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1 Introduction

In the lessons of today we will focus on the group theoretimfitations of crystallography. As
starting point we take two familiar definitions from threernational Tables for Crystallography,
Vol. A (ITA).

Definition 1 A crystal pattern is a set of points ilR” such that the translations leaving it in-
variant form a (vector) lattice iR"™.

A typical example of 2-dimensional crystal pattern is displayed in Figure 1. Qfrse, the
figure only displays a finite part of the pattern which is assdio be infinite, but the continuation
of the pattern should be clear from the displayed excerpt.

Figure 1: Crystal pattern in-dimensional space.

In order to get a systematic treatment of all crystal pasietine notion osymmetryis ex-
ploited. Here, symmetry of a crystal pattern is understa®dha collection of all isometric
mappings that leave the crystal pattern as a whole unchanged

Definition 2 A space groupis a group of isometries a&" (i.e. of mappings oRR” preserving
all distances) which leaves some crystal pattern invariant

The fact that the isometries that leave a crystal pattereriant indeed form groupis not
entirely trivial, but evident from the fact that the comgimsi of two isometries will again
result in an isometry leaving the pattern invariant.

One of the crucial roles of space groups in crystallographlgat they are used to classify the
different crystal patterns. The idea here is that two chyséterns are regarded aquivalentf
their groups of isometries afne same! In what sense two space groups are regarded as being
the same will be made explicit later today.

Remark: The pattern in Figure 1 was actually obtained as the orbitbaies point under
a space groupg: which in turn is just the group of isometries of this patteflthis observation
already indicates that space groups can be investigathdutieéxplicit retreat to a crystal pattern,

1See section 8.1.4., p. 722 of ITA, fifth edition.
2See section 8.1.6., p. 724 of ITA.
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4 1 INTRODUCTION

since a crystal pattern for which a space group is its grougpofietries can always be constructed
as the orbit of a (suitably chosen) point.

It is fairly obvious that the space group of the crystal patte Figure 1 contains translations
along the indicated vectors and that it also contains fédiriatations around the centers of each
block of4 points.

It is the purpose of today’s lessons to find an appropriaterge®n of space groups which
on the one hand reflects the geometric properties of the getarpents and on the other hand
allows to classify space groups under various aspects.

Although the application t@- and3-dimensional crystal patterns is the most interesting,
it costs almost no extra effort to develop the concepts foitrary dimensions:. We will
therefore formulate most statements for general dimensjdmut will illustrate them in
particular for the cases = 2 andn = 3.
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2 Elements of space groups

Before we have a closer look at the elements of space growgpbriefly review some concepts
from linear algebra.

2.1 Linear mappings

Definition 3 A linear mappingg on then-dimensional vector spad®” is a map that respects
the sum and the scalar multiplication of vector®it i.e. for which:

(i) g(v+w)=gv)+ g(w)forall v,w e R
(i) gla-v)=a-g(v)forallv e R", a € R.

Note: Since a linear mappingrespects linear combinations, it is completely determimed
the imageg(v1), ..., g(v,) on abasid(vi, ..., v,):

glag v+ ag- v+ ...y v,) =g - g(v)) +ag - g(ve) + ..o+ - g(vy)

Moreover, once the images of the basis vectors are knowninthge of an arbitrary linear
combinationw = oy - vy + s - v9 + ... + «,, - v, Only depends on itsoordinateswith respect
to the basis.

Definition 4 Let (vq,...,v,) be abasis oR™ and letw = a; - v1 + a9 - v+ ... + a,, - v, be an
arbitrary vector inR™, written as a linear combination of the basis vectors.
Then theq; are called thecoordinatesof w with respect to the basisy, ..., v,) and the
aq
vector| : | is called thecoordinate vectoof w with respect to this basis.
an

Example: Choose( (é) , G)) as basis ofR2. Then the coordinate vector {f;) with

respect to this basis i Ty , since

() (o ()-(39)

Note: If we choose thastandard basis

1 0 0
0 1 0
€1 = . , €2 = . R .
0 0 1

for R™, then each column vector coincides with its coordinateosect

3A basisof a vector spac# is a setB of vectors inV such that every € V' can be uniquely written as a linear
combination of the vectors ii.
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6 2 ELEMENTS OF SPACE GROUPS

However, for every basi&, . .., v,) of R", the coordinate vectors of the basis are just the
vectors of the standard basis, singe=0-v; +...+0-v;_1+1-v; +...+0-v,. Itis therefore
often useful to work with coordinate vectors, since thahsuany given basis into the standard
basis.

Since linear mappings are determined by their images o bastors, it is very convenient
to describe them bynatriceswhich provide the coordinate vectors of the images of thesbas
vectors.

Definition 5 Let (vy, ..., v,) be a basis oR™ and letg be a linear mapping dk”. Theng can
be described by the x n matrix

ar a2 ... Qip

A1 Q22 ... Q2qp
A=

Ap1 Apy .. Qpp

which has as itg-th column the coordinate vector of the image;) of the j-th basis vector, i.e.
g(’l}j> = a1;U1 + 25V + ..+ QnjUn

If w=a;-v1+as-v2+...+a, v, IS an arbitrary vector aR”, then the coordinate vector
of its image undey is given by theproductof the matrixA with the coordinate vector ab:

Qi B
A-| s | =]+ | signifies thay(w) =B vy + Ba - va + ... + B, .
Qn DB
Examples:
(1) The following figure shows two bases®f, the standard basig, e;) = é , (1]

and a different basi@, v,) = <<D , (—11)>

V2 €2 (%1

€1

We consider the linear mappingof R? which is the reflection in the dashed line (the
X-axis):

Sincee; — e; ande; — —esy, the matrix ofg with respect to the standard baéis, e5) is
1 0
b %)
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2.1 Linear mappings 7

On the other hand, we hawve — —uv, andv, — —uvq, hence with respect to the alternative

basis(v;, v3), the matrix ofg is <_01 —01)

(2) The hexagonal lattice has a threefold rotagas symmetry operation.

o 0 0
€2
o V2 o o
o o 0
€1 =1
(@] (@] (@] (@]
(@] (@] (@]

With respect to the standard baéis, e2), this rotation has the matrix
2 2
V3 _1 |-
2 2

However, if the symmetry adapted bagig, v5) (( ) ( )) is chosen, the matrix

of ¢ becomes much simpler, singév;) = v, andg(vy) = —v; — vo. The matrix ofg with
respect to this basis is thus
0 —1
()

In the context of symmetry operations, we have to make swakealransformation can be
reversed, i.e. that it has an inverse transformation suattthile composition of the two mappings
is the identity operation.

Definition 6 A linear mappingy onR” is calledinvertibleif there is a linear mapping~! such
thatgg~! = ¢~ '¢g = id, whereid denotes the identity mapping leaving every vector unchaénge
i.e.id(v) = v for all vectorsv € R".

Lemma 7 Alinear mappingy onRR" is invertible if and only if the imageg(v,), ..., g(v,) of a
basis(vy, . .., v,) of R” form again a basis dk".

Definition 8 The set of invertible linear mappings @t forms a group. The group of corre-
spondingn x n matrices is denoted b ,,(R) (for general linear group.

4A group G is a set of elements together with a binary operatioromsually written as multiplication, such
that (i) the operation is associative, i(@.- h) - k = ¢ - (h - k), (ii) G contains an identity elemertfor which
1-g=g-1=gforall g and (iii) every elemeng of G has an inverse elemegit! suchthay-¢g~ ' =g '-¢g = 1.
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8 2 ELEMENTS OF SPACE GROUPS

2.2 Affine mappings

If we have a crystal pattern in-dimensional space, there are two obvious types of op@&stio
which we might want to apply to the space in order to obtain ansoitable description of the
crystal pattern:

(i) A shift of the origir? by a translation.
(i) A change of basis of the underlying vector space.

Combining these two types of operations gives risaftime mappings

Definition 9 An affine mappingn R" is the composition of a linear mappiggon R” and a
translation by a vectare R™.

A different motivation for the notion of affine mappings isthhese are the mappings that
preserve collinearity between points and ratios of distaradong a line.

Notation: In the Seitz notationthe affine mapping which consists of the composition of the
linear mapping; and the translationis denoted by the paifg | ¢t}. One callsy thelinear part
andt thetranslation partof {g | t}.

Definition 10 The affine mappingg | ¢} acts on the vectors of the vector spacR™ by

{91 1}(v) =g v+t

It is a fruitful exercise to compute the product of two affineppings explicitly. For that, we
apply the product of the two elements | ¢} and{A | u} to an arbitrary vectoo:

(o ltr-{nlu)w)={g|t}(h-v+u)=g-(h-v+u)+t=gh-v+g-u+t
={gh|g-u+t}(v).

Lemma 11 The product of two affine mappindg | ¢t} and{A | u} is given by

{g|t}-{h|ut ={gh|g u+t}.

The short computation above thus shows, that the lineas partwo affine mappings are
simply multiplied. In contrast to that, the translationtpzfrthe product is not just the sum of the
two translation parts, the translation parof the second element taistedby the action of the
linear partg of the first element.

By Lemma 11 it is also easy to see which affine mappings aretibleeand to derive the
inverse of an invertible affine mapping: The identity eleinfem the multiplication of affine
mappings is{id | 0}, thus the affine mappingg | ¢} is invertible with inverse{h | «} if and
onlyif h =g tandg-u = —t, thusu = —g~! - t.

5In the vector spaceéR”, the 0-vector plays a distinguished role as the identity elementvector addition.
However, if regardR™ aspoint spaceevery point is equally valid to be chosen as origin. The ogfwnts of the
point space are then obtained by translating the origin by#ttors inR™.
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2.3 Affine group and Euclidean group 9

Lemma 12 The affine mappindg | t} is invertible if and only if its linear parg is an invertible
linear mapping. In that case, the inversg ¢f| ¢} is given by

{glt}y ' ={g"[—g "t}
Examples:

(1) In dimensior, a reflection in the line = y is given by

wio={()[G)}
(066 6)-C)

(2) A glide reflection with shif% along ther-axis is given by

wn-{6 216}
(6 I OH)- () O-(3)

(3) In 3-dimensional space, a fourfold screw rotation with a stt}Imround thez-axis is

REGEL
£ 0)6-6)6-)

2.3 Affine group and Euclidean group
Since the composition of invertible affine mappings is againnvertible affine mapping, these
mappings form a group, called tladfine group

which acts as

and acts as

S = O

Definition 13 Theaffine groupA,, of degreen is the group of all affine mappindg | ¢t} with
invertiblelinear partg € GL,(R).

The affine group plays a crucial role in crystallographygsiall elements ofi-dimensional
space groups lie in the affine grouf,. The following argument actually shows that elements
from space groups have to be affine mappings with the additimmoperty that their linear part
is an isometry:
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10 2 ELEMENTS OF SPACE GROUPS

Let o be the (chosen) origin &&™ and lety be an isomet®in a space group, then we denote
by t the translation by the vectar(o) — o. Since a translation is an isometry, the mapping ¢
is also an isometry and by construction it fixes the origin

(¢ —1)(0) = ¢(0) = (¢(0) —0) = 0.

We do not need to assume that- ¢ is a linear mapping, since an elementary (but not so well-
known) fact just states that every isometry fixing the originomatically has to be an invertible
linear mappingg.

We thus conclude that the isomeipyis the composition of the invertible linear mapping
g = ¢ — t and the translation i.e. an affine mappingg | t}. Moreover, the linear patt has to
be an isometry.

Lemma 14 Each element of a space group is an affine mappinjgt} for which the linear part
g is an isometry.

The distance between two pointandy in R is defined as the length of the vector translat-
ing z to y. The usual way to express lengths (and angle®ims via thedot product

T W
i T2 Y2 .
Definition 15 Fortwo vectorsy = | . | andw = | . | thedot productv o w is given by
Tn Yn
Y1
tr Y2 &
vow =" -w:(x1x2~-~xn)- . :x1y1+x2y2+...+xnyn:inyi.
: i=1
Yn

In terms of the dot product, the length of a vector R” is given by
|lv|| :==+Vvouw

and the angler between two vectors andw is determined by the relation

(a) vouw
cos(v) = ————.
o]l - el

Using the dot product, the property of a linear mappintp be an isometry can now be
restated by saying thatpreserves the dot product.

Definition 16 A linear mappingy onRR” is an isometry if
g(v) og(w) =vowforallv,w e R".

We now assume thatis written with respect to the standard bagis e, . . ., ¢,,) of R". For
the standard basis, the dot products are given by

1 ifi=y;
e oe; = .
Tolo ifdi .

8A mappingg is an isometry if it preserves distances, i.€ldf{z) — ¢(y)|| = ||z — y|| for all z andy.
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2.3 Affine group and Euclidean group 11

For an isometry this means thag(e;)" - g(e;) = 1 andg(e;)"™ - g(e;) = 0fori # j. Butg(e;)
is just thei-th column of the matrixy, henceg(e;)" - g(e;) is thei-j-entry of g - g. Hence,g
is an isometry if and only if’" - ¢ is the identity matrix. Matrices with this property are eall
orthogonal matrices

Lemma 17 A linear mappingg, written as a matrix with respect to the standard basis, is an
isometry if and only ifg is an orthogonal matrix, i.e. ift" - g = id or, equivalentlyg’™ = ¢=1.

