
THE KEMPF–NESS THEOREM

VICTORIA HOSKINS

1. Introduction

In this talk, we will prove the Kempf–Ness theorem which relates certain algebraic quotients
with certain symplectic quotients. More precisely, let G be a complex reductive group acting
linearly on a smooth complex projective variety X ⊂ PnC. Then one can consider the geometric
invariant theory quotient π : Xss → X//G, which is a categorical quotient of the open subset
of semistable points in X. As G is complex reductive, G is equal to the complexification of
its maximal compact subgroup K. Complex projective space PnC has a natural symplectic (in
fact, Kähler) structure given by the Fubini-Study form. The restriction of this to X gives
X a symplectic structure ω. Assuming that K acts unitarily, which one can always arrange
by rechoosing coordinates on Pn if necessary, there is a moment map µ : X → k∗ for this
action. One can alternatively consider the symplectic reduction µ−1(0)/K, which is a universal
symplectic quotient if K acts freely on µ−1(0).

Theorem 1.1 (the Kempf-Ness Theorem [2]). There is an inclusion µ−1(0) ⊂ Xss which
induces a homeomorphism between the symplectic reduction and the GIT quotient

µ−1(0)/K ∼= X//G.

There are many excellent expositions of this result; for example, [7] §8 and [10]. Before we
prove this result, we start with an overview of the construction of these quotients.

2. An overview of quotients in algebraic and symplectic geometry

2.1. Algebraic quotients. The construction of quotients by group actions in algebraic geome-
try is given by geometric invariant theory (GIT). Let us recall the construction of GIT quotients
over an algebraically closed field k (later on, when we compare GIT quotients, with symplectic
reductions, we will assume that k = C). As every GIT quotient is constructed by gluing affine
GIT quotients, we start with the affine theory first.

Let G be a reductive group acting on an affine scheme X = SpecA of finite type over k; then
there is an induced action of G on the finitely generated k-algebra A and the invariant ring AG

is also finitely generated as a k-algebra by Nagata’s theorem. The inclusion AG ↪→ A of finitely
generated k-algebras induces a morphism of affine varieties

π : X → X//G := SpecAG,

called the affine GIT quotient, which is a categorical (and good) quotient of the G-action on
X. In general, this is not an orbit space, but there is an open set of ‘stable’ points on which π
restricts to a geometric quotient (which, in particular, is an orbit space).

The affine GIT quotient is constructed by taking the spectrum of the subring of invariant
functions in the coordinate ring of X. To construct a GIT quotient of a reductive group G
acting on a (quasi-)projective scheme X of finite type over k, the basic idea is to instead take
the projective spectrum of a graded ring of invariants.

If X ⊂ Pn is a projective scheme, then its homogeneous coordinate ring is a graded ring
R = ⊕r≥0Rr such that R0 = k and R is a finitely generated graded k-algebra (in fact, the
generators lie in R1). We will refer to such graded rings R as graded k-algebras which are
finitely generated in degree 1. However, the coordinate ring does not just depend on X: it
depends on the projective embedding X ↪→ Pn. Conversely, if we take the projective spectrum
of a graded k-algebra R which is finitely generated in degree 1, then the projective scheme
X := SpecR also comes equipped with a very ample line bundle O(1). We will refer to a pair

1



2 VICTORIA HOSKINS

(X,L) consisting of a projective scheme X with a very ample line bundle L, as a polarised
projective scheme. A very ample line bundle L on X determines a projective embedding X ↪→
Pn. If (X,L) = (ProjR,O(1)), then the homogeneous coordinate ring of X for the associated
projective embedding X ↪→ Pn is R. More precisely, there is a bijective correspondence

{(X,L) polarised proj. scheme } ←→ {R graded k-algebra finitely gen. in degree 1}

(ProjR,O(1)) ← R
(X,L) → R(X,L) := ⊕r≥0H0(X,L⊗r).

However, we also need the action of G on X to lift to an action of G on R(X,L) for some line
bundle L. This is given by the notion of a linearisation of the action.

