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Abstract

We prove that the (orbifold) motives of the moduli spaces of SL,, and PGL,,-Higgs bundles of coprime
rank and degree on a smooth projective curve over an algebraically closed field of characteristic zero are
isomorphic in Voevodsky’s triangulated category of motives. The equality of (orbifold) Hodge numbers
of these moduli spaces was conjectured by Hausel and Thaddeus and recently proven by Groechenig,
Ziegler and Wyss via p-adic integration and then by Maulik and Shen using the decomposition theorem,
an analysis of the supports of D-twisted Hitchin fibrations and vanishing cycles. Our proof combines the
geometric ideas of Maulik and Shen with the conservativity of the Betti realisation on abelian motives;
to apply the latter, we prove that the relevant motives are abelian. In particular, we prove that the
motive of the SL,-Higgs moduli space is abelian, building on our previous work in the GL,-case.
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1. INTRODUCTION

Let C be a smooth projective geometrically connected genus g curve over a field k. The moduli
space M := M,, 4(C) of stable Higgs bundles (E,® : E - E®wc) of coprime rank n and degree
d is a smooth quasi-projective variety of dimension 2(n?(g — 1) + 1). Taking the characteristic
polynomial of the Higgs field ® defines the Hitchin fibration, a morphism h : M — A to an
affine space A called the Hitchin base [37]. The variety M admits an algebraic symplectic form,
and the morphism h is a proper Lagrangian fibration with respect to that symplectic structure;
the generic fibres of h are torsors under the Jacobians of the corresponding spectral curves.
Over the complex numbers, M is a non-compact hyperkahler manifold and is diffeomorphic to
both the moduli space of holomorphic flat connections and the character variety of topological
local systems on C' by the non-abelian Hodge correspondence [62] (more precisely to variants
of those moduli spaces taking into account the non-zero degree d).

More generally, for a reductive group G/k, there is a notion of G-Higgs bundles and cor-
responding moduli spaces Mg of semistable G-Higgs bundles, which in the case of G = GL,
coincides with M. These G-Higgs moduli spaces are algebraic symplectic and also come with
(proper Lagrangian) Hitchin fibrations; when k& = C, the non-abelian Hodge correspondence
extends to G-Higgs bundles. Given two Langlands dual reductive groups G and G, the corre-
sponding Hitchin fibrations have (almost) canonically isomorphic bases and it is expected that
Mg and Mg are closely related via these Hitchin fibrations. This relationship can be under-
stood heuristically as a “limit” of the geometric Langlands correspondence and also as a form
of mirror symmetry. The first concrete statement in that direction is a relationship between the
generic fibres of the two fibrations which has been established by Hausel and Thaddeus [35] in
the case of G = SL,, and by Donagi-Pantev [24] and Derryberry [23] in general: these generic
fibres are torsors under dual abelian varieties.

1.1. Mirror symmetry for SL and PGL-Higgs bundles. In this paper, we study G-Higgs
bundles for the Langlands dual groups SL, and PGL,. We fix a degree d coprime to n and
choose a degree d line bundle L and let M, := M,, .(C') denote the moduli space of stable Higgs
bundles of rank n with determinant L and trace-free Higgs field; we refer to these as SL,-Higgs
bundlesﬂ The SL,,-Higgs moduli space My, is a smooth closed subvariety of M = M,, 4(C),
which can be realised as a fibre of the map (det,tr) : M,, 4(C) — M;4(C). The Jacobian
Jac(C) acts on M by tensorisation and the action of the n-torsion subgroup I' := Jac(C)[n]
restricts to M. The corresponding PGL,-Higgs moduli space M is singular, but smooth as
an orbifold: we can identify it with the following quotients

M ~ Mg )T] ~ M /T* Jac(C)].
Consequently M can be viewed as a smooth Deligne-Mumford stack, which inherits a ji,,-gerbe
dr, from the p,-gerbe on My, coming from its corresponding moduli stack [35, §3].