By now we have seen that space group elements are affine ngapgpith orthogonal linear
part. Sincgg - h)" = hi" - g" = h71. g71 = (¢ - h)~!, the product of two orthogonal matrices
is again orthogonal, hence the affine mappings with orthablamear part form a subgrotf
the affine group, called thieuclidean group

Definition 18 The groups, := {{g | t} € A, | ¢"" = ¢!} of affine mappings with orthogonal
linear part is called th&uclidean group

In particular, every space group consists of elements oEtididean group and is thus a
subgroup of the Euclidean group.

An important way to investigate subgroups of the affine gr@g. the Euclidean group or a
space group) hinges on the fact that the linear parts arenuisiplied when two affine mappings
are multiplied. This means that forgetting about the tratinsh part results in a homomorphi&m
from the affine group to the matrix grodpL,,(R).

Theorem 19 Let IT be the mappindl : A, — GL,(R) : {g | t} — ¢ which forgets about the
translation part of an affine mapping.

(i) The mappingdlI is a group homomorphism from,, onto GL,,(R). The kernel of I is
T = {{id | t} | t € R"} and itsimage i€ L, (R). In particular,7 is a normal subgrouf
of A,,.

(i) A, contains a subgroup isomorphic to the imag#é, (R) of II, namely the grouyy =
{{g]0} | g € GL,(R)} of elements with trivial translation part.

(iii) Every element{g | t} can be writtenasg | t} = {id | t}-{g | 0}, thusA4, = 7 -G. Since
the intersectiory” N G consists only of the identity elemefitd | 0}, this decomposition
is unique and hence the affine gradp is a semidirect produtt7 x GL,(R) of 7 and
GL,(R).

A subsetH of a groupG that forms itself a group is calledsubgroupof G. SinceH inherits the operation
from G, one only has to check that is closed under the group operation and under taking inserse

8A homomorphisnp between two group& andH is a mapping that preserves the multiplication structuee, i
for which(gh) = ¢(g)¢(h).

9The kernelof a group homomorphisr&® — H is the set of those elements 6f which are mapped to the
identity element of H. The kernel always forms a normal subgroup of the grGup

10A normal subgroupV of G (notationN <! GG) is a subgroup which is closed under conjugation, i.e. foictvh
g l-n-ge Nforalln € Nandg € G. For a normal subgroupy, the cosetsNg = {n-g | n € N} form
a group with multiplication defined by the representatives,(Ng) - (Nh) = N(g - h). This group is called the
factor groupor quotient groupof G by N.

1IA group@G is asemidirect produdf G contains a normal subgrouy and a subgroufl such that every element
g of G can be uniquely written ag= n - h withn € N andh € H. Inthe casethai-h = h-nforalln € N and
h € H, G is thedirect productof N andH.
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12 2 ELEMENTS OF SPACE GROUPS

The homomorphisnil can be applied to every subgroGp< A, of the affine group, it has
the group of linear parts as its image and the normal subgsbtranslations in7 as its kernel.
The homomorphisnil therefore allows to split a space groGpnto two parts.

Definition 20 Let G be a space group and létbe the homomorphism defined in Theorem 19.
(i) The translation subgroup := {{id | t} € G} is the kernel of the restriction df to G.

(i) The groupP := II(G) of linear parts i is called thepoint groug? of G. It is isomorphic
to the factor grougs /7.

Note: In general, a subgroug < A, is not the semidirect product of its translation subgroup
and its point group. For space groups, only fygnmorphiagroups are semidirect products,
whereas groups containing e.g. glide reflections with aegtidt contained in their translation
subgroup do not contain their point group as a subgroup.

Exercise 1.
In general, the product of affine mappings is not commutatigeone usually hag- h # b - g.
Prove that two affine mappindg | ¢} and{/ | v} commute if and only if

() the linear partgy andh commute;
(i) the translation parts fulfillg — id) - u = (h —id) - t.
Conclude that an arbitrary affine mappifig | t} commutes with a translatiofid | «} if and

only if w is fixed unde, i.e. if g - u = w.

2.4 Matrix notation

A very convenient way of representing affine mappings arestirealledaugmented matrices
which allow to apply affine mappings by usual matrix muligaliion (i.e. just like ordinary linear

mappings).

Definition 21 Theaugmented matrirf an affine mappindg | ¢t} with linear party € GL,(R)
and translation parte R™ is the(n + 1) x (n + 1) matrix

(%att)

In order to apply such an augmented matrix to a vecterR", the vector is also augmented
by an additional component of valie The usual left-multiplication of a vector by a matrix now

(51) (3)- (25)

and ignoring the additional component yields the desirsdlte

12See section 8.1.6., p. 725 of ITA.
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2.4 Matrix notation 13

We explicitly check that the product of the augmented mesrimoincides with the product
of affine mappings as given in Lemma 11. By usual matrix miidgion we get:

() (4 - (of3)

thus the linear part of the productgé and the translation part is- u + ¢, as required.

Note: In view of the representation of affine mappings by augmentattices, the homo-
morphismII defined in Theorem 19 becomes very natural: It just picks fhyeuleftn x n
submatrix of ann + 1) x (n + 1) augmented matrix.

Examples:

(1) p4nm
If we take as crystal pattern the lattice points of a commarasg] lattice, the group of
isometries of this pattern is the group generated by a ftdirtdation, the reflection in the
x-axis and the two unit translations along theandy-axis. These four elements are given
by the matrices

0 —1]0 1 010 1 0|1 1 0|0
1 010 |, 0 —-1/0 |, 0110 |, 0 1|1
0 0 |1 0 0|1 0 0|1 0 0|1

(2) c2mm
If the crystal pattern consists of the lattice points of @aegular lattice and the centers
of the rectangles, the space group of this pattern is gextelat two reflections in the-
andy-axis and translations to the centers of two adjacent rgi#danThese generators are
given by the matrices

1 010 -1 0/0 1 0|4
0 —1]0 |, 0 1(0 |, o 1|1 ],
0 0 |1 0 01 0 0|1

(3) P4
In this example &-dimensional crystal pattern is assumed that in additiotihéotrans-
lations only allows a fourfold screw rotation which after gpéications results in a unit
translation along the-axis. This space group is generated by the matrices

0 1 010 1 001 10 0|0 10 0]0
-1 0 010 0100 01 01 0100
0 01/ (o010 )]’{00T1|0]|0O0T1]|1
0 0 0]1 00 0]1 00 01 00 01
Exercise 2.
Two space group elements are given by the following transédions:
T z+% T —Y
g:ly]| — x+% , bty — x+%
z -y z z+%

Determine the augmented matrices gandh and compute the produags h andh - g.
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14 3 ANALYSIS OF SPACE GROUPS

3 Analysis of space groups

We have already noted that every space group is a subgrobp Eiuclidean groug, and that it
can be split into its translation subgroiipand its point groupP via the homomorphisml. We
will now deduce some fundamental properties of these ingnésland their interplay.

3.1 Lattices
Definition 22 A latticein R" is the set

L:={xjv; + xov0+ ...+ zpv, | x; € Zforl <i<n}

of all integral linear combinations of a basiB = (vy,...,v,) of R". The basisB is called a
lattice basisof L.

Itis inherent in the definition of a crystal pattern that ttanslation vectors of the translations
leaving the pattern invariant form a lattice, since the gtaton vectors are required to have
positive minimal length.

Definition 23 Let G be a space group with translation subgr@uprhen the set
L={veR"|{id|v}eT}

of translation vectors iff" is called theranslation latticeor vector latticeof G.

The distinction between the translation subgrdupf a space group and its translation
lattice L may seem somewhat artificial, since the two groups are glésomorphic via
the homomorphisnid | t} — t. However, since we multiply space group elements, but
add lattice vectors, it is good practice to keep the two mstiapart.

By definition, a lattice is determined by a lattice basis. dNlmbwever, that every lattice has
infinitely many bases.

Example: For the standar@-dimensional latticeZ? = {@) | z,y € Z} every pair of

vectors((Z) , (ccl)) with a, b, ¢, d € Z such thatlet (Z (Ci) = +1 is a lattice basis of.?:

It is clear that the two basis vectors are element&“By inverting the matrix with the two
vectors as its columns, one sees that

(5 ) ()= (o) eme (5 ) (&) = a0 ()

and hence the vectoes ande, of the standard basis @ are integral linear combinations of the
two basis vectors.

The example indicates how the different lattice bases ofteéal. can be described quite
elegantly. Assume tha® = (vy,...,v,) is a lattice basis of, then the coordinate vectors of
the vectors inL with respect to this basis are simply the vectors with irdegomponents. In
particular, if we take a second lattice basis= (wy, ..., w,) of L, then the coordinate vectors
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3.1 Lattices 15

of B’ with respect taB are integral vectors and thus the basis transformation f8aim B’ is an
integral matrixX.

But we could just as well have started with the baSisthen the coordinate vectors of the
vectors inB also have integral coordinates with respect to the bBSisThus, also the basis
transformation fromB’ to B, i.e. the inverse of the matriX is an integral matrix.

Lemma 24 Let L be a lattice inR™ with lattice basisB = (vy, ..., v,). Then every other lattice
basisB’ = (wy,...,w,) is of the formB’ = (X - vy,..., X - v,) with X € GL,(Z), i.e. the
basis transformation from® to B’ is an invertible integral matrix.

Metric tensors

The geometry of a lattice is usually captured by thetric tensorof its lattice basis, which
contains the dot products of the basis vectors.

Definition 25 For a basisB = (v, ..., v,) themetric tensorof B is the matrixF' € R"*" of
dot products of the basis vectors, if¢; = v; o v;.

If X isthen x n matrix with v; asi-th column, then the metric tensor is obtainedras-
X X.

For a latticeL with lattice basisB, the metric tensor of3 is often also called the metric
tensor ofL (with respect taB).

Since the metric tensor of a lattice depends on the lattisespia is useful to know how the
metric tensor transforms under basis transformationss iEhone of the many instances where
the coordinate vectors play an important role.

One first observes that for the vectors of the lattice basis . . , v,,) one has
viov; = Fyj =el" - F -e;.

This means that the dot product@fandv; is obtained by multiplying the metric tensor from
the left by the transposed coordinate vectopagind from the right by the coordinate vector of
v;. But since the dot product is linear in both arguments, thiperty immediately extends to
arbitrary vectors.

Lemma 26 Let B = (vy,...,v,) be a lattice basis of the lattice with metric tensorF'. Let
I hn
v,w € R™ be vectors with coordinate vectofs: | and| : | with respecttaB. Then
Ty Yn
Y1
vow=(ry -+ xy) - F :
Yn

From the previous lemma we can immediately deduce how theatensor transforms under
basis transformations.

Lemma 27 Let B = (vy,...,v,) be a lattice basis of the lattice with metric tensorF'. Let
B’ = (v{,...,v!) be another lattice basis d&f and denote byX the basis transformation from

r n
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16 3 ANALYSIS OF SPACE GROUPS

Bto B',i.e. X is the integral matrix with the coordinate vector.fwvith respect taB as itsi-th
column. Then the metric tensor &F is

F'=X".F.-X.

Via the metric tensor it can also be decided whether twacksdtl; and L, areisometric i.e.
whether there exists a distance-preserving isomorphism fr; to L.

Lemma 28 Two latticesL; and L, in R™ areisometricif and only if there exist lattice bases
By = (vq,...,v,) Of Ly andBy = (wy, ..., w,) of Ly such that the metric tensors Bf and B,
are the same.

Although a lattice has infinitely many different lattice basit is a finite problem to check
whether two lattices are isometric. The idea is to fix a latbhasisB; for the first lattice.
Then, among thénitely manyectors inL, which have the same lengths as vectors in the
basisB;, a subset of. vectors has to be found which have the correct dot products.

Fundamental domains

A lattice L can be used to subdivide™ into congruent cells of finite volume. The idea is to
define a suitable subsét of R™ such that the translates 6f by the vectors in. cover R”
without overlapping. Such a subsgtis called afundamental domaiof R™ with respect tol..
Two standard constructions for such fundamental domamshaunit cell and theVorona® or
Dirichlet'* cell.

Definition 29 Let L be a lattice irR™ with lattice basisB = (vi, ..., v,).

(i) The setC := {x1v; + x2v9 + ... + 2,0, | 0 < x; < 1for1 < i < n}is called theunit
cell of L with respect to the basiB.

(i) The setC := {w € R" | ||lw| < |lw —v| forallv € L} is called theVorond cell or
Dirichlet cell of L (around the origin).

The unit cell is simply the parallelepiped spanned by thésbasctors of the (chosen) lattice
basis.

The construction of the Dirichlet cell is independent of beesis ofLL. It consists of those
points of R™ which are closer to the origin than to any other lattice poinL. Note that the
boundaries of the Dirichlet cells overlap, thus in order dogproper fundamental domain, part
of the boundary has to be deleted from the Dirichlet cell.

Primitive lattices and centred lattices

Although it is natural to describe a lattice by a lattice basgihas turned out useful in crystallog-
raphy to use particularly simple bases with nice propedrasto describe lattices with respect
to these bases even if they are no lattice basis.

