F/) — GLQ(F) X SLg(F/)
B GLi(F)? x SL3(D) — GLy(F) x SLs(D)

In each case the parameters can be analysed already with GL1(F)? — GLy(F), and

Theorem [4.6] tells us that go, = qF, o« = 1.
Let us also consider the inclusion M; — M (q,} up to isogenies:

group inclusion Gos Qoo
Fy GL\(F)x GLs(F) — GLy(F) x SO;(F) ¢\*tI72 glla—+172
2Bs  GL1(F) x GLs(F') — GLy(F) x Ug(F) gi{etD/? glle-+/2
EY  GL(F) x GL3(D) — GLy(F)x SOg(D) 7 ?
Here t € {1,3} and by Theorem 0>a>a- > —-1. When ¥p, = G, we

know from [Sol4, Lemma 3.3] that gq,« = 1. With Lemma that implies gq, = 1
for Fy and for 2Eg if F'/F is ramified. For 2Eg with F'/F unramified, it is still

possible that a = 0, so that ¢o, = q%/? = ¢%. For the same reasons as after (4.23),
(2)

no corrections from isogenies are needed. For .~ the analysis involves quaternionic
special orthogonal groups, a case which remains open.

J ={az, 03}, Erea(Am;) = B2
Here o gives rise to a long root and a4 to a short root of ¥,cq(Aas,). We assume
that oy, 04 € Yo ,, otherwise Y, is isomorphic to a root subsystem of A; x A;
and the situation is simpler. We would like to say that in X% the relation between
the lengths of the roots is reversed, but that is not so obvious because hy, need not
be exactly ay(wgl), maybe it has to scaled.

Up to isogenies, the inclusions My — M jy(qa,) are:

F4 GLl(F) X SO5(F) X GLl(F) — SO7(F) X GLl(F)
(4.24) 2EBs GL1(F) x SO§(F) x GL1(F') — SO§(F) x GLy(F")

EY  GL\(F) x SO4(F) x GL1(D) — SO}y(F) x GLy(D)
Each of the involved isogenies is a twofold cover of the groups listed above, and on
the left hand side that covering does not involve the direct factor GLi(F"). Hence
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passing to that cover does not change X, (M, o) N X (GL1(F)). For (4.24) this
intersection is trivial, so also for the analogous setting inside G. This shows that

hy = aof (wg') € M/M'.
Now the parameters associated with oy are given by Theorem [£.9/b, namely
Mai)=(a+a-+2)/2 and N(a1)=(a—a-)/2.

Here a > a_ > —1 and a < NV with NV € {4,6,8} depending on G.
Up to isogenies, the inclusion Mj — M (a3 is:

F4 GLl(F) X Sp4(F) X GLl(F) — GLl(F) X Sp6<F)
(425) 2E6 GIq (F) X U4(F) x GIq (F/) — GLl(F) X UG(F)
B GL(F) x SO4(D) x GLy(D) — GLy(F) x SOg(D)

The same argument as for a; shows that hY, = ay(wz'). In the root system 3
we now have the short simple root h) , and the long simple root hy, ,- We recall from
[Sol4, Lemma 3.3] that ga,« = 1 and A(ca) = A*(au). From (4.25)) and Theorem [4.9]

we deduce that a_ = —1 and qo, = ¢%, at least for Fy and 2F. For E§2) this involves
quaternionic special orthogonal groups, which we could not handle in Theorem [4.9]
As explained before Proposition [£.10} a is an odd integer. Moreover, Theorem [£.9]
tells us that (a +1)2/4 < NV € {5,4}. It follows that a < 3, and then

Aog) = A(ag) = (a+1)/2 € {1,2}.

We take this opportunity to point out a typo in [Lus3| relevant to us. Namely, when
we run the above arguments with ¢ the unique supercuspidal unipotent representa-
tion of My C G = F4(F'), we obtain the parameters A(a;) = 2, \* (1) = 1, AM(au) =
2. In [Lus3, §7.31] these are given as A(a1) = 3, A" (a1) = 1, AM(aq) = 3. We already
took this into account by not including labels (3,3,1) for By in Table

|[J]=3or|J]=4
In these cases Yo, has rank <1, and we refer to ((1.15].

Summarising: we checked our main conjecture for absolutely simple groups with
relative root system of type Fj, except that for the group Eg we are not sure
when J = {as, a4} or J = {9, asz}. These cases can be settled once we understand
symplectic and special orthogonal groups of quaternionic type better.

4.7. Groups of Lie type Eg, E7, Eg.
We consider simply connected F-split groups of type F,,. We number Fg and Eg
(or rather their bases A) as

H—II—Q—‘ H—II—H—.—.
Eg Eg

2 3 4 5 6 2 3 4 5 6 7 8

and FE; similarly (as on page . The number of inequivalent Levi subgroups is
quite large, which renders a case-by-case analysis as for Gy and Fy elaborate. An
advantage is of course that all these Levi subgroups are simply connected and F-
split, so the analysis of Hecke algebra parameters for E,, consists of the principal
series (dealt with in Paragraph and contributions from split groups of lower
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rank. For Levi subgroups of semisimple rank n — 1 the root system ¥Xp , has rank
< 1, and before we discussed all such cases.