The corresponding Hitchin fibrations for these SL-Higgs and PGL-Higgs moduli spaces have
canonically isomorphic Hitchin bases A; ~ A and the generic fibres of the SL-Hitchin (resp.
PGL-Hitchin) fibration are torsors under Prym varieties (resp. I'-quotients of Prym varieties)
[37].

Over k = C, Hausel and Thaddeus [35] predicted a“topological mirror symmetry” relation
between the E-polynomial of the SL,-Higgs moduli space and the stringy E-polynomial of the

1Stlrictly speaking, these Higgs bundles should not quite be called SL-Higgs bundles, as specialising the general
definition of G-Higgs bundle to G = SL,, forces the determinant to be trivial and d = 0 (and leads to singular
moduli spaces). This variant of SL,-Higgs bundles turns out to be the right thing to consider in the context of
the Hausel-Thaddeus conjecture.
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PGL,-Higgs moduli space, which encodes the twisted orbifold Hodge numbers with respect
to the gerbe d1; as we will see below this stringy E-polynomial has a more concrete descrip-
tion in terms of the I'-action on M. The conjecture of Hausel and Thaddeus was proved by
Groechenig, Wyss and Ziegler [32] using p-adic integration. Recently, Maulik and Shen [50]
upgraded the agreement of (stringy) E-polynomials to an agreement of (orbifold) Hodge struc-
tures (see below) using perverse sheaves, the decomposition theorem, support theorems for
Hitchin fibrations and vanishing cycles.

In this paper, we build on the ideas and techniques of [50] to prove a motivic version of
mirror symmetry, Theorem relating the (orbifold) Voevodsky motives of the SL,-Higgs
and the PGL,-Higgs moduli spaces. The Voevodsky motive M (X) of a smooth k-variety X
with coefficient in a Q-algebra A is an object of the triangulated category DM(k, A) of mixed
motives over k with coefficients in A. It is a very fine cohomological invariant of X, which
contains information both about the cohomology of X with its mixed Hodge structure (when
k C C) but also about the rational Chow groups and rational algebraic K-theory groups of X. If
X is also projective, M(X) contains the same information as the perhaps more familiar Chow
motive of X. However, Voevodsky motives are much more flexible than Chow motives and
admit a fully-fledged theory of “motivic sheaves” on schemes and stacks with a six operation
formalism and vanishing cycles functors which are crucial to our results.

A virtual motivic version of topological mirror symmetry has already been established by
Loeser and Wyss [48] who prove an equality of (orbifold) virtual Chow motives in the Grothendieck
ring of Chow motives using motivic integration and the ideas of [32]. Our result implies and
can be thought of as a categorification of the main theorem in [48], see Corollary

Another incarnation of mirror symmetry in this context is an expected derived equivalence
b b (AA
(1) Dcoh(ML) = Dcoh(M’(;L)

induced by a twisted Fourier-Mukai kernel relative to their common Hitchin base A; ~ A
whose restriction to smooth Hitchin fibres should be the Mukai derived equivalence between dual
abelian varieties (such a derived equivalence was proven for the stack of all G-Higgs bundles over
an open subset of the Hitchin base in [24, Corollary 5.5]). The Chern character of this Fourier-
Mukai kernel should not induce an isomorphism of motives, in the same way that for an abelian
variety A, the Chern character of the Poincaré line bundle inducing the Mukai equivalence
Db (A) ~ Di’oh(A\) does not induce an isomorphism M (A) ~ M(A) of rational Chow motives,
but rather the Fourier transform on rational Chow groups CH*(A, Q) ~ CH*(A, Q), which does
not preserve the cohomological grading. However in the case of abelian varieties, we know that
any fixed isogeny A — A induces an isomorphism M (A) ~ M (/T) A bold conjecture of Orlov
[58] suggests that this holds much more generally: if X and Y are two derived equivalent smooth
projective varieties, there is a non-canonical isomorphism M (X) ~ M (Y) which is generally
not induced by the Chern character of the given Fourier-Mukai kernel. Orlov’s conjecture can
also reasonably be extended to smooth proper Deligne-Mumford stacks, replacing Chow motives
with orbifold Chow motives [27, Definition 2.5], in which case it is related to the generalized
McKay correspondence and the motivic hyperkéahler resolution conjecture [27, Conjecture 3.6].
One might speculate that Orlov’s conjecture could be extended even further to a non-proper,
twisted set-up like (I)), and thus that the main result of [50] and our Theorem is a natural