13Georgii Fedoseevich Voronoi, 1868 - 1908
14Johann Peter Gustav Lejeune Dirichlet, 1805 - 1859
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3.2 Point groups 17

Definition 30 In a primitive latticeall vectors are integral linear combinations of a given §asi
which thus is a lattice basis.

A centred latticeis a lattice obtained as the union of a primitive latticand one or more
translates of. by centring vectors.

Example: The easiest example of a centred lattice is ¢batred rectangulaor rhombic
lattice in2-dimensional space. As a basis the lattice bésé%) , (2)) of a rectangular lattice

R is chosen. The centring vectoy = is the center of the unit cell adk and the centred

NN |Q

rectangular lattice?. is given by
R.:=RU (v.+ R).

The namecentred latticereflects the fact that the centring vectors are usually tigece
of unit cells or faces of unit cells.

3.2 Point groups

So far, we have only seen that the point grddpf a space groug: is a group of matrices in
GL,(R). However, much more can be said abéytin particular it is dfinite groupof integral
matricesif the space groug- is written with respect to a lattice basis of its translatittice L.

We will now show how these crucial properties of a point grauspderived and even include
some proofs (because they are very short).

Theorem 31 Let G be a space group, ldt = II(G) be its point group and. its translation
lattice.
Then P acts® on the latticeL, i.e. forv € L andg € P one has; - v € L.

Proof: SinceT is a normal subgroup @, conjugating the elemeré%’%) by an element

-1
( J i ) € G gives again an element @f. Working out this conjugation explicitly gives:

0
gt ! id‘v g_l‘t B g\—g't g_l‘t+v
0 |1 0]1 0 1) \o] 1 0] 1
_(id|g-v
- (dlaw) e

This shows that indeegl- v € L and hence the point group acts on the latticé.. ¢

By now we have worked out that the point groEpof G is a group of isometries and that it
acts on the latticé, of translations inG. This means thaP is a subgroup of the full symmetry

group
Aut(L) :=={g € GL,(R) | g" = ¢™", g(L) = L}

of L. From this fact we now can prove thatis a finite group.

15A group G acts on a sef if for everyg € G andw € Q an elemeny - w € Q (the image ofv underyg) is
defined suchthat-w =w forallw € Q and(gh) - w =g - (h-w).
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18 3 ANALYSIS OF SPACE GROUPS

Theorem 32 The point groupP of a space grouf is finite.

Proof: We fix some lattice basig, . . ., v,) of L and assume that, is the longest of these
basis vectors (they may of course all have the same lengtige § is a lattice, it is in particular
discrete, hence it contains only finitely many vectors ofjterat most|v,||. Since a symmetry
operation ofL preserves lengths, it can only permute vectors of the sanggheBut for a finite

set of m elements there are at mastt = 1-2-.... (m — 1) - m permutations, and since
every element of” is determined by its action on the lattice basis, there ahg foritely many
possibilities for the elements df. ¢

From Theorem 32 we conclude that with respect to the starkesid ofR”, the point group
P of G is afinite group of orthogonal matrices. However, Theorerstates that the point group
acts on the translation lattideof GG. Therefore it is natural to writé’ and alsaP with respect to
a lattice basis of.. This results in the elements &fbeing integral matrices which are no longer
orthogonal but fix the metric tensor af

Theorem 33 If a space groug- is written with respect to a basis,, ..., v,) of R", then the
metric tensorF’ of this basis is invariant under transformations from thepgroup P of G, i.e.

¢""Fg = F for eachg € P.

In particular, ifG' is written with respect to a lattice basis of its translatattice, the point group
elements are integral matrices which fix the metric tensdhetattice basis, i.e.

PC{geGL,(Z)|¢g"Fg=TF}.

Proof: Let g € P be an element from the point group Gfwritten with respect to the basis
(v1,...,v,) and denote by’ the same element written with respect to stiendard basi®f R".
Let X be the matrix of the basis transformation from the standasistto the new basis, i.e. the
matrix with v; asi-th column. Then the rules for basis transformations staegt = X ~'¢'X
andg’ = XgX 1.

For the orthogonal matriy’ we know thaty’"" ¢’ = id and replacing/’ by X ¢ X ! gives

gtrglzideftrgtrXtngXfl:idjgtrxtng:XtrX.

The metric tensof’ = X" X of the basigv,, . .., v,) is thus preserved by.

In the case thatvy,...,v,) is a lattice basis of., the columns of an elemept € P are
the coordinate vectors of a lattice vector with respect tatick basis and thus have integral
entries. ¢

Example: The space group3 has as translation lattice a hexagonal latticand its point
groupP is generated by a threefold rotation. With respect to thedsted basis oR? a generator

of P is given by the matrix
) 1 V3
i=\d i
2 2

and one checks thatis indeed an orthogonal matrix, i.e. that - g = id.
A lattice basis of the hexagonal latti¢els

_1 _1
(v1,v9) = (((1)) , (\/g)) with metric tensoF = (_11 12) )
5 2
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3.3 Transformation to a lattice basis 19

If we transform the matrix’ to the lattice basis, we obtain

(1)

and this matrix indeed fixes the metric tensor, since

o (0 LN/ 1 —=3\[/0 -1\ (=1 1)\ (0 -1
9F9—<—1—1 L)\ —1)) T\ -

Exercise 3.
The point groupP (in the geometric clas@n1) is generated by the matrices

0 1 0 01 0
g=|-11 o), h={10 0
0 0 -1 0 0 —1
2¢ —a 0
(i) Check thatP fixes the metric tensof' = | —a 2a 0 |. It thus acts on a hexagonal
0O 0 b

lattice.

(i) P also acts on a rhombohedral lattice, which is obtained fioerabove hexagonal lattice
by the basis transformation

-1 2 -1 0o -1 1
X==-[-21 1 with inverse transformatio ~! = 1 0 1
1 1 1 -1 1 1

Transform the metric tensdt of the hexagonal lattice to the metric tensor of the rhombo-
hedral lattice (with the columns of as lattice basis).

(i) Transform P to the rhombohedral lattice (thus obtaining a point grétijin the arithmetic
class3mR) and check that the so obtained point group fixes the mem&ntecomputed in

(ii).

3.3 Transformation to a lattice basis

The observation that the point groitpacts on the translation lattide gives rise to a change of
perspective:

New point of view: Instead of writing all vectors and matrices (and hence thgranted
matrices) with respect to the standard basiR®ft is convenient to transform the elements of a
space group to a lattice basis of its translation lattice.

Since this point of view slightly differs from the perspeetof traditional crystallography, we
discuss it in some detail, arguing that the (very usefulyeations taken iR2- and3-dimensional
space do not carry over to higher dimensions.

Discussion: The transformation to a lattice basis is not the standardtpgiview taken in
traditional crystallography (dealing witk? andR?).
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20 3 ANALYSIS OF SPACE GROUPS

e As already mentioned in Section 3.1, one often disting@dietweerprimitive lattices
where the choseoonventional basigs actually a lattice basis arantred latticeswhere
the conventional celspanned by the vectors of the conventional basis contaims than
one lattice point.

In a centred lattice, not all vectors have integral coorisavith respect to the conven-
tional basis and the lattice thus is actually larger thandktiee generated by the chosen
conventional basis.

e The reason for this distinction between primitive and cethtiattices is that it is often
useful to work with bases which have especially nice and Ermpmperties.

In dimensiong and3 it is indeed the case that for families of lattices which aretained
in each other (like the cubic lattice and its centrings), oftbese lattices has a particularly
nice basis (such as the standard basis for the cubic lattice)

¢ In dimension and3 the primitive lattices always have symmetry groups whiah the
same or larger than those of their centrings. More preciseé/only case where a cen-
tring has a smaller symmetry group is the rhombohedrakkativhich has a symmetry
group of ordel® 12, whereas its corresponding primitive lattice, the hexagtattice, has
a symmetry group of ordex4.

This means that ir2- and 3-dimensional space the point groups for the centred lattice
remain integral when they are written with respect to adatbasis of the corresponding
primitive lattice.

e However, the situation changes if one proceeds to dimesdieyond. There it is often
impossible to distinguish one of the lattices in a family asngive lattice, since none of
the lattices may have a basis with particular nice geomptaperties.

e Moreover, the automorphism groups of the lattices in ondlfamay differ substantially,
and not always the most simple one has the largest symmetopgifwo examples may
illustrate this:

— In dimension 4, the standard lattizé generated by the standard basis has a symme-
try group of ordei384. It has a sublattice of index 2 which has a symmetry group of
order1152, i.e. larger by a factor a3. (This sublattice is the so-called root lattice of
type F; and has the corners of the regular polytope callectheell as vectors of
minimal length.)

— In dimension 8 the situation is even more intriguing: Thetradtice of type Fy
might be regarded as a centring of thdimensional checkerboard lattié&, which
in turn is the sublattice of all vectors with even coordirsien in the standard lattice
Z8. Both the standard lattice and the checkerboard lattice haymmetry group of
order10321920, whereas théd’g lattice has a much larger symmetry group of order
696729600.

e The example with the latticé&® and E in 8-dimensional space also gives rise to a more
fundamental problem. Although the symmetry group of Hadattice is much larger than

18Theorder of a groupG is the number of elements @@ and is denoted bjG|. If the number of elements is not
finite, one says that has infinite order.
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3.3 Transformation to a lattice basis 21

that of Z®, it does not contain the full symmetry group®f, but only a proper subgroup

of it. This means that there is no basisRif with respect to which both the symmetries
of the Fx lattice and those of the standard latti&&could be written as integral matrices.
This means that there is no sensible choice for a conventiasss in this case.

e Finally, we will see that for the interplay between the ttatisn subgroup and the point
group of a space group it is extremely convenient to use tbpgnty that the translations
are integral vectors.

e From the perspective of traditional crystallography, alsvransforming to a lattice basis
may look like we are only dealing with primitive lattices andt with centred lattices.
However, this is not true because in our approach simplatltes are what traditionally
is called primitive.

e The fundamental reason for our point of view is that thereisaasonable general concept
in n-dimensional space that allows to distinguish betweenigvienand centred lattices.

Lemma 34 Let G be a space group written with respect to some b@$R" (e.g. the standard
basis). LetX be the matrix of a basis transformation to a new basisf R", i.e. the columns of
X are the coordinate vectors of the vectorgsihwith respect to the basi8.

Then writing out the conjugation by the basis transfornmaégplicitly

o) () Grn) - ()

shows that with respect to the new baBighe elemen{y | ¢} of G is transformed to the element

{g' [t} ={X"TgX | X"t}

In particular, if (vy,...,v,) is a lattice basis of the translation lattice Gfand X is the
transformation matrix to this lattice basis, then the tlatisn {id | v;} is transformed to

{id | X' v} = {id | e;}

whereg; is thei-th vector of the standard basisRf.

Writing a space groupr with respect to a lattice basis, . . ., v,) of its translation latticd.
thus has the following consequences:
e All vectorsv € R™ are given agoordinate vectorsvith respect to the basig;, . .., v,),
€
i.e. the coordinate vectgr : | denotes the vectar= z,v1 + ... + z,v,.
xn

¢ In particular, the translation lattice becomes. = Z", since the lattice vectors are pre-
cisely the integral linear combinations of a lattice basis.

e The translation subgroup of G becomed” = {{id | t} |t € Z"}.

e The point groupP becomes a subgroup 6fL,,(Z), since the images of the vectors in the
lattice basis are again lattice vectors and thus integnabli combinations of the lattice
basis.

MaThCryst Summer School Gargnhano, 27 April - 2 May 2008



22 3 ANALYSIS OF SPACE GROUPS

Example: In the examples above we gave the space goiirqpmof the centred rectangular
lattice with respect to a basis of the rectangular lattides Tesulted in translations with noninte-

gral coordinates. If we transform this group to the Iattiasib( (3) , (_59)) , the generators
2

i 2
given above are transformed to

0 1]0 1 01 1 0]0
1 0lo |, , 0 1|0 |, 0 1|1
0 0|1 0 0|1 0 0|1

Written with respect to the lattice basis, the point groupdithe metric tensor
1 (a2 +b* a®—1?
4 \a® -0 a>+0v*)"

3.4 Systems of nonprimitive translations

We already remarked that in general a space gt@ignot a semidirect product of its translation
subgroup!’ and its point groupP, sinceG does not necessarily contain a subgroup which is
isomorphic toP.

Example: The smallest example for a space group that is not a semtigireduct is the
space grouj- with point group of ordel acting on a rectangular lattice such that the nontrivial
element of the point group is induced by a glide reflection

1 0|3
g=10 —-1]0
0 0 |1
Any product ofg with a translation has a translation component along:ta&is of the form
1 01
% +kwithk € Zandg? = | 0 1|0 | isitself also a translation. Hence the space group
0 01

G has besides the identity element no elements of finite ontigiraparticular no subgroup of
order2, isomorphic to its point group.

Although the point groug® may not be found as a subgroup, it still plays an importarg rol
for the description of the elements @f sinceP is isomorphic to the factor groug /7.

Definition 35 For a subgrouf” < G, a(right) cosetof 7" is a set of the form
Tg={tg|te T} forsomeg € G.

Two cosets are either equal or disjoint.
Aset{g;,...,g.} of elements irG is called a set ofoset representatives transversafor
T in G if G is the disjoint union of the cosefsy,, T'gs, ..., Tg,, 1.e. if

G=Tg,UTg, U...UTg,.

