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ket X be a p'od'e.d*l'\re vanehy /L.
Lok OU) be an omple Wne bundle on X,

(it O POW Ws- CJCY %\'U‘CS a Pﬂa wuddlﬂ% X & \?M)

JTU ©H\AY

We consider conerent sheaves over X.

Def™ For o oherent sheaf € over X, we define:
. Tln):= €®0(0®m Sefre st for ne Z

. PCE,N) = I (-0 dim H'(X, €M) Hilbet pdignomial
ks of £ w.rt OQ.

We say € is n-regulasr (f H(y, Un-))=0 Y (%L,

Fods aloouk n—mtlaﬁy: ( Castetnuovo- Mumbord)

) Rny coherent sheaf ¢ over X is n-regulor for n>v0.

b) If € s n-regular, then
W & .(s m-requlos YV m3n,
() UYE) =0 V 20 (so dimHO(EWN= P(E,Nn)),
(i) the evoluahon map
eval : HP(EM BN — €
(e €0n) s geneaked by us WMMSD

The prov) of both facks reduced (O wnside g sheasts on P*
ond then procesds ba nduchon on .

Def*: For o fixed Coherenk shead T over X 3 Wibert poly. P
Wk . . n® swjcchon of Coh where
M)"&"P)ﬁ ‘tq" M Sheaves over X 3 / %MC\"

st PCg)=P g |
kerqs harq




This is the Quot scheme construcked by Grothendiedkj it s
1\ FeoJedd\rc scheme qf ﬁmk bd’Pe' ove C
+ Quoty (F,P) is an exampe of & fine moduli space : &
represenr the modadi prob(lm qf- quth'enla é G ﬁ‘xtd sheo]-.
’ wx(}” P‘ WM'SCS the (rasSmannian
Gr(a,r):= Quotse.c( T ) paamenses r-dim®
quehents of
. In fack, e @nshuchon of @uot, uses
on embedding inko o Grassmannian
Quck, (F, P) —> Gr(H(F(),P(m)  for m>70

CE F—7) 2 R(qm): H(Fn)) = W(E(m)

M

dim= P("'ﬂ

« The Hilbert schemes are s[acoraj cases:
il (6) = Qundbiy (O, PO -P) =4 BT ]/
= a‘ ‘Izalu,rc‘"-)@x-j
Lamma Every n-rcgulo! sheaf on X wih Hilbet Pola P is

Pu.ram(.\:n'sed b3 an opén subscheme Q" Jc Quobx(d’.ﬂ"ba-n\ ; P)

where

Pl
ey, _{ 9 CTO0M =G IS n-regulor
@ { V 9 & ftz"(ql.n\) rl:&an I'SO} /~

Furthermore, for the nabuwral Glp(y -achon on QY9 we have
ek i 11\ _ § n-cequiar sheowes
{G‘Lﬂn\ orbits on Q" § R juamm ‘gwj/ﬁ_,_
P_rgﬂ: \f € is n-regua then H'CEm)=0 ¥ (>0
ond  eval : H(ZM® B —E §§ surjechve.

B} c.\noosing an (SOMOrPhiSM H°(£(n\)‘.'f;‘ ¢&'? we get a

pot G,y € B0

cixg o  H(EN EWEW & g:qey=qey
v 2 n

(EP(n)_Q’ G:P(n\ a




g2 Semistability & modul of sheaves

“There are b0 nohdns of semshabdity
) Mumford's Slope Semistabikly for vecior bundles
2) Gleselear - Marugama reduced Hilbesrt polynomial semisialollaty
EDY purc S\'\COU'CS(‘F st V 3”9. ¥ divnSupP?(f- dn’msupps")_

Over G wa've (hese nohons coincide. Tn highes dimensions, they
are dviterent and (or the seond one can construck moduli spacss

(foUlowing  Giesekes, Mauyama & Simpson).
We'l use Rudakov's reformulabion of 2):

Def A sheaf € ove X is semistable (w.r.b OWD) if
\ O*ilei,) W havt P(E',n\ < ?Ci,ﬂ) M o 50 970

Notoron PC(T') < PE)

RmksS -« W cespedt W £, lowe/ dcaru- po\v.nomials rank lnighr
=) Pur\kld 05 L 1S neassary fbf sm\'S‘l'alo'ddl:y

Def™: A colechon & sheaves s bounded if they can be
paameimsed by finire ype scheme S.
2 1 n sucth Ghak eveny sheaf »n Yus famda s n-reqular,

(\§ not, we'd have an ascending chain of closed subsdnemes of S which
does»' € SI'ubUise,)

Theorem (ke Poher-Simpson)

The family 6§ semistoble sheaves over X wibh Hilbert

pohoaomm\ P s bounded. Hencr for n3v0 trey are all n-reqgules

for nyy0, evey semistable sheof is pwomensed by

Q':::E S ‘{ q'.'.' cﬂnbOl'h\ -"38.: ‘}isa;;:?] soA‘d-xCG:ﬂ"éa.n)) r)
It R dendte the dosure 0f bthis subscheme.

for v S%Nn , ConSi dg Grthendieck’s e,mbudfh3 Quck © Grass 2
Wt La,m 2 Ra be the omple ne oundle for s em\oc.ddins.




We can Wneanse bhe Slp, —achenon Ry B Lam — Ra
ond take the GIT 1u¢h'onl:.

Theorem (Simpson)
(coars e)

R, // SLP(m is a , modwli space for (S-equiv. dasses of )
semistable sheaves over X with Hilbert pd} P

Q3 Harder- Norasimhan Strahficabons (Shat?)