prediction of an extension of Orlov’s conjecture applied to ([1)).

1.2. I'-action on cohomology and motives. In both [32] and [50], a crucial ingredient was
the I'-action on cohomology and its isotypical decomposition. The corresponding motivic de-
composition will also play a fundamental role in our proof. Let us first discuss the the parallel
and much simpler situation in the case of moduli of vector bundles. For the moduli spaces
N = N,.4(C) (resp. Np) of stable vector bundles (resp. of fixed determinant) of rank n and
coprime degree d, Harder and Narasimhan [33] showed that I'-action on the ¢-adic cohomol-
ogy of N is trivial and conclude that the f-adic cohomology of A is isomorphic to the tensor
product of the cohomology of Ny, and Jac(C). In joint work with Fu [25] Theorem 1.1], we
lifted this to an isomorphism of Chow motives. However, the situation for Higgs bundles is
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very different. In rank n = 2, Hitchin [37] already observed that I' acts non-trivially on the
Betti cohomology of Mj,. The I'-fixed piece of the cohomology of M, is just the cohomology
of the PGL,,-Higgs moduli space, but in the isotypical decomposition of H*(Mp, C) there are
non-zero pieces indexed by non-trivial characters x € f, which need to be understood.

Another difference with the case of vector bundles concerns tautological generation of the
cohomology ring. For n and d coprime, Atiyah and Bott [6] showed the cohomology of the
moduli space N of stable vector bundles is generated by tautological classes (the Kiinneth
components of the Chern classes of the universal bundle) and by the result of Harder and
Narasimhan [33], the same is true for the moduli space N7, of stable vector bundles of fixed
determinant. Markman proved the cohomology of the GL-Higgs moduli space is also generated
by the tautological classes [49]. However, the cohomology of the SL-Higgs moduli space is not
generated by tautological classes. On a motivic level, this difference between the case of moduli
of vector bundles and Higgs bundles (with fixed determinant) is illustrated by the fact that
the motives of the vector bundle moduli spaces N and N, are both generated by the motive
of C (see [25, Proposition 4.1]), whereas in the case of Higgs bundles, although the motive of
the GL-Higgs moduli space M is generated by the motive of C' by [39], this is not true for the
SL-Higgs moduli space My, for a general complex curve C' by [26, Proposition 5.7].

The isotypical pieces in the decomposition associated to the I'-action on the cohomology
of the SL-Higgs moduli space My, were described in [50] in terms of isotypical pieces in the
cohomology of the fixed locus M., := (M) for elements v € I'. This fixed locus comes with
a restricted Hitchin map h, : M., — A, := h,(M,). The Weil pairing yields identifications

[>T :=Jac(C)[n] = H'(C,Z/nZ) = Hom(m (C), Z/nZ)

between I' and its character group f, and the Abel—JEucobi map relates I' and cyclic covers of C'
of degree dividing n. For v € I, we let k = k() € T' denote the corresponding character and
m = 7y : C;, = C denote the corresponding cyclic cover of degree m with n = n,m. One of the
central results of Maulik and Shen (see [50, Theorem 0.5]) is the existence of an isomorphism
of pure Hodge structures

