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@l Coherent sheaves
Mt (X C§1) be o projechive scheme with on omple line kundle.

Moduli proldem : Closs'iﬁj coherent sheawss of Ox-moduls on X Mﬁxcd
Hilbet Po‘jmmlal P up b 1somorphism,

Def A shuaf € is n-regular f H(X €a-i)=0 Vi3l
Facts a) ng, coh sheaf over X is n-rcgular for n»o0

b) I§f T 1S n-regular, then
i) € is m-requlas for mn
i H'(EM)=0 Viv0
W) eval : HA(EW))® 0;(*!0 = ¢ is sujechive,

lumma : Eveny n-requlor coherent sheaf with Hilbert poly Pis parametnsed by
0. Po(nl- In aGn oPM Subscheme
QT € Quaty ( €°V@ O, P) = Queka.
\ o o
{T C bC‘J,(-n\ —NE : Cis n-regulu ond H’(cl(n\) IS an i903
Furthermore, Glam A Quot, and we have a (-1 corfespondence:
I1SOS

e . -re I\ n-req wh sheaves pver X
* (’l.ﬂn) “b‘h n d‘ ; } — {bﬂ'kjul‘bﬂt Wm‘d P 3/2‘/.

Proct (£ €15 n-regolar, then eval : H(EN® Ox(-n) —»€ and

dim H(E(n)) = An). 33 thoosing. on 150 W: H(Ela) = CP™ s cbtain
o quokent Qg i €78 O T HUENIBON Smg i @),
Furthermore, the GLp,)-0chon accounts for the above chace of iso Y.
More preuisdy, 'lf-' 9-9 =9', then we have a commutahvwe square

@ O-n L (MR oOEn) - € e. ¢
I 12
C""\@ &f"lﬂ > 8 ’ ‘Q

COU\VCI'SGLL}’ lf ‘1‘!-"1' m‘d (i’c,l '€ Qh'ﬂ, Gnd Egil) When 3.1‘:"*:?‘;\;
where 9€ Gleen s te [ouow‘ng. iso 9 : ¢ & H(En)) E-"..q;I-l';(E"lM)&"-"’_,tl:",,('°
Wy H® (@ (n) . &
Rk To construct a coarse modudi spoce, we wont h 'l'nh-c,qa cateqoncal
quonent of Hais ackon wsing. G(T.



Se.msm\oWg ﬁ sheaves

There are two notions of semistabiliby :
\) M““‘ford's slo‘n sem‘si'abui'f, ‘ﬁ'r torsion fra. sheaves : P(s):= i_jg slope |
2) Gesckes- Mwuaam's reducd Hilbest ial semistobuiby. for pure sheavs

L pred(g):= %l

Dek A coh shea§ € over X s Semistable if ¥ 0#€'¢c £, we have

P(e',n) ¢ AEN) ¥ m>In>70 Notation : P(£)<
PCE!, m) PCE m) ﬁ(- —_— (2)3 PeE).

Rmk - We can rephrase < in tems of the colffiaats of the Hibet poly.

. Lower dcgru Fol“,nomals ore ranked lnlahu' wrtk. & D waﬁwedﬂ::n

* for pounomials of the same ree, $ 15 equivolent o an (ne
rcdu:g Hibet polgmmab.d'g e%‘ i"d'l'y g

. ~The Hilbesrt F!lljhdhld ond thus &Ml'ﬂubiH; depend on  G).
Theorerm (ke Potier - Simpson)
“Thee exsts N st ¥V n7N, every semistable sheaf on X with fixed
Hilbe rt Mnm‘ial Pis n- g uor.
=> semistabl sheaves are Poramemsed y Q: " C Q"-r?
lt R be the chosure of Q. in Quot,. \\{q:ﬁtﬂ“bql'ﬂ)-"f : €is smi'shbk}

Qoal: -+ Construck moduli spact for semstable sheaves -

luineansahon of the achon: for M 7N, use (\rothad'«'f'f U"bdd'a of Quot,
Qudbn <> G (CBHTOmm) Pm) X5 e
(q: a:’l“bq-n\ »£) [H‘(c‘lm\\: CORHAO () ~» HTE(M\)]

hk &nm be the pullback of (%(rn to Quobn.

Theorem [ Seshodri, Oieseke, Maruyama, Simpson)
for m»>n >20, ?(X\ = R/L ELP("‘ is & coarsc moduli spac for S-equiv.

dosses of Semistable sheaves over X with Hilbert polynamial P,

Exercise : [f X 15 o smodh poy curve and €, F arc vedhr burdls on X,
< (€)= deq £ < = de ¥
sho ) PCE) X P(¥) & MEF= S & w(¥F):= dgd

Hint: P(Ein) = rhEnt degl + kT (1-9) ba Riemann - RoCh.
) Z: Ke(CohX)— € s & Bpdaecland stablki condibon on Coh X

o e AT 50 2osemistainfy € o semistabidy




Harder- Norasimhon Strahficahons

Progosihon EW wherent sheaf ¢ over X has a unique Harde-Norasimban
fivabon wek B 0=E0E 95 -+ SEVE st gie £
are semistoble and P(E') ¥ P(EY) ¥y ... - ¥ P(e").