°) wnwe ...
0= S ¢ -

Semisbabln. and
We dfine the HN) bype of € fo be TE) = (P&, ..., P(ES)

Tdea: This ombines he forsion fibraton of € outh b
HN (Mtrakons of the purc Slbabwhwb in Yne borsion fUlirahon

Theorem (Shate)
¥ 5 ¢ 3:-") SxX be O famtlu 05 coheronr sheaves oves X ot

Wwhere St €S are (oc.auj closed.

Rmh. In 3e,wal there are fnfmll-daz many HN %P‘s

& X= P Px)= 2Gx+)) & rk 2 degree Zem V. bundles
For ne N, Ta-= OW@ O-n) has HN far Ol € O(n)® O(n)
ond UN type Ty (x+ner, 2 =n+1),

%ll. A companson 0F the strahficahons om Quot

for Sley N @uok, = Quoby (@0, P) w.r.t. Lnm
(and the Euclidean norm [i-1l on e ), We Con cons\du' tlu

associoked Hesselink  Strakn§icokion :  Quety = =\ 5
938 ,m




where B =( ['7\'3} d) or cimvdﬂka B is the cony class of
a. rohonad |-PS ?P.

We expedt this srrahfbicabon o agree wikh the

strabhfi cahon by HN ypes , foUoumS:
- the agrewment result for quives reps (see talk &),
. P,tuaok- Bolk ¢ The “lang- MiUs Strahfcah'on asso coked

® a Norm squove of a moment mop for o 9ugL 9P G
ochng on an inf. dim® space A of unitary cnechons o
Qo f\'xco\ C*-v.bde E over a cwve C agrees with the HN
strahificabon on the space CTZ5h ¢ holo studures on E.

lemma : The famtha cj sheaves oves X with HN bipe T
IS bsunded.

Hence, for 1970, such Sheaves ore parometnsed by Q:ms

%—? : &' \,s(Ph...,Ps) suchh thakt ZPLT'P Md m,n,uﬂ-
define 0n associated Hesselink index  PamlV) € Bam by the
conj chass of ta far® I-RS t' Lo \
where €= ?_(.T) - ?i.(.'.-“\ ' | ,cf's If's ()

P(n) P\ (.ﬂ\

mb: - I{ v is ¢ HN pe, en Py 7P ond

"

SO go{ Mm>»2n220, r.)---)ﬁ.
. The cobional uu‘aN:s r, are (-\'cl'.ed 0 minim(se
he normalised Hi\but-Mumfbrd weight.

Tl;\e.orcm [ K.~ Kinooan )
Ll)c T be a UN \'-‘Mbl-)u'\m {Gr Mm»Wn270, (st komt

QT ¢ Spl o -
< = Y PamlT Husselinky,  Strakiam 'S'b"
HN sivokum =~ g e 500 O Quets wab Lo

For the prock , LWe shod On inclusion o} the imix Sebs.



Questhon : U‘Ma don’t these S\'mhﬁ'co.l'lw ‘ﬁﬂﬂ-?
(D Por F\‘xtc\ nm, U aﬁl‘ﬂnmuﬂ:

buk there ac inﬁ‘nfldg many HN bypes - can't pick ndm
so the theofem holds for oM HN bmoes_
Mofeover |, the Hesselnk strakficahon is funke .

(3) Quot schemes are ov\laar tuncated parameder Spuces : t:heg
do ror paromodmse oMl Sheaves v X with Hiloert poly F

A 'Ide.a.lhj vank b compac the Hesselnk strohh'cahons

o'j QMG"H\ E)f d‘ﬂd&ﬂk n,
P:_u_n_g: The Hesselink stvota arc not connecked ond one can

wnte g™ _ || 5";'; ohere v IS a tuple of Hilbe©
P v Po‘\n}o Gt sum b P

n-r¢ m™m
’fkm Q.t 3 C SP&,H‘:") T gof Mm57nH20
Choded

Howewes, the presence o sheaves v’ Quots (shich are not
n-requios  prevents Ghs fom being on equolicy-

85 An asympiohc Hesselink. Svakdhcakion
for (xed o, for m>¥n, U HUessehink stahficahon of Quot,
W65, la,m  Srabikises, We wnle the refined stratificahon o5

Q}ldm o LL S;)v .

We want fb ompare these strahfhcahons 0s n increases, but
e 1S 10 natwrod maps  Quota —>Quots’ for a'>n.
However, as vy n-requlas sheaf w n'- requlas for n'on,

ot have morghsms  @™9 — QT whih are
C J equivanank.

Gletny — GLeK)




Tn fock, if we take U Stack gquohent, wse gek

\ n'- '-req

| e -] @ /a%,)]
7

stack. 0& n-chulaf Coherent Sheaveo on X oY Hth# P

Fr eoch n, the Hesselink strakificahon & Quoba Con be
restncted o Q"% oad, os b svala are Glgg “invanank,
e gex on induced strahficahon  Con = | S50,

The Umit of (%) iS the Stack
}Oky.f o} Coherent sheawes o X oith Hilbet poy. P.

s (¢ the corred lo consruck an aSymploht Hesselinke
This (S Spoce yMP D |

"y
Nd’ab‘on: Sv-= S;,.w),v ﬁw v=(P,..,%) sv ZP;=P.

The pmtd rehics on the previous theorem.

Theorem (H.)
lex (%,0()) be o polansed pj- vanety & Ple o Hilbert pdy.

On Cohype, the PUowing Strahficahons agree:
() the QSWF’D\'IC Hessehink sl'rahﬁcahon Cd"x,f:l;}‘sv)

(2) twe strabficohon by HN types Cohy, e =|;|— t°l"-’c‘f".