(2) vy H' (Mg, ©) = H' (M, C)o{~d, ),

where dy = n(n — ny)(g — 1) is the codimension of i, : A, — A, or equivalently half the
codimension of M., in M, (see Lemma and we write {j} := (j)[2j] for the pure Tate twist
associated to an integer j € Z. Note that, because d is only half the codimension of M., in M,
the isomorphism v, is not induced by a Gysin morphism. When summing these isomorphisms
over all v € T', the left hand side sums to the cohomology of M} while the right hand side
sums to the orbifold cohomology of M twisted with respect to its natural gerbe §; by [35, 48],
and Maulik and Shen obtain a (twisted orbifold) Hodge structure version of topological mirror
symmetry

(3) H*(MLM(C) = ;krb(Macv 5L)

1.3. Overview of Maulik and Shen’s cohomological mirror symmetry. Let us outline
how the isomorphism is proved in the cohomological setting of [50]. For simplicity, as in
the main body of the paper [50], let us forget the Hodge structure and concentrate on the
isomorphism of cohomology groups; the isomorphism of Hodge structures is then obtained by
running the same argument using the theory of mixed Hodge modules.

First, for each v € I', one relates the ~-fixed locus M, with a relative moduli space for
the associated cyclic cover m := m, : C;, — C. The m-relative SL-Higgs moduli space M is
introduced in [35, [54] and defined as a fibre of a map between GL-Higgs moduli spaces on C,
and C given by taking the determinant and trace of the pushfoward along 7 (see Deﬁnition.
It comes equipped with a restricted Hitchin fibration h, : M, — A, which is equivariant with
respect to the action of G := Gal(C,/C) and has geometric quotient given by h : M, — A,
Consequently, the cohomology of M, is isomorphic to the Gr-equivariant cohomology of M
and in fact this is true relative to A, (see [50, Lemma 1.7]).
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In the second step, Maulik and Shen use a cohomological correspondence following work of
Yun [66], which is based on ideas of Ngo [55] and the description of the generic fibres via Prym
varieties, to construct a morphism

4) B+ (h).Co — iy C)nf—dy} € DY(AL)

The morphism B}Ylai"e is an isomorphism when restricted to a dense open of Ay, by an explicit
computation of Yun [66]. Note that Yun works in a much more general setting (Higgs bundles
for an arbitrary reductive group G and its Langlands dual), interprets this isomorphism concep-
tually in terms of endoscopic groups of GG, and already connects the picture to mirror symmetry.
However, it is not clear whether B{Ylai"e is an isomorphism over the full Hitchin base, and a key
innovation of Maulik and Shen is to construct a variant they can study over the whole of Aj.

For that purpose, they first consider versions of the above constructions for D-twisted Higgs
bundles, where D is a divisor with deg(D) > 2g — 2 and deg(D) is even; we shall denote the
corresponding moduli spaces and morphisms with a superscript D. This leads to a morphism
(5) B2+ (h).C)s — IL(HL.C)s{~dP} € DYAD).

The advantage of working with a divisor of larger even degree is that the geometry of the
D-twisted Hitchin fibration h? : MP” — AP is simpler, in the sense that the supports of in
the decomposition theorem for h” are known by work of Chaudouard-Laumon [I8]; however,
dim MP # 2dim AP and the D-twisted Higgs moduli space MP” is no longer algebraic symplec-
tic. The morphism ﬂWD is again generically an isomorphism by [66]. Maulik and Shen use the
decomposition theorem together with an analysis of the supports for the m-relative Hitchin maps
AP MP — AD over the full Hitchin base, based on work of Chaudouard-Laumon [I8] in the
GL,-case and of de Cataldo [22] in the SL,-case, to prove that 65 is actually an isomorphism.