In the case of space groups, one fas| v} -{g | t} = {g | t + v}, hence all elements in a
coset ofl" have the same linear part. This implies that every tranalefg" in GG has to contain
each linear part oP precisely once.

MaThCryst Summer School Gargnhano, 27 April - 2 May 2008



3.4 Systems of nonprimitive translations 23

Lemma 36 Every transversal of the translation subgrdum a space group with point group
P contains precisely one element for each eleméntthe point group and is thus of the form

{{g 1t} 19 € P}

Remark: A transversal off" in GG is quite useful to construct (a reasonable part of) an orbit
of G onR™ which in general will be a crystal pattern havi6gas its space group.

For that, choose a point € R” and apply all elements of the transversaktolf not all of
the so obtained points are different or if two of these poditfer by a lattice vector, the point
x is in special positiok’” and its orbit may have a space group differing freémOtherwise, the
point z is in general positiorand the full orbit ofz underG is obtained by translating the|
points constructed via the transversal by lattice vectdhe space group of the orbit of a point
in general position is precisely.

Example: Figure 2 below displays an orbit of the space gra@wip= p2gg for which a
transversal with respect to its translation subgréujgorresponding to a rectangular lattice) is

OO =
ol O
[l 2

It is convenient to plot an asymmetric symbol at the posgiohthe orbit points instead of a
point, since this allows to recognize reflections and rotetimore easily.
0.15
the symbob at each position in the appropriate orientation (the poihas the symbat). The
dashed box contains the four points obtained from the texsaland it is obvious that translating
this box by the lattice vectors results in the full orbit.

As pointz for which the orbit is calculated, we choose the paint and we plot

i ¢ i ¢ i ¢
’ ¢ ’ ¢ f ¢
‘ ¢ ‘ ¢ i ¢
jﬂgﬁ ¢ f ¢
N T
@SEJF ) ¢ ;

Figure 2: Orbit of a point in general position under spaceaigm2gg.

Definition 37 Let{{g | t,} | ¢ € P} be a transversal & in G. Then the seft, | g € P} of
translation parts in this transversal is calleglygtem of nonprimitive translatiows translation
vector systerwhich we will abbreviate as SNoT.

"The precise definitions f@pecialandgeneral positionsvill be given in Section 6.
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24 3 ANALYSIS OF SPACE GROUPS

Of course, the transversal and thus the SNoT is by no meagseingince each, may be
altered by a vector from the translation lattice. This meamsrticular that an elemenj which
lies in the translation latticé can be replaced by thevector.

This also explains the term ’nonprimitive translationne one may assume that the ele-
ments of the SNOT lie inside the unit cell of the lattice, areltherefore vectors with non-integral
coordinates (00).

From the multiplication rule of affine mappings we can dedacsemportant property of a
SNoT.

Theorem 38 The product{g | t,} - {h | ta} = {gh | g - t» + t,} lies in the same coset Gf as
the elemenf{gh | t,,}, therefore the elements of a SNoT conform with

ton = g - tp 4ty +t for somet € L
which we call theproduct conditionabbreviated as
tgh = g -ty +1, mod L.

In particular, a SNoT is completely determined by its valoegienerators of the point group,
since the value on products follows via the product conditio

If we assume that a space group is written with respect tdiaddiasis, we can assume that
the elements of its SNoOT have coordinafes. x; < 1, since adjusting them by lattice vectors
means to alter their coordinates by value&inThis actually makes the SNoT unique.

Definition 39 A space groug- that is written with respect to a lattice basis of its traheta
lattice is determined by:

e the metric tensoF’ of the lattice basis;
e afinite groupP < GL,(Z) fixing the metric tensof’;

e aSNoT{t, | t € P} with coordinates in the intervéd, 1).
The space group can then be written as:

G:{(g tg;rt)|geP,teZ”}.

A space group in this form is said to be giverstandard form

Exercise 4.
A space grou- is generated by the elements
1 0 |3 -1 0|3 1 0|1 1 0]0
g=0 —-1]0 |,p=[ 0o 1|1 |, {010 ], [0 1|1
0 0|1 0 0]1 0 0]1 0 0]1

The point groupP of GG has4 elements, the identity element and the linear pargs 6fandg - h.

(i) Determine the translation lattice 6f (which is not the standard lattice), transfotimto
a lattice basis of its translation lattice and writein standard form. (Hintg? andh? are
translations.)

(i) The elementg - h andh - g have the same linear part. Check that their translationopéyt
differs by a lattice vector of the translation lattice.
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4 Construction of space groups

So far we have analyzed what a space gréufpoks like. We have seen thét contains a
translation subgrouf’ as a normal subgroup and that the factor group by this noratgrsup
is (isomorphic to) the group of linear parts of the space grand is a finite group called the point
group P. The way in whichG is built from 7 and P is controlled by a system of nonprimitive
translations.

We will now investigate the converse problem, how for a gitremslation latticel, and a
point groupP acting onZ, a space grougp: can be built that has translation subgroip= L
and point group? = /T and what the different possibilities are.

We will always assume that we write a space group with resgeet lattice basis of its
translation lattice, hence in terms of coordinate vecteewel = Z" andP < GL,(Z).

Since we have seen that a space group is completely detettmyniés translation subgroup
T, its point groupP and a SNoT, the question boils down to finding the differersisale SNoTs
for a point groupP < GL,(Z).

One possible solution to our question always exists, nathelrivial SNoT which has, = 0
forall g € P.

Definition 40 For a given point group® < GL,(Z), the space group

Gz{(%’%)\geP,teZ"}

with trivial SNoOT is called thesymmorphicpace group with point group. It is a semidirect
product ofZ™ and P.

4.1 Shift of origin

Before we address the question how nontrivial SNoTs can twedfowe first note a slight com-
plication.

Example: Thel-dimensional example of the space group generated by tige-gkflection’

1|1
g = (Tl’%) and the translatior(%’%) is a space group in standard form, sigge=

( (1) (1) ) But of course, there is nothing like a glide-reflectionlhdimensional space, there

are only two space groups, one with trivial point group areddther with a point group of order
2 and both are symmorphic.

If we check howg acts, we see thdtis mapped to. and; is mapped td), but ; remains
fixed. We therefore have a reflection in the po}nlvhich means that our space group is indeed
symmorphic, but that the origin is not chosen in a clever way.

What the above example tells us is that a shift of the origralthe SNoT of a space group.
We can actually compute quite easily how the SNoT is changedshift of the origin by a vector
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26 4 CONSTRUCTION OF SPACE GROUPS

v. To compute how the matrices change, we have to conjugdhetlvﬁtmatrix( Zg 11} ) X
id | —v 9|t id|v) [ id]—v glg-v+t,
0] 1 01 0j1) \o]1 0|
|
|

1
g-v+ty—v ) _ ( glty+(g—id)-v )
The translation part, from the SNoT is thus changed by — id) - v.

0] 1

Definition 41 A SNoT of the form{(g — id) - v | ¢ € P} for some vector € R" is called an
inner derivation

The strange term 'inner derivation’ has its origin in di#fatial geometry and is commonly
used in cohomology theory. We only remark that a SNoT caradlgthbe regarded as an
element of a cohomology group.

Note: Inner derivations can be added in an obvious way: o (g — id) - v andt] =
(g —id) - v" we havel, +t, = (g —id) - (v + '),

Theorem 42 A space group with SNoT¢, | ¢ € P} is symmorphic if and only if eacty, is of
the formt, = (g — id) - v for some fixed vectov € R", i.e. if the SNoT is an inner derivation.

More generally, assume that two space groGpend G’ with the same point group’ have
SNoTs{t, | g € P} and{t; | g € P} which differ by an inner derivation, i.e.

ty —t, = (9 —id) - v for some vectov.

ThenG andG’ actually are the same space group, only written with resjpedifferent origins
differing by the vecton.

Example: Let P be the point grou@ nmgenerated by

1 0 -1 0
r=(6 5= ()
x . 0 . —2z .
For a vectorv = Y we get(g — id) - v = oy and (h —id) - v = o | @sinner
derivations.

An arbitrary SNoT{¢, = <Z) St = <§)} can thus be changed {¢, = (g) A= (2)}

by an inner derivation by choosing= 1

(@)

N
S
N———

Exercise 5.
Show that an inner derivatioft, = (¢ — id) - v | g € P} fulfills the product conditiort,, =
g -ty +t, mod L by showing that even the equality, = g - t;, + t, holds.

The following theorem (which is not hard to prove) states byaan appropriate shift of the
origin, the coordinates of a SNoT become rational numbeits dénominators at most the order
| P| of the point group. This immediately shows that there arg @inltely many different space
groups for a given point group and lattice, since there ahg fomtely many rational numbers
0 < 2 < 1 with denominator at most’|.
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4.2 Determining systems of nonprimitive translations 27

Theorem 43 Let {t, | ¢ € P} be the SNoT of a space group. If the origin is shifted by the

vector 1
v = —| | E lg,
geP

then the SNoT ¢, | g € P} with respect to the new origin has the property #jat ‘—}D|Z”. This

means that the coordinates of tjeare rational numbers with denominators divididg (and
thus in particular bounded By?|).

4.2 Determining systems of nonprimitive translations

We have seen that the different possible space groups tanitf and P are determined by the
different SNoTs modulo inner derivations. The possible &are restricted by:

(1) the product conditioty, = g - t, + t, mod Z";
(2) the translation partof {id | ¢t} has to be an integral vector, iec Z™.

The product condition reduces the determination of the Std@Enerators of the point group
P. But even then the second restriction - although appeaairty finnocent - amounts in a
seemingly infinite task:

Problem: If an arbitrary product in the generators Bfgives the identity element @?, then
the translation part of the corresponding product in thesggoup has to be an integral vector.
In principle these are infinitely many different productsiethone would have to check.

Fortunately, the question of describing all products ingbeerators of a group which result
in the identity is a classical problem in group theory andially was one of the first problems
to be addressed computationally. The idea is to ysesentatiorof the point group byabstract
generatorsanddefining relators

Definition 44 A groupP = (g, ..., g,) has thepresentatiotf
(T1, o X | 1,1y

with abstract generators; anddefining relators-; = r;(z1, ..., zs) which are products in the
z; and their inverses; !, if the following hold:

e Substitutingy; for z; in the relators yields the identity elementBf

o All products of they; giving the identity can be derived from the relatey®y the following
transformations:
— insertion or deletion of a relator in a product;
— conjugation with a generato; or its inverser; *;

— insertion or deletion of subterms of the form—! andz~'z.

8An equivalent but more abstract definition of the presemadif a group uses the concept ofrae group In
that context the grou is obtained as the factor group of a free group by the small@shal subgroup containing
the relators.
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Examples:
(1) The cyclic groug’,, of ordern has the presentatiqn: | =").

(2) The symmetry group,, of a regulam-gon has the presentation

(x,y | 2", 9%, (vy)?)
wherex represents a rotation of orderandy a reflection.

The first two relators allow to reduce the powerscandy by n and2, respectively. The
third relator can be read ag = yx~* and allows to collect all powers afto the left and
all y to the right. The relators thus allow to reduce every produatandy to one of the

2n productsriy’ with 0 < i < n and0 < j < 2. These2n products correspond to tie
elements ofD,,.

(3) The symmetric group, of all permutations oft symbols has the presentation
(w,y,2 | 2%, 9% 2% (ay)®, (y2)°, (22)*)

wherez, y, z represent the permutatiofis 2), (2, 3), (3,4), respectively. In this example
it is slightly harder to check that the given relators araialty sufficient.
(4) The symmetry group,, of the cube has generators
0 —1
0 0
0

1
0], n=
1 0

O = O

0 0
g=11 0
0 1

A presentation for this group with andy representing andh is given by

Remarks:

(1) For a finite group it is always possible to find defining reta. For small groups this
can usually be done by hand, but often it is more conveniens&standard tools from
computer algebra packages.

(2) The opposite problem, to identify a group given by a pnéstgon is much harder. In
general, it is even impossible to decide whether a produet gmoup given by abstract
generators and defining relators is the identity elemerti@fgroup.

The application of group presentations to the problem ofraeining SNoTs is based on the
following observation.

Theorem 45 Let g4, .. ., g be generators of a point groupand let(zy, ...,z | r1,..., 1) be
a presentation oP.
i | L .
Assume further thay; = (%’T’ are augmented matrices for < i < s such that

substitutinge; by g, in the relators ofP gives translations with translation vector/fi.

Then all products in thg; which have the identity of’ as linear part have translation parts
inzZ".

MaThCryst Summer School Garghano, 27 April - 2 May 2008



4.2 Determining systems of nonprimitive translations 29

This theorem is proved by checking that the transformatgven in Definition 44 by which
the products evaluating to the identity may be manipulatedat change the property of having
a translation part ifZ.".

Corollary 46 Let P be a point group with presentation as above ang;lbe augmented matri-
ces such that the relators Bfevaluate to translations with translation vector&in

Then, extending the translatiof)gor the generators aP to all elements of via the product
conditiont,, = g - t; +t, gives a SNoT forP.

