Strahficokhons for growp achons & modwls problen

Todk T : Geomenc TInvanant Theory & instability sirahficotiond
by V. Mot

21 Mumford’s Geomenc Invanww (GIT)
Consider an achon of an othine elgcbrac group G
on o vanely X over R=C.

Exl G= Gm O X=A by bt (x,y)=(bxt7y)

Q_:é_i_\_'s: J\ .Com'c.S:ﬁ)r g ¥0
\ ‘.: —  Cx=4(¥Y): Xg”‘?] % closed

0 open
o PW\Md %'GYLS .3

Oef™ : A CMG_“_C_N_AM of GNAX s a untversal
Gi-invomank MO‘l'p\'\\Sm Lf: X =>4 (%’ v/ x_‘;,\.,
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Ke Bf K € G mox®
Compack

G OWX) by (3-;?)(:1:) = £(g™ x).

Hilberb/Noggha = OCX) is a finitcly gun. R-algebra.
Mumbrd: () & OO inducss a. menphism af

offire vanehes ¥ T,y /6 := Spec O
The alfune OIT aluo‘h‘ml' X XlI6 15 a good & coxegoncol quohiest.
Notokion : We wnle X6, os k is st an ofbk spac in genenl,
Ex\ OLAY) G _ h[uua,] and ﬂ'L A= /P\t//&lm fs o

cokegoncok quotaeak, ouk nok aa orbk Spact, 03 o) = usion o




Rk The preimage of each psuk under T Conkains a! closed orhit,
Ex2 G 7V K by scolr mulhplicahon.
obs ° punctured lines though O (open) __\___./
(Aosed) / |

OPANE" =k and T: /A —> * confrads all orbiks.

n n-l
~ We’d Whke b remove the on'gm 8 ?d: A-10] — P .
This can be done introd ucfngf a nohon "J’ SW‘S‘%WU
associaled to a“Uneansahon of the achon.

42 Prjeche GIT
Now Suppose X cIP®is a prejechive va.n'd:a. ond G
acts linearly on X le wvia a Wner rep. G — Glai.

T Inomogmcouu Coord nna rqolaccs the coordwnalt M}

R(X) = ROXe,-w %] v @ R(X),

70

As the achon 1§ lineas, b fespeds the 3mdm3, and
RO = © RIX). —> RO =@ R

indus @& (akonal Mo PNiS of Prod«ed'lv-c van-ehes
X - - - X[/ 6= Py R(X)°

V 11 s the Pchd‘l'trc a\T q,uoh'enJ: ]
it's o good and cokegorical quoheat
& @ N X*

Locus
n : _ , €
Def”: x e X is semistade if 3 Fe ROO; for r>O
such that £(x) #0.
Notohon : X* is b sek 03 sevuS tab\e Pows_




Rmk T\ X3 — Y= X/G can be conshucted by,
gfming ogfine OIT quolienks Te: Xg =5 for fe R(XLC:

In fuct X® = U Xs.
fe R

E_)E}_ G R 'Pn b” (E'Im - GLM'I; L diag (,‘t-‘)t,..._,b)

QP = Rlxe,. - Xa) 2 RIP) "= k[%eX), XoXa, ... XeXe) &
(PP)S = ke :Xa) & %eXi 70 for some 1§ T A-40),
The pcoj. G\T quolent (s (|P")“—‘-T-9 ‘P"//&...‘Fm\j R(xeX,, ... XoX

%3 The Hﬂbut-MumM cntenon @r semfsmbmg

Problem: To determine X we ned b knob R()OC1|

Toﬂgi ol Critenon for Semistablihy
For % € XS IP" choose a Uit X e A -40).
Then X is Semistable <> O & a-x.
°f 7D 06 G- X D every fe RO()? sohsfies {{")"'H")’o-
e X is offine & G is geomemncally reduckve = 1 G-UWV
homog eneous § € (X2 = ROOT for ¢70, ok _

¢ o\t'sao\'nt losed G-inv sels O & CYE
e &)

AE -

Q: Hoo do 0e thdta an otk dosuﬂ?