Maulik and Shen then build on this to also treat the case of odd degree divisors with deg(D) >
2g — 2 as well as the original case of classical Higgs bundles D = K. The mechanism to extend
the construction of ﬁ,yD to these cases is vanishing cycles. Let us concentrate on the case of odd
degree divisors with deg(D) > 2¢g—2; the case D = K is obtained by iterating the construction
twice starting from a divisor of degree 2¢g. Fixing a point p € C, the divisor D + p has even
degree > 2g — 2, so we have an isomorphism 6$ *P_ Maulik and Shen then construct a function
A Afﬂ) — Al with the property that AP C Ai)ﬂ) is the critical locus of u4 (see [50,
Theorem 4.5]). For the vanishing cycles functor ¢, , : DZ(.AE)H’ ) — D5(AP), they show that

Gua((h7).C) = (h)uC(a) 0
for a certain Tate twist a and shift b whose precise values do not matter now; this requires work-
ing with vanishing cycles on certain simple Artin stacks. They then prove a similar statement

relating the m-relative Hitchin fibrations RETP and hP. Putting the two together then allows
them to construct an isomorphism

(6) B (hD):C)y = i2 (h,C)u{—dl'} € DY(A)
from 8% and finish the proof of [50].
1.4. Results and methods. Our first main result is a motivic version of the isomorphism .

Theorem 1.1. Let C' be a smooth projective geometrically connected genus g curve over an
algebraically closed field k of characteristic zero. Fix a rank n and coprime degree d and L €
Pic?(C). For a divisor D on C with either D = K¢ or deg(D) > 2g—2, the following statements
hold in DM(k, A) where A := Q(().

(i) For each v € T' corresponding to k := k(y) € T, we have an isomorphism
V’Smot : M(Mf)m{dv} — M(ME)H~
(ii) There is a motivic mirror symmetry isomorphism
Mon,(M”,81) = M(MD),
where Morb(ﬂD, 01,) 1s the orbifold motive with respect to the gerbe 01, (see .
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The second statement in this theorem is just a fancy way to record the sum of the first
statement over all v € I'; in particular, we define the left-hand side as the sum over k of the
left-hand sides of the isomorphisms I/,ly?mot, and leave aside the question of a more general theory
of twisted orbifold motives. The theorem implies that the (orbifold) Chow groups of the SL-
Higgs and PGL-Higgs moduli spaces are isomorphic (see Corollary which includes some
stronger consequences on motivic cohomology and algebraic K-theory). See for how this
relates to other results in the area.

The morphism 1/5 is obtained by pushing forward to Spec(k) a morphism

,mot
D ot © (D)L — D (WD, 1)(—dE)[~2d7] € DM(AL, A)
defined in and then dualising. The construction of 5$mot is parallel to the one of Bf? above.

For D with deg(D) > 2g — 2 and even, we define B}ﬁmot as a motivic correspondence lifting the
cohomological correspondence . For other divisors D and, in particular for D = K¢, the
morphism WD7 ot 1S constructed using motivic vanishing cycles [9]. This requires extending some
constructions and results of Ayoub to Artin stacks as well as computing motivic vanishing cycles
functors for homogeneous functions (see Appendix .

We do not know if Bﬁmot is an isomorphism, and the method of [50], based on perverse sheaves
and the decomposition theorem, is not at all available in DM(—, A). However, by construction
and the main result of [50], the Betti realisationsﬂ of ﬂgmot and also of the induced morphism
Vfimot are isomorphisms. The Betti realisation on the category DM,(k, A) constructible motives
with coefficients in a Q-algebra is conjectured to be conservative, but this is a difficult open
question in general [11]. However a result of Wildeshaus [64] ensures that this is true when
restricting to the subcategory DM2P(k, A) of constructible abelian motives. Hence, to finish the
proof of Theorem it remains to show that both source and target of Vf?,mot are abelian.