Definition 2.1. Let G be a group acting on a quasi-projective scheme X. A linearisation of
the action is a line bundle L on X with a G-action on L such that the projection L → X is
equivariant and the morphisms on the fibres Lx → Lg·x are linear. We say a linearisation is
(very) ample if the associated line bundle is.

Example 2.2. If G acts on on Pn by a representation G → GLn+1, then there is a natural
linearisation of the action on OPn(1). Indeed, the action lifts to the affine cone An+1 over Pn
and we can identify the tautological line bundle OPn(−1) with the blow up of An+1 at the origin:
the natural action on An+1×Pn preserves OPn(−1) and this action on OPn(−1) is a linearisation
of the action. Dually there is a linearisation of the G-action on OPn(1). If X ⊂ Pn is preserved
by the G-action, then there is also a linearisation on O(1)|X ; in this case, we say that G acts
linearly on X ⊂ Pn.

Let G be a reductive group acting on a projective scheme X with respect to an ample line
bundle L. As the action is linear, there is an induced G-action on the graded ring R(X,L) of
sections of powers of L, which preserves the graded pieces. The inclusion R(X,L)G ↪→ R(X,L)
induces a rational map

X = ProjR(X,L) 99K ProjR(X,L)G

which is undefined on the closed subscheme of X corresponding to the homogeneous ideal
R(X,L)G+ in R(X,L).

Definition 2.3. In the above setting, we make the following definitions.

(1) A point x ∈ X is semistable (with respect to L) if there exists r > 0 and an invariant
section σ ∈ R(X,L⊗r)G such that σ(x) 6= 0. The set of semistable points in X (with
respect to L) form an open subscheme Xss(L) = X − V (R(X,L)G+).

(2) The (projective) GIT quotient of G acting on X with respect to L is the morphism

π : Xss(L)→ X//LG := ProjR(X,L)G

obtained by restricting the above rational map to its domain of definition.

Theorem 2.4 (Mumford [7]). Let G be a reductive group acting on a projective scheme X with
respect to an ample linearisation; then the GIT quotient

π : Xss(L)→ X//LG := ProjR(X,L)G

is a good quotient of the G-action on Xss(L).

The idea of the proof is to use the fact that a good quotient is local on the target and to prove
that the above quotient is obtained by gluing affine GIT quotients, which are good quotients.
More precisely, by Nagata’s theorem, we can choose finitely many invariant sections s1, . . . , sm
which generate R(X,L)G as a k-algebra; then

Xss(L) =

m⋃
i=1

Xsi and Y := X//LG =

m⋃
i=1

Ysi

and Xsi and Ysi are affine schemes, as L is ample. Then one can show that π is obtained by
gluing affine GIT quotients

πi : Xsi → Xsi//G = Ysi .



THE KEMPF–NESS THEOREM 3

Remark 2.5.

(1) The projective GIT quotient X//LG is a projective scheme.
(2) As a consequence of π being a good quoient, the k-points of X//LG are in bijective

correspondence with the ‘polystable orbits’ (that is, the orbits that are closed in Xss(L)).
(3) The projective GIT quotient restricts to a geometric quotient on the set of ‘stable points’,

which is an open subset of X whose k-points are points whose G-orbits are closed in
Xss(L) and have dimension equal to the dimension of G.

(4) More generally, Mumford constructs quasi-projective GIT quotients of quasi-projective
schemes with respect to a linearisation of the action [7].

Example 2.6. Consider G = Gm acting linearly on X = Pn by

t · [x0 : x1 : · · · : xn] = [t−1x0 : tx1 : · · · : txn].

Then we have

R(Pn,OPn(1))G = ⊕r≥0k[x0, . . . , xn]Gm
r = k[x0x1, . . . , x0xn].

The semistable locus is (Pn)ss = Pn − V (x0x1, . . . , x0xn)

(Pn)ss = {[x0 : · · · : xn] ∈ Pn : x0 6= 0 and (x1, . . . , xn) 6= 0} ∼= An − {0}

and the GIT quotient is

ϕ : (Pn)ss ∼= An − {0} → X//G = Proj k[x0x1, . . . , x0xn] ∼= Pn−1.