— Use \imis of \-paametesr Subgroups i Gm = G
Valuah'vt Cﬂ{' ¢n on fo’ rm‘nrm.ss : X is FNPOI'.
MVE L Lim AL % denore the im o,
G — X e-‘-':o ﬂe l%
Um AL % = lim M) -x.
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Nok : for Xe X, the limis lim OB may nob exisb.
bor oo

1§ 3 |-PS A:Gm—Q st Lim ?st_b)"i':O => « is nat semistable,

k=20

Converse\ly, We can appuy:
Theorem (Kempf, Richordson)
it GAVE Y ineody. For ve V and any. G-inv dosed ZEV

CAode

Shich metks Gv, 3 1-PS A: GG sk Um NOve Z

0

Thm (Hiloert-Mumord critenon) .
e X (s semistable & VIS At w0, é’-’!‘o Ae) - X £0,

Dﬁ.n: ket }F}*('&; A) be the unique infojc.r such thol
lim EPME)-X exists and IS non-2eo.
t=20

fktlﬂ‘) s caled the Hilbert -Mum rd peight
Leight of the NG - achon on O, (1) over

th yed po lim 2)-x e X,
e Pxe pont l:t-:'o?' x

8_‘_“_!- ® r(x,?\) =

* plxg, M Y0 3 im A£)-X does nob exisks,

0

ulx, A) =0 = Um AlE) - X exists ond 1S non~Eew,
t-0

min, A) <O = lim A(e) - X =0.
t-20

'\"'\___r:-_ (Hilbdt'Mwwford entenon - version 1)
re X iS Semistoble ¢ iz, N30 V I-PS \:Gm— 6.

&l_“_b:_: 1“5k0d 65 Conél'o\e(i'ng on gmbedd‘;\j’ X C ‘?n S. k.
Ue G-achon on X 3 Lnewr, we can use a \ineori sahon

i-"s'"{n ampe Line bundle T: L= K oith a G-achon ba. bundle aulos

GsL>L Then RO is replaud by RL\(,L)-:‘_?;OHO(X, %)
ROK,L)

S % Bwemve XU X[IG = Pro}




gl, Insrabiity Stratificahions
'I_cl_ga : Sfth the unstable locus X = X - x* by

/
assouahng 1D each X € X* a |-PS that 1S most
rcsponsib(t“ for x beng unst:abh,uﬁna & normalised

Hilbert - Mumford weghk. /
Note: inf p(x,A) docs not exish oS u(x, ") = nulx,A)
A for ne IN,
ok inf 1A does exsE (o anorm NN en I-PSs,
Ayl
Rx 1<€G6 max® ous ond I-ll o W%“'nvaﬂ'aﬂ nomv

on the space of FPS  Xu(T)g. for aay A: Gm —0,
e Waw:=ll 3?3" N for g St 37\3" e X.(T).

E_s' 0) Euclidean norm B G=0La
V= dfﬁ?ﬂ\d mal‘r\'&S, Gha Euq;d(m nofm ON
n

Xe(T) =R 15 §'-invanont.
b) G =6Gly x.. xGla ~ LRight €ach Eudideon
nofm \6\“3 o« = (Xy,. ., %) € ‘Nr

F
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ss
X, 2) ; then M(x) 7,0 & xe X
1AW

Lt M(x):= u;;& e

IS M(x) = a(.,?).
3 > W x) ’L(ll 2\

Qﬁ“: A pn'm'ttirt- I-PS N\ s
L Al = 41-PS odapred o X3,

() N2)# ¢ ; &s o fulr conj. class for Px <G pombkolic subgp-
Gy AL = N(Xo) Where o=lim M)-2 od A€ N3).