We are thus reduced to the problem of choosing translatids fma the generators @? such
that evaluating the relators @& on these elements gives translations with integral coatdsh
But this means just to solve a (finite) system of linear coagoes modul@., which are called
the Frobenius® congruences

Definition 47 Letgy, ..., g; be generators of a point groupand let(z;, ...,z | r1,...,r) be
a presentation oP.
Letg, = < %Z tf ) be augmented matrices for< i < s where the coordinates of the

translation vectors; areindeterminates

Then evaluating the relators éf in the augmented matricgs and equating the result with
0 mod Z gives rise to a system of linear congruences which are c#iie&robenius congru-
ences

Every solution of the Frobenius congruences gives rise thl@lSor P. Since we already
know that SNoTs differing only by an inner derivation regeisthe same space group with
respect to a different origin, in order to determine theetéht space groups with point group
P and translation lattic&™, we only have to consider representatives of the solutidriben
Frobenius congruences up to inner derivations.

To whom it may concern: We are by now heavily busy with cohomology theory. The
solutions of the Frobenius congruences modulo inner déivaare nothing but the first
cohomology groupd ! (P, R"™/Z"™) which is isomorphic to the second cohomology group
H2(P,7").

Example: We consider the point grodnmgenerated by

o= (b %) e=(3" )

which has presentatiofx, y | 22, y?, (xy)?).
Evaluating the relators on the augmented matrices

1 0 |a -1 0]c¢
g= 0 —1]b |, bph= 0 1|d
0 0|1 0 011

19Georg Frobenius, 1849 - 1917, introduced this approach 11 1B was reintroduced in mathematical crystal-
lography by Johann Jakob Burckhardt, 1903 - 2006, in the '$930
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gives the three matrices

1 0]2a 1 0|0 1 0]0
01/0 |,[o0 1]2a|,[0 1]0
0 0|1 0 0] 1 0 0|1

The Frobenius congruences are thus
2a =0mod Z and 2d =0 mod Z.

We have already seen that the inner derivations for thisgeatiow to seth = 0 andc = 0,
and it is indeed a good idea to first compute the inner deduatand eliminate as many of the
indeterminates as there are linearly independent innéradiems before evaluating the relators.

Thus, modulo the inner derivations we have the possibldisalu € {0, 1} andd € {0, 1}
which give rise to the following four SNoTs:

(1) ty =1ty = (8) this is the symmorphic space group.

1
(2) t, = (6) , ty = 8 . the space group has a glide reflection alongatkexis and an

ordinary reflection along thg-axis.

3) t, = 8 , by, = (1] : the space group has an ordinary reflection alongrthgis and a
glide reflection alor%]g thg-axis.
1
4) t, = ((2)) , by = (8) the space group has glide reflections alongithendy-axis.
2
Exercise 6.

Compute the inner derivations and the solutions of the Frinisecongruences modulo the inner
derivations for the following point groups:

=1 0) 1= (4 )

and has presentatidm, y | 22, 32, (zy)?).

o= 5) =0 1)

and has presentatign, y | 4, 32, (zy)?).

(1) P is generated by

(2) P is generated by

Example: In order to show that the concept of finding SNoTs via Frobgmongruences
carries over to higher dimensions, we considérdamensional example.

The symmetry group of a regular octagon is the dihedral godopder16, which is generated
by the matrices

000 —1 0001
froo 0o}, _foo1o
9=1o10 o]"" " o100

001 0 100 0
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4.3 Normalizer action 31

and has presentatidm, y | 2%, 32, (zy)?). Note that representing the group By 2 matrices
is possible, but involves irrational numbers lik& and thus results in a non-crystallographic
group.

We first determine the inner derivations. Singce id is an invertible matrix, letting run
overR* results in(g — id) - v running over all vectors dk*. Thus the translation part gfcan be
chosen as the-vector and only the translation part ohas to be considered in indeterminates.

The first relator is now superfluous. Evaluating the otherrtslators on the matrices

000 —-1|0 000 1fa

1 00 010 0 01 0fb

g=| 010 0|0 ]|,p=|0100]c

001 010 1 00 0]|d

000 0|1 0 0001

gives the two matrices

1 00 O0|a+d 100 0] O
01 0O0|b+c 01 0 O0Ola+ec
B2=| 0 0 1 0|b+c |, (gh)y’=] 0 0 1 0| 2b
000 1ja+d 000 1|la+c
0000 1 0000 1

The Frobenius congruences are thus:
a+d=0modZ, b+c=0modZ, a+c=0mod Z, 2b =0 mod Z
We either havé = 0 which impliesc = 0,a = 0,d = 0orb = % which impliesc =

a=13%d=1.
27 2
The only nontrivial SNoT is thus given by

1
27

0 1
0 (1
tg: 0 ,th:§ 1
0 1

4.3 Normalizer action

There is still one issue we have to consider in order to aatveuly different space groups. So
far, we have regarded the point grofi@as the set of linear parts of the space grougHiowever,
these elements can be permuted by an (abstract) autommorphtle point group. Applying an
automorphism means telabelthe elements without changing their role in the group.

Example: The cyclic groupC, of order4 has an automorphism which interchanges the two
elements of ordet in the group. The element of orderis fixed by the automorphism since it
plays a unique role in the group (being the only element oéiazyl

Since we are dealing with space groups, we can only apply sutdmorphisms which re-
spect that the space group has translation lafficeln particular, an automorphism has to map
the standard basis @ to another lattice basis @ and therefore must be given by conjugation
with an element ot L,,(Z).
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Definition 48 For a point group? < G'L,,(Z) the group
N := Ngr,2)(P) :={a € GL,(Z) | a 'ga € Pforall g € P}

is called thantegral normalizerof P.
It is the group of automorphisms éf which additionally map the latticé” to itself.

Remark: It can in general be a fairly difficult task to determine theegral normalizer of
a point groupP. However, in low dimensions the point groups are well-knayvaups and
also their automorphisms can be computed easily. It themiresrio check whether an abstract
automorphism is induced by conjugation with an integralrirat

Examples:

(1) The groupP = {id, —id} hasN = GL,(Z) as its integral normalizer, sinceid com-
mutes with any matrix. This shows that the integral norngailiz not necessarily a finite
group. However, since the finite grodphas only finitely many different automorphisms,
there are only finitely many different conjugation actioms/a The subgroup oV which
fixes P elementwise, i.e. for which—'ga = ¢ holds for allg € P is called theintegral
centralizerof P. Itis a subgroup of finite index in the integral normalizer.

(2) The point groupP generated by the matrices

=0 )= (oY)

has an integral normalizer which is generatedyby and the additional element

()

which interchanges the two basis vectors.

Note that the grougP has an abstract automorphigmof order3 which cyclically in-

terchanges the elemenjsh andgh. But sincegh has trace-2, whereasy and h have

trace0, an automorphism which is given by matrix conjugation hast@h and can only
interchangey andh, since the trace is invariant under matrix conjugation.

(3) The full symmetry groug” of the square lattice generated by the matrices
0 -1 -1 0
=) =)

has an abstract automorphism which interchanges the tves typreflections (reflections
in z- andy-axis vs. diagonal reflections). This automorphism is iredlby conjugation

with the matrix
(1 —1
“=\1 1

which is an element af’L,,(Q) but not ofGL,,(Z) and thus is not contained in the integral
normalizer ofP. The integral normalizeN¢ .,z (P) is thus justP itself.

MaThCryst Summer School Garghano, 27 April - 2 May 2008



4.3 Normalizer action 33

Lemma 49 Assume that: € N,z (P) and that{g | t,} € G. The action oz on{g | t,} is

given by
a0 g9t al0Y [ algalal-t,
o 1) \of1 /) \ofrt) "\ 0o | 1 '

In particular, if¢’ € P suchthay = a~'¢'a, then conjugation by maps{g | ¢,} to{g | a~*-t,}.
The element, of a SNoT is thus changed by the actiomphamely according to

-1
f}g = a . taga—l.

We have just seen that transforming a space group with aneelefrom the integral nor-
malizer will in general change the SNoT. However, since aoraorphism is applied, the space
group obtained via the action of the integral normalizerasandifferent space group but rather
a relabeling of the elements of the same space group.

Important note: The integral normalizer reveals arherent ambiguityn the geometric sit-
uation. In example (2) above we have seen that the integraialzer of the groug® generated

by
1 0 -1 0
0= (6 5) =30 0)

contains the transformation which interchanges the twasbaectors. This means that after
interchanging the basis vectors, the gradpemains the same. But this means, that the two
reflections argeometrically indistinguishabld he crucial point is thag andh are reflections in
two perpendicular lines, but none of these lines can bengjsished geometrically as belonging
to the first basis vector.

Example: We have already computed that there are four SNoTs modudw derivations for
the point groupP = 2mm generated by

()G
o)) @)=
o= () =) @) ue())

Since the normalizer elememt= <(1) (1)) interchangeg andh, its action on the SNoTs can

be seen immediately.
Applying a to the SNoTs (1) and (4) does not change them, but for the SRpWith ¢, =

5 0
2 _
(0) R tp = <0) we get
tg = ail ’ taga_l =a- th = (8) ) th = a’il : taha—l =a- tg = (2)
2

and this is precisely the SNoT (3).
The two SNoTs (2) and (3) are thus interchanged by the integranalizer and give rise to
the same space group.
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Discussion: It is worthwhile to discuss this example in full detail: Theipt group2nmmis
the symmetry group of a rectangular lattice. It fixes a me&mnsor of the form

a 0
F_<O b)’ a,b>0,a #b.

However, from the point group it can not be concluded whetherb or a > b, i.e. whether the
first or the second basis vector is the short one. If we thue haspace group with a reflection
along one of the axes and a glide reflection along the othenvemean not tell whether the glide
is along the short or the long side. Thus, the two space grath<ither a glide along the first
or a glide along the second basis vector are regarded asaéentiv

Note: The algorithm consisting of:
¢ finding the inner derivations;
e setting up and solving the Frobenius congruences;

¢ finding orbit representatives for the action of the integratmalizer modulo the inner
derivations

was described by Zassenh#lis 1948 and is therefore often called thassenhaus algorithm

Exercise 7.
A certain point group” (known asB) is generated by

0 0 -1 -1
0
0

S = O
_ o O

and has presentatign, y | 2%, 92, (zy)3, (z3y)?).
Sinceg — id is invertible,(g — id) - v runs over all vectors ifR*, hence by a shift of origin
the translation part of may be assumed to e

which interchanges the second

S = O

10
The integral normalizer oP contains the matri§ 0 0
0 1

and third basis vector.
Determine the solutions of the Frobenius congruences’f¢assuming that, = 0) and
check which of the resulting SNoTSs lie in one orbit under titegral normalizer oP.

20Hans Zassenhaus, 1912-1991
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5 Space group classification

In this section we will consider various aspects under wisighce groups may be grouped to-
gether. We will start with the finest notion of equivalencéjet are thespace group typesnd
will end with the coarsest, the classification ictystal families

5.1 Space group types

By the approach via translation lattices and point groupghviare glued together to a space
group via a SNoT, we can (in principle) determine all spacaigs inn-dimensional space up to
isomorphism, provided the possible lattices and point gsare known.

By a famous theorem of Bieberbach (1911) isomorphism ofesgemups is the same as affine
equivalence.

Theorem 50 Two space groups in-dimensional space are isomorphic if and only if they are
conjugaté! by an affine mapping from,,.

In crystallography, usually a notion of equivalence sligkiifferent from affine equivalence
is used. Since crystals occur in physical space and physpeaie can only be transformed
by orientation preserving mappings, space groups are eggrded as equivalent if they are
conjugate by amrientation preservin@ffine mapping, i.e. by an affine mapping that has linear
part with positive determinant.

Definition 51 Two space groups are said to belong to the sapece group typé they are
conjugate under an orientation preserving affine mapping.

Thus, although space groups generated by a fourfold rightiad screw and by a fourfold
left-handed screw are clearly isomorphic, they do not bgltmthe same space group type.
However, groups that differ only by their orientation aresdly related to each other and share
many properties. One addresses this phenomenon by theptaiemantiomorphism

Definition 52 Two space group& andG’ are said to form aenantiomorphic paiif they are
conjugate under an affine mapping, but not under an orientatieserving affine mapping.

If G is the full group of isometries of some crystal pattern, them®nantiomorphic counter-
partG’ is the group of isometries of the mirror image of this crygiaitern.

The number of space group types is thus the number of isonsonpitasses plus the number
of enantiomorphic pairs. For dimensions ugtdhese numbers are displayed in Table 1.

| dimension 1] 2] 3] 4] 5| 6|
isomorphism classeg 2 | 17 | 219 | 4783 | 222018| 28927922
enantiomorphicpairg 0| 0| 11| 111 79 7052

| space group types | 2| 17| 230 4894 | 222097| 28934974

Table 1: Number of space group types in dimensions up to

2Two groupsG and H are said to beonjugateby an element: if H = {z~'gx | ¢ € G}. Obviously this
requires that multiplication of the elements@fand H with x is well-defined. Usuallyz is an element of a larger
groupK containing bothG and H as subgroups. One then also says thand H are conjugate subgroups Af.
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5.2 Arithmetic classes

Starting from the space groups, it is natural to collect ¢hgigace groups together which only
differ by their SNoTs. Assuming that the space groups arergim standard form, i.e. with
respect to a lattice basis of their translation subgroups,means that two groups are regarded
as equivalent if they only differ by the choice of the lattlmasis. But that means that the point
groups are conjugate by an integral matrix.