For Eg and Levi subgroups of semisimple rank at most 4, the g-parameters can
be computed via inclusions M — M, where M, has semisimple rank at most 5.
These M, are not exceptional, so the g-parameters can be found from Paragraphs
and For the irreducible components of ¥, of type A, Conjecture [A] just
says that every parameter ¢, is a power of gp. That is readily verified in each case.
Therefore we focus on the subsets J C A such that Xy (Ays,) has a component of
type By, Ch, Fy or Go. The possible J can be found by inspecting the tables on
[Howl, p.75-77].

J ={a1,03},Zw(Am,) = Bs
The long simple roots « € Xy (Apz, ) correspond to as, ag € A, which are orthogonal
to Mjger- Hence the computations reduce to those in Paragraph and yield
Gox = 1,40 = qr (or @ ¢ Yo ,,).

The short simple root 3 of Xy (Ap,) comes from ay € A. Here Mg ger = SL4(F)
and M N Mgaer = S(GL1(F)?). If B € Xo,, then Corollary associates to
GLi(F)?> — GLy(F) the parameters gg. = 1 and g5 = q{; with f € {1,2}. Un-
der the isogenies that transfer back to M — Mg, h\ﬁ/ remains equal to 3V, so the
g-parameters do not change.

J= {al, asg, Oé4}, Ew(AMJ) = B2
The long simple root a of Xy (Aps,) comes from o € A, which is orthogonal to
M jder- Hence qo = qr and gos = 1.

The short simple root 8 € Xy (Aps,) comes from a5 € A. Here Mg ger = Sping(F)
and M N Mpg qer is a twofold cover of SOg(F) x GL{(F). The g-parameters for this
setting are known from Theorem [£.9}

a a_ +1 _+1
a5 = a " g = g where | (F5)° | 4+ [ ()7 <6

so a < 4. When we apply Proposition to Mg ger — Mg, the parameters stay the
same or (only when a = a_) Proposition [2.4]d.(iii) applies.

J ={az,a3,a5,06}, Tw(Am;) = G2
The long simple root a € Xy (Apr,) comes from a; € A. That one is orthogonal to
M der, so by Paragraph Go = qr and gos = 1.

The short simple root 5 € Ly (A, ) comes from oy € A. Now Mg ger = SLe(F')
and M N Mg ger = S(GL3(F)?). The same arguments as above for J = {aq, as}

shows that here (if 5 € £0 ) ¢g« =1 and ¢, = q{; with f € {1,3}.

Having checked Conjecture [A] for Eg, we turn to the simply connected split F-
groups of type E7 and Eg. For most J C A, the g-parameters of H(O,G) can be
analysed as before. However, some J behave like {ag, a3} for Fy, where we found
it hard to relate the parameters of the two simple roots to each other. For other .J
(only in Eg) the computation of the g-parameters can only be reduced to inclusions
of Lie type As x A1 x Ay — Eg or Dg — E7 or Eg — E7, and we do not know an
effective method in these cases. Therefore we settle for a modest goal:
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Lemma 4.13. For groups of Lie type Eg, E7 or Es, Conjecture [4] holds whenever
the root system X, has a component of type Fy.

Proof. From [How), p.75-79] one sees that in only very few cases ¥, has a compo-
nent of type Fy. For any root « in a type Fj root system, [Sol4l Lemma 3.3] shows
that go« = 1, and then Proposition entails that no involved isogeny can change
the parameters.

For G = E;(F) there is only one J with Xy (A, ) = Fy, namely J = {1, as, ar}.
The g-parameters can be obtained in the same way as for Eéz) (F) and J = 0, as
treated in Paragraph The only difference is that an inclusion S(GLi(D)?) —
SLy(D) must be replaced by an inclusion S(GLz(F)?) — SLy(F), but from Para-
graph [£.3] we know that exactly the same g-parameters can occur for both these
inclusions. Thus ¢, = g, gax = 1 for any long root o € X ;, = Fy and qg, = 1,q5 €
{qr,q%} for any short root 8 € Sp .

For Eg(F) and J = {a1, as, a7} we also have Xy (Aps,) = Fy. This case can be
handled just as for E7, and leads to the same g-parameters.

For Eg(F) and J = {1, a3, a5} we have Xy (Anr,) = Fy x Ay. The long simple
roots of Fy come from a7, as € A. These are orthogonal to Mger, s0 ¢o = qr and
Jox = 1. According to [Howl p. 75] the short simple roots § of Fy are associated to
an inclusion S(GL2(F)?) — SL4(F). We can use the same X as for GLy(F)? —
GLy4(F), for which Corollary shows that g, = 1 and g5 € {qr, ¢%}.

The only remaining case with Xy (Apr,) = F is J = {a1, a3, a4, as}. Like in the
previous case ¢o = ¢F, ¢ax = 1 for any long simple root o € Y ,,. Both short simple
roots 3 of Fj come from a non-simple root in Eg, for which M N Mg ger — Mg der
is isomorphic to the inclusion of a double cover of SOg(F') x GL1(F') in Spin;y(F).
According to Theorem the resulting ¢g-parameters are

a a_ +1 +1
s = q%+1)/2 and qs, = q% +1)/27 where L(QT)QJ " L(a : )QJ <s.

Since Yo, has type Fy, qgx = 1 and a_ = —1. From Lemma we know that
a and a_ have the same parity, so a is odd. The estimate shows that a < 5, so
a € {1,3} and g € {qr,q%} as desired. O
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