In order to do this, we extend our previous work [39] to prove that, for a divisor D either with
D = K¢ or deg(D) > 2g — 2, the motive of the moduli space of D-twisted GL-Higgs bundles of
coprime rank and degree is generated by the motive of the curve (and in particular is abelian).
We then consider SL-Higgs bundles. By [26, Proposition 5.7], we know that the motives of
SL-Higgs moduli spaces are not in general generated by the motive of C' when k = C; we are
nevertheless able to prove the motives of SL-Higgs moduli spaces are abelian in the coprime

setting. Our second main result is the following theorem, which is proved in §3| and

Theorem 1.2. Let C' be a smooth projective geometrically connected genus g curve over an
arbitrary field k with C(k) # (0 and let D be a divisor on C such that either D = K¢ or
deg(D) > 2g — 2. Fiz a rank n and coprime degree d and a line bundle L € Pic?(C). Then the
following statements hold in DM(k, Q).

(i) The motive of the moduli space MP = Mfd(C) of D-twisted GL-Higgs bundles is a
direct factor of the motive of a large enough i)ower of C. In particular, it is abelian.

(ii) The motive of the moduli space MP = ./\/l,lzL(C) of D-twisted SL-Higgs bundles is a
direct factor of the motive of a product of étale covers of C'. In particular, it is abelian.

The strategy for SL-Higgs bundles follows the same lines as for GL-Higgs bundles in [39] which
was based on the geometric ideas in [29]: one uses a motivic Bialynicki-Birula decomposition
associated to the G,,-action on the Higgs moduli space given by scaling the Higgs field to
relate to motives of moduli spaces of chains of vector bundle homomorphisms (of fixed total
determinant in the case of SL-Higgs bundles). From this, we deduce the purity of M (M?P)
and M(MP) for Bondarko’s weight structure and following [39, §6.3], it suffices to show that
M(MP) (resp. M(MP)) lies in the localising subcategory of DM(k, Q) generated by the motive
of C (resp. of étale covers of C).

Next one uses variation of stability and Harder—Narasimhan recursions for moduli stacks
of chains to reduce to describing the motive of the stack of injective chain homomorphisms

2Relative to some complex embedding of k; by the Lefschetz principle, one can always reduce to the case
where k£ admits such an embedding, see
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(with fixed total determinant). At this point, the proof for SL-Higgs bundles is slightly more
involved. One next considers a full flag version of the stack of injective chain homomorphisms
which admits a forgetful map to the stack of injective chain homomorphisms following [36]. For
GL-Higgs bundles, this map is small and a torsor under a product of symmetric groups on a
dense open and so we can compute the motive of the stack of injective chain homomorphisms
from that of the full flag version, which is an iterated projective bundle over the product of a
power of C' with a stack of vector bundles [36]; the motive of the latter we computed in [38].

For SL-Higgs bundles, we must first show the restriction of this small map to a closed substack
is small. Furthermore, the full flag version of the stack of injective chain homomorphisms of
fixed total determinant is an iterated projective bundle over a substack of the product of a power
of C' with a stack of vector bundles, which we identify with a stack of vector bundles with fixed
determinant on a family of curves over a base scheme B, whose motive is abelian. To conclude,
we extend our formula [38] for the motive of the stack of vector bundles to vector bundles with
fixed determinant and also provide relative versions of these formulae (see Appendix , which
should be of independent interest.

1.5. Related works and further directions. Besides the works [35] 32] 48|, (50, [66] which we
have already mentioned and which inspired this paper, there have been other interesting results
on topological mirror symmetry extending the original setup of Hausel-Thaddeus.

One can ask about similar statements for moduli of parabolic Higgs bundles (of fixed coprime
rank and degree). A version of topological mirror symmetry in this case was established by
Gothen and Oliveira [30] in ranks 2 and 3 and by Shiyu Shen [61] in general.