Definition 53 Two space groups (written with respect to lattice bases @if thanslation sub-
groups) lie in the samarithmetic classf their point groupsP and P’ are conjugate by an
integral basis transformation, i.e. if = {X'¢gX | g € P} for someX € GL,(Z).

We will also say that two point groupB, P’ < GL,(Z) lie in the same arithmetic class if
they are conjugate by a matrix (iL,,(Z).

Point groups in the same arithmetic class act on the saneelatid differ only by the choice
of the lattice basis.

Since for each point group and each lattice there is onendisished SNoT, namely the trivial
SNoT giving rise to the symmorphic space group, it is evidbat the number of arithmetic
classes of space groups is the same as the number of symmsgjpplse group types.

In Table 2, these numbers of arithmetic classes of spacegrane given for dimensions up
to 6.

| dimension [1] 2| 3] 4] 5| 6|
| arithmetic classe§ 2 | 13| 73| 710] 6079| 85311

Table 2: Number of arithmetic classes in dimensions up to

We have seen that the point groipof a space group is a subgroup of the full symmetry
group Aut(L) of the translation latticd. of G. But Aut(L) is a finite subgroup o&7L,,(Z),
hence it is a point group itself, namely of the symmorphicspgroup with point grouplut(L)
and translation latticé.

This shows that some of the arithmetic classes are disshgdi because their groups are full
symmetry groups of their lattices, while others are propégsoups.

Definition 54 A point group P acting on a lattice. is called aBravais? groupif it is the full
symmetry group of_.

The arithmetic class containingis then called @ravais class

Since the groups in one Bravais class act on the same lddtitgroups from different Bravais
classes act on different lattices, the Bravais classegesgond to the differerBravais types of
latticesor lattice typedor short.

There are now two obvious directions in which arithmetissks can be merged into larger
classes. The word 'direction’ can be taken literally, if gjpg are considered to be positioned in
a plane, where groups of the same order are on the same hatfilewel and subgroups thus lie
below their supergroups.

22Auguste Bravais, 1811-1863, described the different tyféattices in2- and3-dimensional space in 1850.
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Vertically: Starting with a Bravais group’, we can join the arithmetic class @ with the
arithmetic classes of its subgroups. However, siAcacts on a particular lattice, we will
only consider those subgroups Bfwhich do not act on anore generalattice, i.e. on a
lattice which has a smaller Bravais group than

This direction of joining arithmetic classes leads to th#oroof Bravais flocks
Horizontally: Suppose thaP is a point group acting on some lattiée Then P also acts on
other lattices thari., obvious examples are scalings liké, 3L, or %L. The interesting

cases are those latticés which lie between’. and one of its scalings, these are just the
centringsof L.

In general, the action aP on L’ gives rise to a point group”’ which does not lie in the
same arithmetic class &3, but is isomorphic withP’ and it is worthwhile to join the
arithmetic classes af and P'.

This direction of joining arithmetic classes leads to th&arof geometric classewhich
are also known agoint group types

5.3 Bravais flocks

We have already seen that a lattice can be characterized eiric tensor containing the dot
products of a lattice basis. If a point grodpacts on a latticd., it fixes the metric tensor af.
However, a point group in general fixes not only a single meémsor (or multiples thereof), but
it actually fixes all metric tensors from a certain vectorcgpa

Definition 55 Let P < G'L,(Z) be a finite integral matrix group. Then
F(P):={F eR™" | F=F" ¢"Fg=Fforallg e P}
is called thespace of metric tensod P.
The dimension ofF (P) is called thenumber of parameterf®r the metric tensors aP.

Note: The metric tensor of a lattice basis ipasitive definit€ matrix. It is clear that not
all matrices inF(P) are positive definite (e.g. faf' € F(P) positive definite—F' is certainly
not positive definite), but the positive definite matrices#AigP) form what is called aropen
cone This open cone contains a basisf(fP) consisting of positive definite metric tensors. The
metric tensors in the open cone &1 P) thus represent the different geometries of lattices on
which P acts.

If P is generated by the matrices, .. ., g, the spaceF(P) of metric tensors can be com-
puted as the space of solutions of a system of linear equsaticihe entries of’, namely

gFg—F=0,1<i<r

Examples:

(1) Let P = 2mm be the group generated by

oo 5) - (0)

237 symmetric matrixF is positive definitéf vt Fv > 0 for v # 0.
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b

vp o (a —c\ fa cy_ [0 =2

g Fg—F= (—c b) (c b) a (—20 0 )’
wrpp o (@ —c\ fa cy_ [0 =2
WrEh=F = (—c b) (c b) a (—20 0 )’

hencec = 0 anda andb are arbitrary, thus the number of parametersasd

}“(P):{(g 2) \a,beR}.

This space of metric tensors characterizes the rectanigitiae.

and letF = (CCL C). Then

(2) Let P = 4 be the group generated hy= 0 —1 andletF = (“ €). Then
1 0 c b

b —c a ¢ b—a —2c
tr _ — _ —
g Fg—F (—c a ) (c b) ( —2¢c b-— a) ’

hencec = 0 anda = b is arbitrary, thus the number of parameter$ &nd

J—"(P):{(g 2) |aeR}.

This space of metric tensors characterizes the squareglatti

The space of metric tensors is useful to decide whether asup@f a Bravais group acts on
a more general lattice than the Bravais group. For exampegtoup4 from example (2) above
has the same space of metric tensors as the Bravais gronpf the square lattice. However,
the subgrou of 4 (generated by?) has a space of metric tensors of dimensiorit acts on
the oblique lattice, which is more general than the squdtieda

Definition 56 Let P be a Bravais group. Then tiiBravais flockof P consists of the arithmetic
classes of subgroups &f, which have the same space of metric tensorB.as

The Bravais flocks collect together those arithmetic clgd@ch genuinely act on the same
lattice. They are thus in correspondence with the lattipesyand Bravais classes, since each
Bravais flock contains exactly one Bravais class.

The numbers of Bravais flocks, and thus also of Bravais ctease lattice types are given in
Table 3.

| dimension [[1][2] 3] 4] 5| 6|
| lattice types| 1[ 5] 14| 64| 189 841 |

Table 3: Number of lattice types in dimensions uto
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5.4 Geometric classes

Let P be a point group acting on a lattide and written with respect to a lattice basis fof
Assume thaf also acts on a latticé’ which is different fromZ and letX be the transformation
matrix from the lattice basis af to a lattice basis of.’. Written with respect to that basis &f
the action ofP is given by

P ={X"'gX |ge P}

SinceL # L', we have thaX ¢ GL,(Z), but clearlyX € GL,(R).

Definition 57 Two space groups lie in the sameometric clas# their point groups” and P’ are
conjugate by a real basis transformation, i.&?it= {X~'gX | g € P} for someX € GL,(R).
We will also say that two point groupB, P’ < GL,(Z) lie in the same geometric class if
they are conjugate by a matrix L, (R).
Point groups in the same geometric class are the actions afraxgroup on different lattices.

Historically, the geometric classes in dimensibwere determined much earlféithan the
space groups. They were obtained as the symmetry grougsesfeet of normal vectors of crystal
faces which describe the morphological symmetry of maapisccrystals.

The numbers of geometric classes of space groups are giviabie 4.

| dimension [1] 2] 3] 4] 5] 6]
| geometric classef 2 | 10 | 32| 227 955| 7104 |

Table 4. Number of geometric classes in dimensions up to

Note: It is more familiar to speak of the geometric classes asythes of point groupsThis
emphasizes the point of view to regard a point group as thgpgoblinear parts of a space group,
written with respect to aarbitrary basisof R™ (not necessarily a lattice basis).

It is also common to state th#iere are32 point groups in3-dimensional spaceThis is
just as imprecise as saying thhere are230 space groupssince there are in fact infinitely
many point groups and space groups.

What is meant if we say that two space groups htheesame point grous usually that
their point groups are of the same type (i.e. lie in the sanoengéric class) and can thus
bemade to coincidéy a basis transformation &".

Starting with the space group types, we get the classificatito arithmetic classes if we
keep the information about the point grouggl lattices and forget about the SNoTs, and we get
the classification into geometric classes if we also forgeuathe lattices, thus keeping only the
point group information:

space group types — _arithmetic classes — geometric classes
forget SNoT forget lattice

24The geometric classes were determined by Moritz Ludwig lkeaheim, 1801-1869, in 1826 and by Johann
Friedrich Christian Hessel, 1796-1872,in 1830. The spamemtypes were found independently by Arthur Schoen-
flies, 1853 - 1928 and Evgraf Stepanowitch Fedorov, 1853 91i&11890/1891.
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Diagram of arithmetic classes

In Figure 3 the subgroup diagram of arithmetic classes im#éxagonal crystal family (this term
will be explained below) in dimensiohis displayed.

6/ mmP

Figure 3: Arithmetic classes in the hexagonal crystal famil

This diagram illustrates the different possibilities ofvity between arithmetic classes dis-
cussed so far:

e The boxes represent the arithmetic classes.
e The thick boxes represent the Bravais classes.
o If boxes are joined by a line, the lower group is a maxfthalibgroup of the upper group.

e The Bravais flock of a Bravais class consists of those boxéswdan be joined by a chain
to the box of the Bravais class (note that in this diagramraugs have spaces of metric
tensors of dimension).

e Boxes which are directly joined together horizontally kethe same geometric class and
are thus actions of the same group on different lattices.

o Only for the sake of clearness some boxes are slightly lavéiree boxes with symbols
ending onR) in order to emphasize that the action is odifferentlattice.

In particular, we can read off that tl2é arithmetic classes fall intd2 geometric classes and
2 Bravais flocks, the Bravais flock of Bravais cl&smmmP contains all arithmetic classes with
symbols ending oR and contains the groups genuinely acting on a hexagonaHatthe Bravais
flock of Bravais clas8nR contains all classes with symbols endingRand contains the groups
acting on a rhombohedral lattice.

25A group H is amaximal subgrouf G if there exists no subgroup ¢t that lies properly betweef¥ and H,
ie.if H< K <GimpliesK = HorK =G.
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5.5 Lattice systems

The idea by which arithmetic classes are joined into gedodasses can analogously be applied
to Bravais classes and Bravais flocks. If two Bravais groopslifferent lattices are conjugate
by a basis transformatioN € G, (R), the corresponding Bravais flocks may be joined into a
larger class.

Definition 58 Two Bravais flocks are said to belong to the sdatéce systenif their Bravais
classes belong to the same geometric class.

Analogously, we will say that two lattice types belong to Same lattice system if their
Bravais groups belong to the same geometric class.

On the one hand every lattice system contains a Bravais, ad&sthe other hand all the
Bravais classes in a lattice system lie in the same geonuddiss, hence there are as many lattice
systems as there are geometric classes containing Brdasses.

Definition 59 A geometric class is called laolohedryif at least one of the arithmetic classes
contained in it is a Bravais class. A holohedry is thus a maroup that is the full symmetry
group of at least one of the lattices on which it acts.

Every holohedry belongs to precisely one lattice systemeuaaly lattice system contains
precisely one holohedry.

Note: In the hexagonal crystal family displayed in Figure 3 evaityi¢e system consists just
of a single Bravais flock, since both holohedries contairy @me Bravais class. This is not a
typical situation, usually a holohedry contains more thae Bravais class the Bravais flocks of
which are then joined into a lattice system.

In Table 5 the numbers of lattice systems which are the sartfeeasumbers of holohedries
are given for dimensions up t

| dimension [1]2|3] 4] 5| 6]
| lattice systemg 1[4 |7 | 33|57 220|

Table 5: Number of lattice systems in dimensions uf.to

5.6 Crystal systems

For the geometric class of a point gro#) the arithmetic classes contained in it determine on
which latticesP acts. A further possibility to classify point groups thenef is given by joining
those geometric classes which act on the same set of lattices

Definition 60 Two geometric classes belong to the samgstal systenif the arithmetic classes
contained in them belong to the same set of Bravais flocks.

Example: In the hexagonal crystal family displayed in Figure 3, thehdal line separates
the two crystal systems. The geometric classes below theeddme act both on hexagonal and
on rhombohedral lattices, this crystal system is calledrigenal crystal systemThe geometric
classes above the dashed line only act on hexagonal lattittbelong to thdnexagonal crystal
system

MaThCryst Summer School Garghano, 27 April - 2 May 2008



42 5 SPACE GROUP CLASSIFICATION

A crystal system can contain at most one holohedry, and irexaeple above it does so.
Indeed, all crystal systems in dimensions ug tmntain a holohedry, but for higher dimensions
this is no longer true.

H\§H,

HrfH

EACAGAEACALAEAGA

| M| M| M| My | M;| M| M| M| M| M| M| M| M| M| My| M

Figure 4. Crystal system without a holohednphdimensional space.

-~

Figure 4 displays a part of the arithmetic classes in a drfestaily in 5-dimensional space.
There are six Bravais classes, indicated by the bold boxXa@shwepresent six different lattices.
But only the geometric classes in the oval frame act on alktkelifferent lattices. The holo-
hedries on the top level act on two of the lattices and thelremldes on the second level both act
on four of the lattices. Thus, the geometric classes in tla foame form a crystal system that
does not contain a holohedry. The three holohedries forstalrgystems on their own.

