Strakifiahons for group ochons and moduli problems
TR 2 @ Sympleckic reduchon & moment map straificabons
bva V. HWothans
-} sgﬂg\’-dn'c Achons
Lt (M, ) be o gymplechic manifold
i.e. M is o smosth manifold & W Is & closed non-dcg, 2-form,
Eg + (M,0) =(C", w=Tm l;)
Hermihon inner produck H:@'xC —C.
) (MJ“) = (‘Pz: . uFSB FU\Uni-Stud% fbfm-
Both examglas are Kahler mflds ie 3 cx sructure

& Riemannion meinc
coMPahbu with V.

ket K be a Compoct lve oqroup.
Def" : A (smooth) achon of KA (ML) is %mg\:.dn‘c §
k presecves .

The Unfunikesimod achon o Kon M is the Ue ola.uom.
homomorphism R=leK — Vect(M) =( TM)

A > My whee My d expltA)-m| e T M
Contrachon wih W gAveS o iso: = t=o

F(TM) = P(TM) = Q (M)
X 2 wlX, ).

. Sympt

Tdea mplechc reduchon : for KL(M,0), e wank

o sta,m plachc guohent,

Note: For dimension teasons alone., Mg may not be sympleckic,
Tnsvead we conshuct a guohent of dim = dimM -ddimK
lAS\'Na o ‘moment lmp‘ for Uwe achon. o
Oef" : A Wt of Ue inf ackion R ﬁ» (T™) '-}."S):(n) Con
© o i dgdora homomorphism = @ Td T
5 0 Comomenk ™Map. Q “_()f(m)




Dumul-? we have Yre nohon of a voment map.
Bef”: A momenk map is a Smooth K-a‘,wvanan\'map’g M-—*R

Sahs‘f\rhg af"‘ wW(Mp ,-) V¥ Ae ﬁ Lhere Ma: M—>>R
™M > (A (mYA
Rk A momenk mop may not olwonys exist
ond s not alwouys unigue,

Ex M) ket K N (€', TmH) va a um\'cm& representanon f!K-'UG\)
Then there 1S O moment map " —R" gaven oy
rkl%\' A= - H(P.(PM. )= -‘-D(A‘e 2)

Qi
H (?..(M (2+tV), v ) \

Mmap M ) + K.
D) e KA (R Vgs) via P K™ (ast).
Then Where is o moment mop I: l?;—-" R Guen b&
m(2)-A = Te(Z* ?»(A\i\ shere Z € €*'-30] Ues
YELS over e (Pg.

%D. W'o Reduch on

Pef": for ’Xeﬁ*utl.ok Kchb'-MSkabMuof-Q(
&:Mo::c-dommhm KN "
Bg equivononce of M, Kx N PHX) ond we Colk Ehae

pdogical quotient XY/, e symplachne redunchon ok X,
Theorem (Marsden- Weinsteun - Mexjer)
1§ KxO N (%) ffu*g- than Iu"(x)/K,‘ has a umqu.-— shruchure

o} o symplechc mom{o&d such Mok T : (%) — MT(X)/Kx
U smoohs & Y form W' sabsfies TPz for (M.




Skatth gi Egﬁ . K% N P*‘"x} ff‘(ﬂJ‘a =

"XI'SGNCJ\MVMMU}}A (haix\l".u?w%pﬂput&)
ond SO 'u"( XYE M S a closed suomonifold.

B Shtg Breorem 3 KOV PIIXD froady & properly (K W Compack)
= ’A"'(X)/Kxhos G wiigue smooth shuckuse. suth thok
T ptin) = WX /Ry is a pnnapod  K-burdLe.
* We hawe o sheft exact sequence
0= Tu(Kem) — Ta P\"(?O ~—->Tmm,(}*"(7°/l<ﬂ—->o
\

T (Kx 'M)wm “‘L

Exeruse: X is a regulos valut &7 K ('\.‘A"(‘)t\ WU finike

of m:M — R StoloUas erS
If XKs a ru}ular Vo, }L"(‘X)/Kw has ﬂu-.smawcc‘} o
sympleche orbfedd.

More gunerollay, M(X)/kx hos the Struckure of & shrakified
fymplech ¢ manifdd by work of Sjamaar & Lermon.

Ex lax S'*u@ € by scolar mukbhputakon, .
T achon 1§ Symplechc for 0= ImH G Hiz,0)= 2V
ond hos moment map m: € —> R LSy given oy

P(ih-*r%) = 4 i ‘%h_\t.

2 Rat

for 'x-,\i) ot howe. Kx=S' and ra"'l‘)()=$"‘" e o

ond P\"('X\/St = Su-'/s‘ 40 |
The induced B”mph.dfc form 1§ e Fuh\'ﬂ\'-Shda ﬁ)rm Wes .
For %20, wt howe pM'(NN=10) ond w'(XVg = %.




m: M=’

Choose on wner produck on kR Which (S nvanomk wnder
bae 0dyEINk  OhOW

Lk I\-\ dencte He assocuareol nom on R and R*
%ﬂtmnomsﬁmoj—m'voma\kwmpb the smoobe

fanckon Ipii*: M 2R, M W o)

Tdea: Use khe negakive gradient flow of lIMIY)
obtain o Morse stranfitohon of M.

Def " A Morse-Bott funchan on o Smodth Riemanniarv mfid (M,9) is
smotth funchdn £ M= IR such ok the sek of crihtod
o  CAX(E) 1S o union 6F connecked Submoasfelds Cq
and for eoch onbhicol Submanifetd Cg S CR(f), the

Hession  Hess (§) = Va§ € T(T*M® T*M) s non-degenaroke.
? : |
(lm-Givta @anechon)  n Uae nommal direchons b Cs.