In fact, this is a geometric quotient and the stable locus coincides with the semistable locus.

In general, it is not so easy to compute the semistable points for an action. Often one uses
the Hilbert–Mumford criterion, which is a numerical criterion, to determine semistability. This
follows from the following topological criterion for semistability, which we will use later on in
the proof of the Kempf–Ness Theorem.

Proposition 2.7 (Topological criterion for semistability). Let G be a reductive group acting

linearly on X ⊂ Pn. For x ∈ Pn, choose a non-zero lift x̃ in the affine cone X̃ ⊂ An+1. Then
the following statements hold.

(1) x is semistable if and only if 0 /∈ G · x̃.
(2) x is polystable if and only if G · x̃ is closed.
(3) x is stable if and only if G · x̃ is closed and has dimension equal to the dimension of G.

2.2. Symplectic quotients. The construction of quotients by group actions in symplectic
geometry is given by the symplectic reduction. Let K be a Lie group acting symplectically on a
symplectic manifold (X,ω). For dimension reasons alone, the topological quotient X/K may not
be symplectic. Instead one uses a moment map for the action to construct a symplectic reduction
of the action. The moment map is essentially a lift of the infinitesimal action k→ Vect(X) given
by A 7→ AX , where

AX,x =
d

dt
exp(tA) · x|t=0.

Definition 2.8. A moment map for K acting on (X,ω) is a smooth map µ : X → k∗ such that

(1) µ is K-equivariant (where K acts on k∗ by the coadjoint action),
(2) µ lifts the infinitesimal action, in the sense that, for all A ∈ k, we have

dµA = ιAX
ω := ω(AX ,−),

where µA : X → R is the map given by x 7→ µ(x) ·A.

The following example will be very useful later on.

Example 2.9. Consider the unitary group U(n+1) acting on complex projective space PnC by its
standard representation on Cn+1. We recall that PnC is a symplectic manifold, with the Fubini-
Study form ωFS constructed from the standard Hermitian inner product H on Cn+1. As H is
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U(n+ 1)-invariant, it follows that the action preserves ωFS . Let p = (p0, . . . , pn) ∈ Cn+1−{0};
then there is a natural moment map given by

µ([p]) ·A =
Trp∗Ap

2i||p||2

where [p] ∈ Pn and A ∈ u(n+ 1) and p∗ denotes the complex conjugate transpose of p.

For a coadjoint fixed point η ∈ K∗, the equivariance of µ implies that the preimage µ−1(η) is
preserved by the action of K.

Definition 2.10. The symplectic reduction at η is the orbit space

X//redη K := µ−1(η)/K.

Theorem 2.11 (Marsden–Weinstein–Meyer [5, 6]). Let K be a Lie group acting on a symplectic
manifold (X,ω) with moment map µ : X → K∗. If η ∈ K∗ is fixed by the coadjoint action and
the action of K on µ−1(η) is free and proper, then the following statements hold.

i) The symplectic reduction µ−1(η)/K is a smooth manifold of dimension dimX−2 dimK.
ii) There is a unique symplectic form ωred on µ−1(η)/K such that π∗ωred = i∗ω where

i : µ−1(η) ↪→ X is the inclusion and π : µ−1(η)→ µ−1(η)/K is the quotient map.

Let us recall the idea of the proof. It follows from the infinitesimal lifting property of µ
that η is a regular value of µ if and only if the action of K on the level set µ−1(η) is locally
free. By assumption, this action is free and so η is a regular value. Hence µ−1(η) ⊂ X is a
smooth submanifold of dimension dimX − dimK by the Preimage Theorem. Since K acts
freely and properly on µ−1(η), the topological quotient can be given a smooth structure by the
Slice Theorem such that π : µ−1(η) → µ−1(η)/K is a principal K-bundle. The infinitesimal
lifting property of µ combined with the fact that η is a regular value of µ can then be used to
prove that for all x ∈ µ−1(η), we have

(Tx(K · x))ωx = ker dxµ = Txµ
−1(η).