The numbers of lattice systems are given in Table 6.

| dimension  [1]2]|3]| 4] 5] 6]
| crystal systemg 1] 4| 7[33]59] 251]

Table 6: Number of crystal systems in dimensions ug.to

Note that in dimensiof there are alreadyl crystal systems that do not contain a holohedry
(251 crystal classes v&20 holohedries).

5.7 Crystal families

The coarsest classification level for space groups (and gmnps) collects all arithmetic classes
together which can be reached by moving inside Bravais flaoklsnside geometric classes.
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Definition 61 The crystal familyof a space groug- is the smallest set of arithmetic classes
containingG which contains full Bravais flocks and full geometric classe

If we graph all arithmetic classes of dimensionn the way shown in Figures 3 and 4, the
crystal families are the connected components if we regasgd joined by lines or directly
joined horizontally as being linked.

Put in a different way, we can reach all point groups in a etyfsimily by an iteration of the
following moves:

e move to a subgroup or supergroup with a space of metric terddhe same dimension;
e Mmove to a conjugate group by a basis transformation.

The numbers of crystal families are given in Table 7.

| dimension [[1]2|3] 4] 5] 6|
| crystal families]| 1[4 6] 23|32 91]

Table 7: Number of crystal families in dimensions ugto

Note: Up to dimensiors it seems exceptional that a crystal family splits into d#fe crystal
systems, since the only instance of this phenomenon is titirgpof the hexagonal crystal
family into the trigonal and the hexagonal crystal systerdswever, in higher dimensions it
becomes rare that a crystal family consists of a single arggtstem, hence this is actually the
exceptional case and the splitting into several crystaksys is the rule.

Summary

We finish this section by collecting together the numberdagses on the different classification
levels for dimensions up t@in Table 8.

| dimension (1] 2] 3] 4] 5| 6|
crystal families 1| 4 6 23 32 91
lattice systems 1] 4 7 33 57 220
crystal systems || 1| 4 7 33 59 251
lattice types 1] 5| 14 64 189 841
geometricclasseg 2 | 10| 32| 227 955 7104
arithmetic classeg 2 | 13| 73| 710 6079 85311
Sspace group types 2 | 17 | 230 | 4894 | 222079| 28934974

Table 8: Number of classes on different classification kuedimensions up t6.
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6 Site-symmetry groups

We have already discussed in Section 3.1 that the sSRéasan be partitioned into congruent
cells by translating the unit cell of a lattice basis by thetwes of the lattice. Note that we still
assume that a space group is written with respect to a lditisis of its translation lattice: I

is the translation lattice of a space grot@mnd (v, ..., v,) is a lattice basis of,, then the unit
cell C of L is given by

C:={rivy+-+x,0, | 0<2; <1forl <i<n}.

This means that every cell contains precisely one lattiaetpir the unit cellC this is the origin.

Important note: The terminology on unit cells is occasionally somewhat oeimfg. In
Section 8.1.4. of ITA (p. 723) a unit cell is the parallelegdpspanned by arystallographic
basisof a lattice. In the case that such a basis is actually a éaltisis, it is called arimitive
basisand the unit cell coincides with our notion here. Howeveigifa centred lattice a basis of
the underlying primitive lattice is chosen as crystallqupia basis, this unit cell contains more
than one point of the centred lattice.

On the other hand, in Section 9.1.4. of ITA (p.743), the ¢atbhases are always primitive, but
in additionconventional baseare defined which are (particularly nice) bases for the i
lattices. These bases span what is calledraventional cell

In order to avoid misunderstandings, we will always assuma¢ the unit cell is the paral-
lelepiped spanned by a lattice basis, and we will call a qainsed by a conventional basis
(which is not necessarily a lattice basis) a conventioni&{iceline with Section 9.1.4. of ITA).

Since the translates of the unit cell by lattice vectors cd¥/e without overlapping, an ar-
bitrary point inR™ can be translated into the unit cell by a unique translatiotnée translation

subgroup: Le{vy,...,v,) be the lattice basis and assume that with respect to thisddtasis
I

a pointx € R™ has coordinate vector : |. Since the unit cell consists of the points with co-
xn

ordinate vectors having coordinates in the intefval) (i.e. 1 is excluded), we have to subtract
theinteger partof each coordinate. The integer part of a real numbisrdenoted by x| and is
defined as the largest integerz. For example|2.3] =2 and|—1.5] = —2.

The unique translation by whichis moved into the unit cell is thus given by

V= Lle S anJ Uy,
Example: For the rhombic lattice with lattice bas<5v1 = G) , Ug = <_21)) the coor-
. . 3.8\ . 2.3 . .
dinate vector of the point = 16 is | ) 5 ) sincexr = 2.3 -v; — 1.5 - v5. The required
. 4 —0.2
translation is thus = [2.3] - v; + | —1.5] - v, = 2v; — 20y = (0) We haver —v = ( 16 )

which indeed lies in the unit cell because- v = 0.3 - vy + 0.5 - V9.

6.1 Crystallographic orbits

Since the elements of a space group provide symmetries gstatpattern, two points andy
which are mapped to each other by a space group element cagdrded as beingeometrically
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6.1 Crystallographic orbits 45

equivalent Starting from a point: € R", it is easy to obtain infinitely many points equivalent to
x, we simply have to apply all space group elements. tdhis idea gives rise to the notion of an
orbit of a point under a space groap

Definition 62 Let GG be a space group in-dimensional space and lete R™ be a point. Then
the (infinite) set
G(z) :=A{g(z) | g € G}
is called theorbit of x underG or theG-orbit of .
TheG-orbit of = is the smallest subset &" that containg: and is closed under the action of
G. ltis also called arystallographic orbit

It is clear that the~-orbit of a pointz is completely determined by its points in the unit cell,
since on the one hand the orbit is invariant under the actidheotranslation subgroup of G
and on the other hand translating the unit celllbgntirely coverR™.

We also note that the above discussion has shown that foy elementy in the point group
P of G there is exactly one elemegite G with linear partg such thaty(z) lies in the unit cell.
In other words, every coset @f in G contains exactly one elemegtsuch thatg(x) lies in the
unit cell.

This means that the number of points(éfz) which lie in the unit cell is at most the number
of cosets off" in G, which is the same as the ordét| of P.

We now have two obvious possibilities:

(1) The points in the orbit of: underG are all different. In this case there are indeéy
points of the orbit in the unit cell.

(2) Some points of the orbit coincide. In this case there aietly less than P| points of the
orbit in the unit cell. We will actually see that the numberpafints in the unit cell is a
divisor of | P|.

If two points of the orbit ofr underG coincide, this means that there are elemgnfsh € G
such thag(x) = h(z). But from this we see thdt' - g(x) = z, hencer is fixed by the nontrivial
elementy~! - g of G.

Definition 63 The subgrouff G, := Stabs(z) := {g € G | g(x) = z} is called thesite-
symmetry groupr thestabilizerof x in G.

Since translations fix no point iR", site-symmetry groups can not contain translations. As a
consequence, a site-symmetry group contains at most omeelef a cosel'g = {tg | t € T'}.
This means that applying the homomorphiEimwhich forgets about the translation parts is an
isomorphism from the site-symmetry group to a subgroup @fihint groupP’ of G.

Theorem 64 Let GG, be a site-symmetry group 6f. Then the elements @f, all have different
linear parts and the homomorphidin: {¢ | ¢} — ¢ is an isomorphism frond-,. to a subgroup
of P.

In particular, the order of the site-symmetry gratp is a divisof’ of the order| P| of the
point group.

26The fact that the site-symmetry group is indeesliagroupof G follows from the observation that(z) = =
andh(z) = z impliesg - h(x) = g(z) = =, i.e. G, is closed under multiplication.

2'The famousTheorem of Lagrangstates that the ordef/| of a subgroupH of a finite groupG divides|G/|.
This is an immediate consequence of the fact that the cobéfsio GG all contain the same number of elements.
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Remark: There is an alternative way to see that the linear parts afeasgimmetry group
G, form a subgroup of the point group 6f. Sincez is fixed by all elements of7,., shifting the
origin to x will necessarily result in augmented matrices with trat@hapart0. But shifting the
origin is realized by conjugating with a translation andttioes not change the linear parts of
G.

In order to count the number of orbit points in the unit cek, will now assume that already
lies in the unit cell. We already stated that from each c@3ggethere is exactly one elemety
such thaty := tg(x) lies in the unit cell. We will denote this element by.

If y = z, theng, € G, is an element in the site-symmetry group and we already khatv t
there areglG,.| elements for which this is the case. Howevery is different fromz, then for
everyh € G, we haveg, - h(z) = g.(z) = y. This means that multiplying, (from the right)
with all elements of~, gives|G,.| elements with different linear parts which mapo y. Thus,
the pointy is hit |G| times.

We have thus seen that there &f8 elements of& such thatg(z) lies in the unit cell and
that every point of the orbit lying in the unit cell is hi¥,. | times. This means that the number of
different orbit points in the unit cell isP|/|G..|.

Lemma 65 Letz € R™ be a point with site-symmetry group, of order|G.|. Then every point
in the orbitG(x) of x is obtained vidG, | different elements of;.
In particular, the number of points of tlie-orbit of = which lie in the unit cell igP|/|G.|.

If we are dealing with centred lattices, then the converiaell of the lattice (which is
the unit cell of the primitive lattice) contairis > 1 translates of the unit cell of the centred
lattice. This means that the conventional cell contaip®ints of the centred lattice.

In this case, the number of points of theorbit of z which lie in theconventional celbf
the centred lattice i8 - |P|/|Gx|.

6.2 Points in general and in special position

The general idea behind applying group theory to crystediplyy is the concept, that objects are
classified via their symmetry properties. One example f@ ¢bncept is to regard two crystal
patterns as equivalent if their symmetry groups are spamgpgrof the same type.

We are now ready for a further application of this principféhen we analyze crystals, one
of the crucial questions is to determine the actual posstmithe atoms. It turns out that often
the atoms occupy positions that have a nontrivial site-sgtmyrgroup. This suggests to classify
the points inR™ into equivalence classes according to their site-symnggtyps.

Definition 66 A pointz € R™ is called a point irgeneral positiorfor the space groufy if its
site-symmetry group contains only the identity elementof.e. if G, = {id}.
Otherwiser is called a point irspecial position

The distinction into general and special positions is ofrsewery coarse. But we already
noted that two points in the same orbit under the space groaig@metrically equivalent.
However, such points do not have th@mesite-symmetry group, but they hagenjugatesite-
symmetry groups.
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Definition 67 Two subgroupd?; and H, of a groupG are said to beonjugate inG if there is
an elemeny € G such that
Hy={g""hg | h € Hi}.

If two subgroups are conjugate by an elemgenne briefly writesH, = ¢~ H, g.

Note: The importance of the notion of conjugation lies in the fd@ttconjugation is an
isomorphisnfrom H; to H,. Itis easy to see that conjugation respects the multiptinasince
g ' (hk)g = (g7 hg)(gkg). Moreover, ifg~*hg = 1, thenh = gg~' = 1, hence only the
identity is mapped to the identity, and hence conjugati@nissomorphism.

The crucial observation for points in one orbit is thab iE G, and ifg € G is an element
mappingz to y, i.e.g(z) = y andz = g~!(y), then

gha ' (y) = gh(z) = a(z) = v,
i.e.ghg!liesinG,.

Lemma 68 Let x andy be points in the same orbit of a space gr@up.e. there existg € G
such thatg(z) = y. Then for the site-symmetry groups one l@as = g - G, - g%, i.e. the
site-symmetry groups are conjugate by the element mappiog.

Example: Let G be the space group of tymelgmgenerated by the augmented matrices

0 —11]0 -1 0|2
g=|1 010 |, 0 1|3
0 0|1 0 0|1
and the transllations of the standard lattice.
Letx = (5) be a point in the unit cell. One easily checks that the sitaragtry group,,

(of point group type?) is generated by

The pointz is mapped to the poing = ) (also lying in the unit cell) byg. Hence the

E

0
1
2
y
|

site-symmetry grour, of y is generated
0

0 —-11]0 -1 1 0 —110
ghg'=1 010 0 —11]0 1 010 |=
0 01 0 01 0 0|1
One immediately sees that the last matrix indeed fixes tha& poi
Exercise 8.
Let G be the space group of typelgmgenerated as above by the matrices
0 —11]0 -1 0]1
g=|1 0|0 |, b= 0 1|5
0 0|1 0 01

and the translations of the standard lattice. tet (0 .

) be a point in the unit cell.
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(i) Determine the site-symmetry groudp, of z in G and show that it has point group type

(i) Find the points in the unit cell that lie in the orbit efunderG. (Hint: Since the point
group P of G has ordeR and|G,.| = 2, you should findl points.)

(i) Find elements ofG mappingz to each of the other three orbit points in the unit cell and
determine the site-symmetry groups of these points.

6.3 Affine and Euclidean normalizers of space groups

Since we want to declare points in one orbit under the spagepgt to be equivalent, we
certainly have to collect all those points in one class wihiatie site-symmetry groups that are
conjugate inz. However, even if the site-symmetry groups of two pointsrareconjugate, they
still may play equivalent roles. This is due to the fact thatan be seen as the subgroup of a
much larger group, e.g. of the Euclidean gra@ipor the full affine group4,,. It may happen that
two subgroups of> are not conjugate by an element@f but by an element of such a larger
group.