More P-wsdg, WC use U Riem. mine o cbtan g sp.mma
TM‘Cp': -TCP QNF & L ) A

for CpCM

for me Cp, Pess, (§) induces o symmemc blineo” form

MM(F) on My and HY(f) Should be non-degenerae .
Ta index Ag of Cp 8 O index & HUWE) for any me G,

'[Ll.om ( Morse - Bott)
'T:_;uaahvc caradrmk: vedor fad -V o} a Morse-Botk funct.
£ on o compock M Minduaes & Morse strahficahon M=1 SP
S P)?’ \§ f(CP\>§(C§') and g;QUSI_
Bt




More preusely, k {§i Y e bt e I-parameier subgrowe o
duffeomorphisms of M genoaked by -Vf. Then
S? ‘= Gime M: é"roowt('ﬂ € CF\?S;
Ex: Huighk funchon on a foms T
is a Morse funchor LUW U cihcal pounks
ond Y4 Morse stroka.
Pef™ : A l\l\om,d-:ex'cf fanchon w0 perfect (f A
B 1= T WM = MB.(M) = I R(ET
Ay Con wladate Bedh' numbess by (M) of M from
twose of simpur submonifelds Cp S M.

Theotem (Ariyah)

For a compuck b gp K () (M, ) symplech Wil
momenk mop M:M— k', for cadh AeR, up: MRS
o pufed Morse-Botk funchon. Mortoves, the cakical submids
C’P CM ore Wchc Submf(ds & G Mome indles are even.

Skecch o6Yf : Lt Ty be e cosure of the subgoup @ K

gnerated by explRAYj then T is abelian B connecked so Ta=(5'").
IRA T,
As M Wb the infuitesimad achon, Grik (up) = MEPT = MR

One can toke a K-inv. Riem. ment g on M (bgmt\;“u:sm"o:g.)
= 3 comfal—.\h\. K-inv olmost ¢x shruckuse J

defined by WiX,¥)=W(IXN), o

for me MT&, onL SNOWLS T,.,(MT"‘ A geTa

= evoy conneched omp. o MT“ s Q& sg,mpu.d'l'o submfid.

Moreover the Hessian on the normal direchdons commules with
T D oM ¢-5p0oces ore J-inv, so Yhe Morse indices awe &ien.

Then P s purfeck by the gop cri\'cfion(connw"ng :°M° uﬁs °\
2Les in Ok SpU




Morse %PQ sfrahﬁcah‘on &r Ilﬂllt.: M—R

Un{brtw\ard/g. l\'q\\"' is not a Morse- Botk fmch‘on
(for example, CAKUMUT may be singular)
Fbrhmqkdla Kicwan Shows ol one can StWM  extend e
ocoumenty, of Morse theony o I to dbrain a smooth
Sreakifi cahon 03- M od | P\\" s K- quan‘wla pa'feck‘f
Constrwction : for Pe @, onsides e Moge-Botk funchim
fA?:M — R, ’Ap(m\=f£("\)-ﬁ.

-\ ion ched
hex :Zﬁz-"- CM(.}A?) N Me (l\Pl\t) < ::mpo:i.:k:m:f M'e

Proposvhon  Cek lipli L-lp Ck-p Where Cy.pi= K+(Zg0 w'(p)).

FM; fo o mx‘ l'oms TeK Ql\d ¥ve UU’.Q chambu' ‘é-l'-

We use (I-U bo idenhfy R'2R ond vhink ¢f P as an dement
of ukhe R or R® T orbit K-P meebs %, in a!pb ]3
As | qul\'L s K-wwvanank, Crik Ul 15 K-uivanont.

It me ik ipl?, 3 ke K st b= mlr-m) € o,
2 (a; ME>R" and p.(kl:m)ﬂ'ﬁe’é)

E (-"/ P}‘ }b" ,A-r[R M)
fow is cnkicol for [ prll® € Puom=0 RemeM

S duality :  d[Ipgh=0 @/F:’-bo J‘P‘::“'"'P'P
Rmk : There are only finitely many Cnbcol subsets (g, as:

Cp 4 ¢ &> B s the chosest ot o O wh 1! of a convex hull of o

subsel of the T-Weights (= ur(MT) by Atl‘aaln.)

Twheorem (Kirwan)

for o compact gp K acting on @ compack symplache manifold M
and o K-inv norm U-\U on R, the nom square of the moment
MOp ll,u\l"' indu@s o finke Stranficohon M= Ll SK'P

whee Sk-p- {mel“l: E‘Tﬂ WX\M e Ce-pY ore K-inv. 2 smooth.
g %radiu\\: flow foc \\p\\':




Remarks
* Thare ore oly findkely many shroda., as bhere are only
finikely many T-waughts and, for B e 4,
SK.P:#P &= Ck-p#¢<--) pfsm!dosesbp&ntashb

the convex hulk o a subset of
Ue T-werghts on M.

. We rc.fu b s a Morse *mﬁﬁcohon ﬁr

0S5 CK-P is oflen Sin%ular.

+ The lovest (open) sfratum S indexed bé p=0. We
hove So 2 Co=K-(Zon ,x"um = W),
oS Zo=M (PO:M'—HR s bthe zem map\.
+ The srrahficahon is K-equivanantly perfed
i . )
S PR (M) Z E BN = BME (M) = TP (Cug)
N0 (“c:]\;P
In foct, Kinoan wos interesied colaulating U
Cp\momo\bm o Uhe ngphchc reduction P—l( 0)/K )

oand, § K acts frely o p'(0), then

H* ( p"lb)/@ 2 Hy (,x" (o).
Mence, e Bato mumbers o po(0)/k can be.
dckurmined from the K-equivanont 8o namloers
§ M and the Inigku siraka. Sk.p for B#0.