Therefore, Tx(K · x) is an isotropic subspace (that is, Tx(K · x) ⊂ (Tx(K · x))ωx) and so there
is an induced symplectic form on the quotient vector space

(Tx(K · x))ωx/Tx(K · x) = Txµ
−1(η)/Tx(K · x) ∼= Tπ(x)(µ

−1(η)/K).

This produces the required symplectic form on µ−1(η)/K.

Example 2.12. Consider the action of K = S1 ∼= U(1) on complex projective space PnC (with
its Fubini–Study form ωFS) by

s · [x0 : · · · : xn] = [s−1x0 : sx1 : · · · : sxn].

Since S1 acts by a representation ρ : S1 → U(n + 1), the moment map for this S1-action
µ : PnC → R ∼= (LieS1)∗ is the composition of the moment map µU(n+1) : PnC → u(n+ 1)∗ for the
U(n+ 1)-action followed by the projection ρ∗ : u(n+ 1)→ u(1)∗. By Example 2.9, we have

µ([x0 : · · · : xn]) =
−|x0|2 + |x1|2 + · · · |xn|2∑n

k=0 |xk|2
.

Then µ−1(0) = {[x0 : · · · : xn] : |x0|2 =
∑n

k=1 |xk|2} and so

µ−1(0) ∼= {(X1, . . . , Xn) ∈ Cn ∼= (PnC)x0 6=0 :

n∑
i=1

|Xi|2 = 1} ∼= S2n−1

and

µ−1(0)/K ∼= S2n−1/S1 ∼= Pn−1C .
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2.3. An example of the Kempf–Ness Theorem. In Examples 2.6 and 2.12, we saw the
first example of the Kempf–Ness Theorem. Let G = Gm = C∗ act on PnC by the representation
ρ : Gm → GLn+1

t 7→ diag(t−1, t, . . . , t).

Then the GIT quotient is

π : (PnC)ss = PnC − V (x0x1, . . . , x0xn) ∼= An − {0} → PnC//Gm = Pn−1C .

The maximal compact subgroup K = U(1) ∼= S1 of G acts symplectically on (PnC, ωFS) with
symplectic reduction

µ−1(0)/K = {[x0 : · · · : xn] : |x0|2 =
n∑
k=1

|xk|2}/K ∼= S2n−1/S1 ∼= Pn−1C .

In particular, there is an inclusion µ−1(0) ⊂ (PnC)ss which induces a homeomorphism

µ−1(0)/K ∼= S2n−1/S1 ∼= Pn−1C
∼= PnC//Gm.

3. The proof of the Kempf–Ness Theorem

3.1. Complex reductive groups. If K is a real compact Lie group, we recall that its com-
plexification G := KC is a complex Lie group which contains K and the Lie algebra g of G is
the complexification of the Lie algebra K of K (g = K⊗R C ∼= K⊕ iK). We recall the following
standard result about complex reductive groups (for a proof see, for example, [9] Chapter 5
§2.5).

Theorem 3.1. The operation of complexification defines a one-to-one correspondence between
isomorphism classes of compact real Lie groups and complex reductive groups.

Example 3.2. We list a few examples of pairs (G,K) consisting of a complex reductive group
G and its maximal compact torus: ((C∗)r, (S1)r), (GLn(C),U(n)) and (SLn(C),SU(n)) .

3.2. The first version of the Kempf–Ness theorem. Let G be a complex reductive group
acting linearly on a smooth complex projective variety X ⊂ Pn via a representation ρ : G →
GLn+1(C). Let K be the maximal compact subgroup of G, so that G = KC. Then K also
acts on Pn and, as K is compact, we can choose coordinates on Pn so ρ restricts to a unitary
representation ρ : K → U(n + 1) of K; hence, the associated Fubini–Study form ωFS for this
choice of coordinates on PnC is the preserved by the action of K. Then the action is Hamiltonian
with moment map µ : X → K∗ given by the composition

X �
� //PnC

µU(n+1) //u(n+ 1)∗
ρ∗ //k∗,

where µU(n+1) is the moment map given in Example 2.9.