If n and d are not coprime and the corresponding moduli spaces are singular, one could ask
if topological mirror symmetry (in the form of the endoscopic decomposition [2)) holds for a
suitable cohomology theory. One reasonable choice is intersection cohomology, and indeed a
form of topological mirror symmetry for IH was conjectured by Mauri and established by him
in rank 2 for D = K¢ [52] and by Maulik and Shen [51, Theorem 0.2] in arbitrary rank and
degree but only for D-twisted Higgs bundles with deg(D) > 2g —2. Maulik and Shen also raised
the question of whether topological mirror symmetry holds for BPS cohomology, an invariant
coming from mathematical physics which has been given a rigourous definition for Higgs bundles
in [44] following ideas of Davison-Meinhardt and Toda. If deg(D) > 2g — 2, BPS cohomology
coincides with intersection cohomology, but they differ when D = K. As discussed in [51],
End of §3.6], topological mirror symmetry for BPS cohomology for D = K¢ should follow from
results in [51, Theorem 0.2] and [45].

All results mentioned so far concern rational cohomology. One can also ask if topological
mirror symmetry holds integrally. Groechenig and Shiyu Shen [31] observed that this cannot
be the case for integral singular cohomology, because they showed that the integral cohomology
on the SL,-side is torsion-free, while the orbifold cohomology on the PGL,-side has torsion.
They go on to show that there is nevertheless an integral analogue, but at the level of (twisted)
topological complex K-theory: assuming now again (n,d) = 1, there is an isomorphism of
topological K-theory spectra

KU(M{") ~ KUM™, 637).

Unlike the result of [50] and Theorem|I.1] this isomorphism is expected to be directly induced by
the conjectural derived equivalence . The proof in [31] shares nevertheless some interesting
similarities to [50] and to our arguments, which we would like to point out by sketching their
strategy. They start with a correspondence over the elliptic locus of the Hitchin base (which in
their case is a Fourier-Mukai kernel inspired by the one studied by Arinkin in the GL,-case).
They then use the decomposition theorem, results of de Cataldo on supports for the SL,,-Hitchin
fibration [22] and vanishing cycles to get a statement about rational topological K-theory over
the full Hitchin base. To be able to argue relatively to the Hitchin base, they use and refine ideas
of Blanc, Moulinos and Brown about the topological K-theory of (sheaves of) dg-categories. To
complete the proof, they upgrade this to a statement about integral topological K-theory by
showing that the topological K-theory on both sides is torsion-free. In the case of My, they
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reduce using the Atiyah-Hirzebruch spectral sequence to show that the singular cohomology of
M, is torsion-free. For this they use the chain wall-crossing techniques of [29] 28] similarly to
our Section [4| (see Remark . We only became aware of this similarity in both proofs after
our paper was completed.

Finally, we expect that Theorem follows from a relative isomorphism of motivic sheaves
over the Hitchin base, i.e. that the morphism 6$mot in Definition is an isomorphism. Its
Betti realisation is an isomorphism by [50] and Lemma thus by conservativity on abelian
motives and [12] Proposition 3.24] it would suffice to show that the motives of all fibres of the
relevant Hitchin fibrations are abelian. It seems possible to prove this when the associated
spectral curve is reduced, but the geometry of Hitchin fibres for non-reduced spectral curves is
quite complicated.

Acknowledgements. We thank Michael Groechenig, Junliang Shen and Dimitri Wyss for
helpful comments. The second author is supported by Radboud Universiteit Nijmegen and the
NWO-TOP1 grant “Geometry and arithmetic beyond Shimura varieties” of Ben Moonen and
Lenny Taelman.

Motivic set-up. Let S be a finite type scheme over a field £ and A be a Q-algebra. We denote
by DM(S, A) the triangulated categoryﬂ of (Morel-Voevodsky) étale motivic sheaves over S with
coefficients in A. This category can be defined in several equivalent ways (even more so because
we work with rational coefficients), see [19, §16]. For concreteness we adopt the construction
of [12 §3] where this category is denoted DA®(S, A). When S = Spec(k) is a perfect field, we
write DM(k, A) := DM(Spec(k),A), and DM(k, A) is equivalently to the original definition of
DM by Voevodsky using presheaves with transfers, see again [19} §16].