Notation: The HN type of €is ‘C(£)=(P(£‘),...,PC€")).

Rmk: Tn aeneral, there are infimbely mony HN types for sheaves wita
o 2X¢d Hilbert Fb(anom'lal- da

¢ X= P ond Plb)= At41) €— W.poly of rh 2 deq O sheaf on X.
= OO O(n) hos HN filty OIS €a and bype Tp=(tene , t-n+)).

‘TKCN(’-W\ ( Shat 2, Nitsqre)

Lt 3 be a‘fam'ilg over a (fumte bf) Scheme S of h sheaves on X, Then

the HN bype 15 upper semi-continuous  T: S —> HNT .
s —> T(F)

Farthermore, there 15 a finite stratifi cahon
S=115¢ into locau-a dosed subschemes S
.

such that sedc & TFs hos WN l‘.gfw. T.

EQ.' )3 'lfn be the universod quohient sheaf on the Quok scheme

Qﬂ"'s X X n-req n-req
Then we have a strahficadon by HN bypes : Q --'.l_.'!.Q.c

05 Commson Resulls
We WLant o compare the HN stratificahion ans = |l Q"::"a

i
oith the GIT instabiity strahficahon for Slp) A Quoka LIE Lo

and e Euclldean norm on |-PS oj SLF(n), resmcked o Qn-f‘-ca CM“:
n-re nymM orm__
q =1\ S S~V
BeBom
Reas: GIT unstoble indas B=(C2],d) € cony dass | 23] of a rax®
con'dmsujrl neq numbes -PS ‘f SLf’Cn)
'F* o} Slpcm)

(A, d) 1 72
QL‘QQ d:-ll?slatl & %:n)a) P

for ne N, st A's primiive



S
Def ket v=(P,...,P5) be o tuple of Hilbert Polynomials st 2 i =F
fr mne M, dehne Fn,m(\)) to be Hne m]ucaa chass o&

Une rational \-PS of SL i § here
4 Plr) l;‘——9(‘; P‘h? (: = Plm) "P-.i.(_".‘.)

' tr’ 1&(’) PnY Pin).
Ps

Rmk: |f v is o HN type, ea Py -- Y
8 for m>7n370, r v 0.

Thm (K. -kinoan)
Lt T be a HN type for o sheaf on X with Hilbert Pd‘jr P.
Then for m>>n >70 (depending on T),

Q n-rey Sn. m )
A = mlT
UN Stratum gcif:dd‘me P \ G\T Stratum

Queshon : Whg don't these Stratificahons (oincide ¢

) for fixed n and m, the assignment  HN bypes —> (ony 'chss:so ST':)

1S !\_Ef_ |'njtd'ive T +— pmm (T)

2) for each T, the dwic 6F m>In270 in this theorem dg_‘:g/ds
on T, but Uhere are inﬁ'dlh(ﬂ vany HN types
—> can't pick. finite m and n 5o Hhat we have an
inchusion for ald HN ypes.

Soluhions () Canrefine GIT stia by gatheang tgether Some of the connected
Componenh  «f 5(;"':' A~ S“\',M = SP refined ba‘\:;(..ﬂ;\’):i\
2) Comstract an asymprobic GIT stahficahon using. the ™
Strabfications on Q'""? C Quotn for oM n.

I i ""3

") (Mmerion ey rasd W-r ) Qu'-r.,
cﬁmed’ staCks fok,", 7 GLpce) — t""‘r,? [ /a%,).l
The limit (ﬁ' this diagmm s e Stock Congp of coherent sheaves.




Sina the WN strahficotions and OIT strahfi cahons on each @ ¢ are
Glpe) - invanant, they descend 0 the stack quohents:

ey - LGS, G- LS,
HNV  stratifi cahon (refined ) GIT stratificahon
Dt For v a bupe of Hilbert polynomials Which sum b P, we (t
3'::“' for ' 7n be Lhe ﬁUowina fbre  product

'I’

Theorem (H.)
) For eath tuple Vv ond n'>5n>50, the stacks 'S':;h' stabilise to
on QS‘aMP\'DHC OIT stratum 5,
st. FeS5,&E) FeS, ¥ avvo.
) Sv¥$ & vis a HN type.
3) for a HN type T, we have ta te asympbhc GIT statum St

wreq

equals fLe HN siratum f""‘x,o,‘t’nu Coly o1 -

Hena, the asymplohc GIT srahficahon on Ghxe winudes with
the HN Stratificahon on Cohx,e.