Theorem 3.3 (The first version of the Kempf–Ness theorem [2]). Let G = KC be a complex
reductive group acting linearly on a smooth complex projective variety X ⊂ Pn such that its
maximal compact subgroup K acts unitarily with moment map µ : X → K∗. Then the following
statements hold for closed points x ∈ X.

i) G · x ∩ µ−1(0) 6= ∅ ⇐⇒ x ∈ Xss.
ii) G · x ∩ µ−1(0) 6= ∅ ⇐⇒ x ∈ Xps := {x ∈ Xss : G · x ⊂ Xss is closed }.
iii) If G · x ∩ µ−1(0) 6= ∅, then this intersection is a single K-orbit.

In particular, we have a chain of inclusions µ−1(0) ⊂ G · µ−1(0) = Xps ⊂ Xss.
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3.3. The proof of the first version. For the proof of the theorem, we shall assume for
simplicity that X = Pn as the version for X follows from the version for Pn (since X(s)s =

X ∩ (Pn)(s)s and similarly for the polystable locus).
Let H : Cn+1 × Cn+1 → C be the standard U(n + 1)-invariant Hermitian inner product on

Cn+1. Then the Fubini–Study form ω on Pn is constructed via the projection Cn+1−{0} → Pn
from the imaginary part of H; that is, if v ∈ Cn+1 − {0} and we identify T[v]Pn with the

orthogonal space to v in Cn+1, then

ωFS,[v](u,w) =
ωCn+1(u,w)

||v||2
=

1

2i||v||2
[H(u,w)−H(w, u)].

Then the moment map µ : Pn → K∗ is given by

µ([v]) ·A =
Tr(vtAv)

2i||v||2
=

1

2
ωFS,[v](Av, v) =

H(Av, v)

2i||v||2
,

where we view A ∈ k as an element of u(n+ 1) via the representation ρ.
Let || − || denote the norm associated to the Hermitian inner product H. Then as in [2], we

consider the non-negative function
pv : G→ R
g 7→ ||g · v||2.

We note that pv is constant on K, as H is K-invariant.

Lemma 3.4. An element g ∈ G is a critical point of pv if and only if µ(g · [v]) = 0.

Proof. As pv(g) = pg·v(e), we see that g is a critical value of pv if and only if e is a critical value
of pg·v. Hence, it suffices to prove that e is a critical value of pv if and only if µ([v]) = 0. Since
pv is constant on K, it suffices to consider elements of the form 0 + iA ∈ k⊕ ik = kC = g. Then
we have

depv(iA) :=
d

dt
|| exp(itA) · v||2|t=0

= H(
d

dt
exp(itA) · v|t=0, v) +H(v,

d

dt
exp(itA) · v|t=0)

= H(iAv, v) +H(v, iAv)

= i[H(Av, v)−H(v,Av)]

(1)
= 2iH(Av, v)

= −4||v||2µ([v]) ·A,
where the final equality is by definition of µ and the penultimate equality relies on the fact that
for v ∈ Cn+1 and A ∈ u(n+ 1) one has

(1) H(Av, v) +H(v,Av) = 0.

Hence, e is a critical point of pv if and only if µ([v]) = 0. �

Lemma 3.5. For v ∈ Cn+1, the following statements are equivalent:

i) G · v is closed;
ii) pv has a minimum;
iii) pv has a critical point.