¢ 20
() AGg-xr =g M g™ frget.
Moreower Py =P(N)= 4 9¢€ G Lm 'J\U:)s’)m c,wxjsésﬁ for ony Ne\ ),

¢ -0



Def: For [21=4929": 9e G ond d e [Reo, bk
Sca),cl .= {x . M)=d oand 3 Ae () adap\'cd o 13,

Fix a representahve 2 e T3] and ek

Sadi= § X° M(x)=d and A s adapred fo x

Z?\,d .= {1,6 x%: H('x,)r.d and MIS QdﬁPde fo Ij.

Theorem ( Hesselink; kioan) Br G QX pej. vor w.c.k. L,

there 1S @ f\'r\i.ke. Hesse\ink S{'rahﬁcabon

K®. LL S o Orinveninb locally closed

(0.4) subschemes of X
such thot
- - l_\_ S V) d/
s[ﬂad |d'|’z|dl Ld

" The indices are determined by the weights of TG mox®
-\ torus.
. Siad = GSxd and Ond =Pa (Z5,d)

: > - _
where Pat X—= KT is xl—#hh:az(.t) X .

2'} Y G\T semistable Set for a smallyr reduchve 9P
(e law of PCA)) oching on Xi= XaMd)
with respedk 1o o modufied lineansahon.

Notation Wrke So=X* € X;this 6 Uw lowrst (oper Shrakum,

Appcahnons
- for X smooth, can Compuke conomdogy of X//6 w tems q
the G-equiv Coh. of the sirala - see Kirwon's thests.
. These strahificabions can be used b descnbe birahonal
transformahons in vanahon of 6T [Odgacke-Hu 3 Thaddeus)
~) semi-créhogonal decomposikions in denved Cakegones

of stock c\'uo\f\mks [Bauwd - Faveo- ke %ahw]
2 Holperm- ksistner .




Example : Ordered ponks On P (&iroon ; Newstcad)

For n71, Wk Sta V(P

R \'Pa‘n-‘

Seqre uhbeddln%-
W‘ SL:.“P\ b‘a, : :) '('_x :3] - Cmﬂ-bla :cxw\-a'.\_
Fix the diagonal maxumal bovus T:{ g:-):be (Em}
Then owy I-PS o§ Sl & corguwople W a -fS in T and

T has two prmiive PS5 ALY < (8 %) and FEO(E1T
whidh are tonjugode.

Thus Ve Nessounk strakum has the form S[‘x‘,\,d

(of N &S 0hove ond d ¢ R.

We con cokamhoke Y strata from the Wimik seks Zs,d

Saidh are ontosned W We Afived loms of X=(®')
X* = { x=(pu-- Pn) e(P'Y - pi=0r:0) or Lozt V1] ¢ 2" points

.[l:t:l)] lel
CHYNY Bt

Sg\‘dj_ = {x=tp.,--,fn)e X : 3‘_:'\":';\"""“3 g P;:[l:b) it i,e‘I]

R X‘SS__:, ,‘,‘_,(e“_,.,?“): nNo PL appeors N ¢ mdkip&d\:j)%j :



To powe this desnpbon of b Hesselink strta, L note
PN = { (t : b.a,o( (c- d) ) exsts un SL?-?]

=4 (5%) esu]

anO Pr: X X
Pa(py,- s Po) = (e, -. oo P (pa)
whoe,  pa: P — (IPY= C1:6)YudCe:11d
f!-‘!g'] => 10613 ¢ y#°
Li:e] ¢ 350.
In parbewal, AGm) T levi subgmup of P(2) and for tue
modifud uneanSalhon on X:i* this |-porameler ‘“"’W
S po longer dn.stabddsiﬂg
Hene, Za - (Xd\“ g de}-

]

Sinee 57.,43 = Pal Z;.,d) e gek the above
descnphon o S;\,AJ.
FinaU-a o (=9, ods \'rahswllota on ' ond

4’ the unstao\L stroka. ond bhe semistable set b the
comphmu\k to the union qf Whe unstuble strata.