What we have to consider here is thermalizerof a group in a larger group. We actually
already saw an instance where a normalizer plays an imgaxbe) namely in the context of
constructing space groups with given translation lattiog @oint group. There the action of the
integral normalizerof the point group on the SNoTs had to be taken into account.

Definition 69 Let G be a group and let/ be a subgroup off. Then thenormalizerof H in G
is the subgrougV(H ) of elements of~ that fix H# under conjugation, i.e.

Ne(H)={geG|g 'Hg=H}.

Sinceh 'Hh = H forallh € H, itis clear thatd < Ng(H) < G. Moreover,H is a normal
subgroup of7 if and only if No(H) = G.

There are two main issues why the normalizeof H in G is interesting:

(1) The different conjugate subgroups @fin G (i.e. the orbit of H under the conjugation
action of) are in one-to-one correspondence with the cosefs of G.

(2) Since the normalizer fixeH, conjugating by a normalizer element result in an automor-
phism of H. Such an automorphism permutes the subgroupgg ahd two subgroups of
H which are not conjugate i may lie in the same orbit under the normalizer.

In particular the second issue is important for space grodfgshave seen that the augmented
matrices of a space group change under shifts of the origirbasis transformations, i.e. under
affine transformations. This can be realized as conjug&tyoelements of the affine group,,.

The orbit of a space group under this conjugation actiondss#t of space groups that belong to
the same space group type.

The normalizer of a space groupin the affine group now consists precisely of those coor-
dinate transformations @&” that leaveG unchanged as a whole. This means that the elements
of G are relabelled without changing their geometric propsrtie

Definition 70 Let G be a space group and I&8t, := N4, (G) be the normalizer o€ in the
affine group. ThenV 4 is called theaffine normalizeof G.
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Since not all elements of the affine group are isometriesaffiree normalizer may alter the
metric tensor of the translation lattice of a space groups iBhdue to the fact that a point group
not only fixes the metric tensor of the translation latticé&é®Epace group, but, as we have seen
in Section 3.1, it fixes metric tensors from a whole space dfim&ensors. Under a coordinate
transformation with an element from the affine normalizés fpace of metric tensors is fixed as
a whole but the single metric tensors may not be fixed.

Example: We have already seen that the point group of the space grdypey2mmfixes all

metric tensors of the for g 2) with a, b € R. The affine normalizer contains an element with

linear part((l] é) and transforming with this element changes the metric teinem (8 2)
b

to 0 2 . This means that the roles of the short and the long basiswecthe rectangular

lattice are interchanged.

Note: If the linear parts of the affine normalizer fornfiaite group N (which is not neces-
sarily the case), there is a little trick by which the affinemalizer of a space grou@ can be
turned into a group of isometries for a suitable lattice: \Wplp all elementsy,, ..., ny of N
to the metric tensof’, this gives a set of V| (not necessarily different) metric tensots F'n;
and we now form the sum

IN]
Fo:=nl"Fn, +---+ nf}“\,‘FmN‘ = Z nt" Fn,
=1

of these metric tensors. Théf is fixed by all elements aiV, since transforming by an element
of NV only permutes the tensors in the sum.

It is clear thatFy is also fixed by the point group of GG, sinceP is a subgroup ofV, hence
we can regard- as a space group with translation lattice with metric terfigorThen the affine
normalizer is indeed a group of isometries.

In the above example, the metric teng@rwould be the sum

a 0 n b 0\ [(a+b O

0 b 0 a/ 0 a-+bd
which is the metric tensor of a square lattice. But on a sqladtiee the matrix((l) é) Is indeed
an isometry.

If we insist that the metric tensor is preserved by the nomeglwe have to restrict to affine
mappings which are isometries, i.e. to coordinate transdtions in the Euclidean group.

Definition 71 Let G be a space group and 18f: := N¢ (G) be the normalizer of7 in the
Euclidean group. ThefV; is called theEuclidean normalizeof G.

The Euclidean normalizer can not be derived from the augademiatrices of a space group
alone, one also explicitly needs the metric tensor of thestedion lattice. Depending on the
parameters of the metric tensor, the Euclidean normalizgrtimen be different, e.g. far= b in
the rectangular lattice (which is thus a square latticey liaiger than for # b.

In other words, the Euclidean normalizer is not a propertthefspace-group type, but may
differ for space groups of the same type.
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Determining affine and Euclidean normalizers

Since the affine and the Euclidean normalizers are both supgrof the affine groupt,,, we
may apply the homomorphisih to a normalizefN. The imagdl(N) is the groupPy of linear
parts and the kernel is the grofijy of translations inV.

We first consider the translation subgrdiip. Since translations are isometries, the transla-
tion subgroups ofV 4(G) and of N¢(G) are actually the same.

We still assume that the space grasips written with respect to a lattice basis of its transla-
tion lattice. Working out the transformation of a space grelement{g | ¢} by a translatiorn

gives
1] —v gt Llv\ (glgv—v+t
0] 1 01 0]1) \ 0] 1 '

This shows that the translation vectohas to conform t@ - v — v € Z™ for all ¢ in the point
groupP’ of G.

Lemma 72 The translation subgroup of both the affine and the Euclideamalizer of a space
groupG contains the translations by vectarfor which

g-v—wv € Z" forall g in the point groupP of G.
In order to find the translation subgroup of the affine noremalone therefore has to solve a

system of linear congruences for the generators of the goanufp.

Examples:

(1) The point group of a space group of typ2nmmis generated by

=0 1) = 5

Forv = (" we haveg - v — v = —2 andh-v —v = ¥ , thusz € 1Z and
(1 0 —2y 2

y € 1Z.
The translation subgroup of the space group is thus a supgrfandex?® 4 in the transla-
tion subgroup of the affine normalizer.

(2) The point group of a space group of typ2nmmis generated by
0 1 0 -1
o= a) = (5 W)
Forv = (x) we havey - v — v = (y B x) andh-v—v = (—y B x) This shows that
Y =Y —r—Yy
eitherz,y € Zorx,y € % + Z.

The translation subgroup of the space group is thus a supgfandex?2 in the translation
subgroup of the affine normalizer.

28Theindexof a subgrougH in G is the number of cosets ¢f in G.
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(3) The point group of a space group of typenil is generated by = (_01 (1]) :

Forv = (;j) we havey - v — v = <_§x) , thusz € %Z andy is arbitrary.

Remarks:

(1) If the affine normalizer of a space groaphas a larger translation subgroup thG@nthis
reveals annherent ambiguityn the choice of the origin.

In Example (1), the origin of the space grgupmmis usually chosen in a point where two

reflection lines intersect, thus in a twofold rotation potit the unit cell of the translation
1 1

lattice also contains rotation points (rg) : (2) and (E) , thus each of these points could
2 2

equally well be chosen as origin. Under the affine normaliberse rotation points all lie
in the orbit of the origin.

(2) Examples (1) and (2) show that the affine normalizer dépe@m the arithmetic class of a
space group, not only on the type of its point group.

(3) Example (3) shows that the affine normalizer may containsiations of arbitrarily small
length. This means that the translation subgroup of theeaa{fin Euclidean) normalizer
is not necessarily a lattice, hence the affine normalizes do¢ need to be a space group
itself.

We now look at the group’y of linear parts of the affine and of the Euclidean normalizer.

For the Euclidean normalizer, the groidfy has to fix the metric tensor of the translation
lattice L of G. ThereforePy is a subgroup of the full symmetry group of the latticevhich is
a Bravais grouB and thusPy can be found in the normalizer of the point group’oin B.

Lemma 73 Let G be a space group with point groupand translation latticé. Let F' be the
metric tensor of the lattice basis éfand letB = {g € GL,(Z) | ¢"" Fg = F} be the full
symmetry group of_.

Then the groupPy of linear parts of the Euclidean normaliz&§ is a subgroup of the nor-
malizer of P in B, i.e. Py < Ng(P).

Obtaining the groupPy of linear parts of the affine normalizer is in general mordicift
than for the Euclidean normalizer. First of all, this groupynbe infinite and can thus not be
found as the subgroup of some Bravais group. But even in the tteatPy is finite it is not a
priori clear in which Bravais group it is contained, sinceniy fix an arbitrary metric tensor in
the space of metric tensors for the point graeip

However, for the space groups in low dimensions the grbypcan always be found by
checking which of the abstract automorphismsibfire given by conjugation by an integral
matrix.

Finally, once the translation subgroip and the groupPy of linear parts of the affine or
Euclidean normalizer have been determined, one still hasrgpute a system of nonprimitive
translations, since in general the normalizer is not a seettproduct of/’y, and Py .

This can be done along the same lines as determining thdatianssubgroupl’y of the
normalizer by writing out the conjugation and solving a sysof linear congruences.
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6.4 Wyckoff positions and Wyckoff sets

In classifying point positions by their site-symmetry gpsuve have already noted that we will
certainly regard points in the same orbit under the spacepgas equivalent. Since points in
one orbit have conjugate site-symmetry groups, we thus twaeellect points with conjugate
site-symmetry groups into the same class.

Note however, that it is possible that two pointeandy which do not lie in one orbit under
G actually have the same site-symmetry group, e.g. if bothtpdie on the same rotation axis.

The equivalence classes obtained by defining points witjugaite site-symmetry groups as
equivalent are calleWyckoff positions

Definition 74 Two pointsz andy belong to the sam®@/ckoff positiorif their site-symmetry
groupsG, andG, are conjugate subgroups Gt

In particular, the Wyckoff position containing a pointlso contains the full orbit?(z) of
underG.

Due to the action of the affine normaliza&t, of G, some of the Wyckoff positions may still
have the same geometric properties. This is the case if thawmmetry groupé:,, andG, of
two pointsx andy are conjugate inV4 but not inG. Joining also these points into the same
equivalence class results in a coarser classification aitiet classes which are calléd/ckoff
sets

Definition 75 Two pointsz andy belong to the samé/yckoff sef if their site-symmetry groups
G, andG, are conjugate subgroups of the affine normalixgrof G.

In particular, the Wyckoff set containing a pointalso contains the full orbitv4(x) of =
under the affine normalizer @f.

Example: Let G be the space group of tym2nmmgenerated by the augmented matrices

~1 0/0 1 010
0 1]0 |, 0 1[0
0 01 0 0|1

and the translations of the standard lattice. One seeXGthws four Wyckoff positions with
site-symmetry group of typey these are represented by the points

@ (G) 0 (@) w(;) o)

Note that we assume thatandy are generic and not special values. In this case this means th
z,y & {0, %}, since otherwise the site-symmetry group would be larger.
One checks that the site-symmetry groups for the four WAigkaditions are generated by:

1 010 1 010 ~1 0]0 ~1 0|1
e (o =tjo], (nlo-=1t{1], @] o 1j0], | o 1]0
0 01 0 01 0 01 0 01

which are indeed not conjugate (h

2°The Wyckoff sets are given in Section 14.2, Table 14.2.3-tlijnensional space) and Table 14.2.332 (
dimensional space) on pages 850-870 of the ITA.
30we use the ITA notation for the Wyckoff positions, which ispéained below.

MaThCryst Summer School Garghano, 27 April - 2 May 2008



6.4 Wyckoff positions and Wyckoff sets 53

1
The affine normalizer ofs contains on the one hand translations t%/ and (1] (as com-

puted before), which shows that the Wyckoff positigasand( f) lie in the same2 Wyckoff set
just as(g) and(h) do. On the other hand the affine normalizer also contains dises ltrans-
formation interchanging the two coordinates, therefose &llyckoff positionge) and(g) lie in
the same Wyckoff set. This shows that actually all four WAfEkasitions belong to the same
Wyckoff set.

Geometrically, the positions in this Wyckoff set can be diésd as those points that lie on
reflection lines but are not rotation points.

In the ITA, the Wyckoff positions are included in the destiop of the space groups. The
convention is to label the Wyckoff positions by alphabdtijcay letters, starting witha for
the largest site-symmetry group and ending with the las¢d€tepending on the number of
Wyckoff positions) for the general position with triviaksisymmetry group. Also a symbol for
the site-symmetry group is given that provides informatbnut the type of the group and about
its orientation with respect to the lattice. Moreover, foMgckoff position with site-symmetry
group of ordetG, |, there aréP| /|G| points of the orbit given such that the full orbit is obtained
from these points by translations from the translationdattThe given points do not necessarily
lie in a unit cell of the translation lattice, but can be tiated into the unit cell by lattice vectors
and thus yield P|/|G.| different orbit points in the unit cell.

Note that the multiplicities given for the Wyckoff positismefer to aconventional cell
not to aunit cell (in our terminology). Thus, for a centred lattice the muigipy for the
general position ig - | P| wherek is the ratio of the volumes of the conventional cell and
the unit cell.

Exercise 9.
Let G be the space group of typ2gg generated by the augmented matrices

1
1 0|3
0o 1|1,
0 01

Show that there are two Wyckoff positions of typeind that these Wyckoff positions belong to
a single Wyckoff set. (Hint: It is enough to determine tha@siation part of the affine normalizer
of G.)
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