Proof. i) =⇒ ii): If G · v is closed, then also ||G · v||2 is closed, as the norm || − ||2 is proper
(as it is continuous and the preimage of a bounded set is bounded). Therefore,

inf
g
pv(g) ∈ ||G · v||2 = ||G · v||2 = Im pv;

that is, pv attains a minimum.
ii) =⇒ iii): as any minimum is a critical point.
iii) =⇒ i): Suppose that G · v is not closed. Pick a closed orbit G · u ⊂ G · v −G · v. By a

fundamental theorem in GIT, there exists a 1-PS λ : Gm → G such that limt→0 λ(t) · v ∈ G · u
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(this result is used to prove the Hilbert–Mumford criterion). By conjugating λ, we may assume
that λ(S1) ⊂ K. The λ(Gm)-action on V = Cn+1 is completely reducible; that is, we have a
weight space decomposition

V =
⊕
r∈Z

Vr where Vr := {w ∈ V : λ(t) · w = trw}

and this decomposition is orthogonal with respect to H. We can write v =
∑

r vr in terms of

this decomposition. Since limt→0 λ(t) · v ∈ G · u ⊂ G · v −G · v, it follows that

(1) vr = 0 for all r < 0 (for the limit to exist),
(2) vr 6= 0 for some r ≥ 0 (for the limit not to lie in G · v).

Let us consider the infinitesimal action of

A :=
d

dt
λ(exp 2it)|t=0 ∈ k.

The infinitesimal action of A on vr is then Avr = Avr = 2irvr. Hence,

H(Av, v) =
∑
r,s

H(Avr, vs) =
∑
r

2irH(vr, vr),

where in the second equality, we use the fact that the decomposition is H-orthogonal. Then

µ([v]) ·A =
H(Av, v)

2i||v||2
=

1

||v||2
∑
r≥0

rH(vr, vr) > 0,

where the sum is taken over r ≥ 0 due to (1) and it is positive due to (2). It follows from
Lemma 3.4 that e is not a critical point of pv. We can repeat the above argument replacing v
by g · v to prove that e is also not a critical point of pg·v. Hence, we conclude that pv does not
have a critical point. �

Remark 3.6. In fact, one can show that the critical values of pv are non-negative, i.e. pv is
convex and so every critical point is a minimum.

Remark 3.7. As G is the complexification of K, every element g ∈ G has a Cartan decompo-
sition g = k exp(iA) for k ∈ K and A ∈ K (for example every invertible matrix M ∈ GLn(C)
has a decomposition A = UH as a product of a unitary matrix U and a Hermitian matrix H).

Proof. (The first version of the Kempf-Ness Theorem.)
Let v ∈ Cn+1 − {0} lie over x = [v] ∈ Pn. Since we will deduce i) from ii), we start with the

proof of ii).
ii) By Lemma 3.4, we have g · [v] ∈ µ−1(0) if and only if pv has a critical point at g. By

Lemma 3.5, this holds if and only if G · v ⊂ Cn+1 is closed. Then by the topological criterion
for polystability, G · v is closed if and only if [v] ∈ Pn is polystable.

i) [v] ∈ Pn is semistable if and only if there is a polystable orbit G · x′ in G · x. By ii), this
is the case if and only if G · x ∩ µ−1(0) 6= ∅.

iii) We need to show that if x and y are both points in the same polystable G-orbit with
µ(x) = µ(y) = 0, then x and y belong to the same K-orbit. We can write x = gy and let
v, u ∈ Cn+1 be points such that [v] = x and [u] = y; then pu and pv both attain their minimum
at e and pu(e) = pv(e) = pu(g). Consider the Cartan decomposition g = k exp(iA). As the
Hermitian inner product H and its associated norm || − ||2 are K-invariant, we have

pu(g) = ||g · u||2 = || exp(iA) · u||2 = pu(exp(iA)).

Since pu is convex, pu(exp(itA)) ≤ pu(exp(iA)) = pu(e) for t ∈ [0, 1]. But pu(e) is the unique
global minimum of the convex function pu and so this must be an equality; that is, pu is not
strictly convex along exp(itA) or, equivalently,

0 =
d2

dt2
pu(exp(itA))|t=0 =

π

||u||2
H(Au,Au).

Hence, the infinitesimal action Ay = Au is zero and thus iA ∈ iKy ⊂ gy = LieGy. Therefore

x = g · y = k exp(iA) · y = k · y,
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which proves that x and y belong to the same K-orbit. �

3.4. The proof of the main version and corollaries. Now we prove the main version of
the Kempf-Ness theorem as stated in the introduction as a Corollary of the first version. A nice
exposition of the proof is also found in [7] §8.

Theorem 3.8 (The Kempf–Ness theorem [2]). The inclusion µ−1(0) ⊂ Xss induces a homeo-
morphism

µ−1(0)/K → X//G.

Proof. First, we note that the inclusion µ−1(0) ⊂ Xss given by the first version of the Kempf–
Ness theorem induces a continuous map

µ−1(0) �
� //

��

Xss

��
µ−1(0)/K //X//G,

by the universal property of the topological quotient.
We claim that as sets these two quotients are isomorphic. The set of k-points of the GIT

quotient X//G is isomorphic to the set of polystable orbits Xps(k)/G. By parts ii) and iii)
of the first version of the Kempf-Ness theorem, every polystable orbit meets the zero level set
µ−1(0) in a unique K-orbit and so this gives the required bijection of sets.

As µ−1(0) is a closed subset of a compact space, it is compact and so is the symplectic
reduction µ−1(0)/K. Hence, the map µ−1(0)/K → X//G is a continuous bijection from a
compact space to a Hausdorff space and so is a homeomorphism. �

Remark 3.9. The inverse of the map µ−1(0)/K → X//G can be constructed using the negative
gradient flow of the norm square of the moment map; let us explain the idea. If we fix a K-
invariant norm on k∗, then we can consider the negative gradient flow of the norm square of the
moment map ||µ||2 : X → R. Every point flows to a point in the critical set of ||µ||2 and in this
way we obtain a Morse-type stratification of X indexed by components of the critical set. The
critical set for the lowest Morse stratum is the zero level set µ−1(0).

On the algebraic side, one use a normalised Hilbert–Mumford weight to stratify the unstable
locus X − Xss following work of Kempf [3] and Hesselink [1]. Let us recall that the Hilbert–
Mumford criterion: a closed point x ∈ X is semistable if and only if µ(x, λ) ≥ 0 for all 1-
parameter subgroups λ : Gm → G, where µ(x, λ) is the Hilbert–Mumford weight. The norm on
k∗ is used to construct a normalised Hilbert–Mumford weight. Then for each unstable orbit one
associates a conjugacy class of (rational) 1-parameter subgroups which minimise the normalised
Hilbert–Mumford weight and so are ‘most responsible’ for the instability of these points; this
is Kempf’s notion of an adapted 1-PS [3]. The lowest stratum in the GIT stratification is the
semistable set Xss.

A result of Kirwan [4] and Ness [8] says that these two stratifications agree. In particular,
the lowest Morse stratum for ||µ||2 coincides with Xss and so the negative gradient flow induces
a retraction Xss → µ−1(0) which determines an inverse to the map µ−1(0)/K → X//G.

We give a proof of a second very useful corollary.

Corollary 3.10. The origin is a regular value of µ if and only if Xss = Xs.

Proof. The origin is a regular value of µ if and only if for each x ∈ µ−1(0) the stabiliser group Kx

is finite. Since G = KC, the stabiliser Kx is finite if and only if the stabiliser G ·x is finite. Then
by the first version of the Kempf–Ness theorem, it follows that Gx is finite for all x ∈ µ−1(0)
if and only if every polystable orbit has full dimension, that is, if and only if Xs = Xps. As
every semistable orbit G · x which is not closed contains a unique polystable orbit in its closure
of dimension strictly less than G · x, it follows that Xs = Xps if and only if Xs = Xss. �

Remark 3.11. If K acts freely on µ−1(0), then the quotient µ−1(0)/K is smooth. In this case,
0 is a regular value of µ and thus Xss = Xs. Since the G-action on Xss is free, it follows from
Luna’s étale slice theorem that X//G ∼= Xss/G is smooth.
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