A central feature of DM(—, A) for the purpose of this paper is that it admits a full “six
operation formalism”, as well as a formalism of nearby and vanishing cycles. Almost everything
that we need about this is contained in [8, [0, 12]. In Appendix |[A] we give a few complements
about motivic sheaves and motivic vanishing cycles on algebraic stacks.

Let S be a finite type over a field k with structure morphism 7 : S — Spec(k). In terms
of the six operation formalism, S admits both an homological motive M(S) := mz'l and
a cohomological motive M., (S) := m*1, and the Verdier duality functor exchanges the
two. Most of the paper is devoted to computing with (relative) cohomological motives, but we
sometimes dualise the result to obtain statements about homological ones (which are in a sense
more natural in Voevodsky’s theory).

We denote by DM.(S,A) € DM(S, A) the subcategory of constructible objects [12, Defini-
tion 8.1] which in this context coincide with the compact objects in the triangulated sense [12]
Proposition 8.3]. In our context, the six operations preserve constructible motives [12, Theo-
remes 8.10-12], so that almost all motivic sheaves appearing in this paper are constructible.

We denote by DM2P(k, A) € DM.(k, A) the subcategory of abelian motives, i.e. the thick
tensor triangulated subcategory generated by the motives of all smooth projective curves over
k (or equivalently the thick triangulated subcategory generated by the motives of all abelian
varieties over k by [4, Proposition 4.5], hence the name).

Suppose we have a complex embeddingf_l] o:k— C. If S is a finite type k-scheme, we denote
by S*" := (S xj,, C)*" the associated complex analytic space. By [I10], there is an associated
Betti realisation functor, which is an exact functor

Rp : DM(S,A) — D(5*, A)

to the triangulated category of sheaves of A-modules on S#". This functor “commutes” with
the six operations in the best possible sense (without restrictions for the left adjoint functors f*
and fi, and when restricted to constructible objects for the right adjoint functors) [10, Theorem

3In Appendix [A] where we also review how to extend DM and motivic vanishing cycles to Artin stacks; there
it is essential for technical reasons to we consider the co-categorical enhancement of DM(S, A), but this is not
necessary in the body of the paper.

4Such an embedding may not exist for every k for cardinality reasons, but an application of the Lefschetz
principle immediately reduces the proof of the main theorem to the case where it does; see for details.
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3.19]. It also commutes with nearby cycles functors when restricted to constructible objects
[10, Theorem 4.9] (including in the context of algebraic stacks, see|A.9).

Notation. For j € Z and M € DM(S, A), we write M{j/2} := M([j/2])[j] € DM(S,A). Note
that the “Tate twist” {j/2} is pure if and only if j is even.

Let M € DM(S, A) be a motive. We write (M)® (resp. (M)®) for the smallest thick tensor
subcategory (resp. smallest localising tensor subcategory) of DM(S, A) containing M.

2. BACKGROUND ON HIGGS MODULI SPACES

In this section, we introduce D-twisted Higgs bundles and their SL-counterparts.

2.1. D-twisted Higgs bundles. For a divisor D on C with D = K¢ or deg(D) > 2g — 2,
we have the following notion of D-twisted Higgs bundles, which for D = K¢ gives the classical
notion.

Definition 2.1. A D-twisted Higgs bundle is a pair (E,® : E - E ® O¢(D)) consisting of a
vector bundle £ and an O¢-linear homomorphism &.

Note that this notion only depends on D up to linear equivalence. In particular, if deg(D) >
2g — 2, we can and will assume that D is effective, as in [50].

There is a notion of (semi)stability for D-twisted Higgs bundles involving verifying an in-
equality of slopes for all ®-invariant subbundles of E. We let MP := MP (C) denote the
moduli space of semistable D-twisted Higgs bundles of rank n and degree d. ’

Generally speaking, whenever we introduce an object for D-Higgs bundles, we use a super-
script D, which we drop when D = K.

2.2. SL-Higgs bundles. In order to have analogues of moduli spaces of (D-twisted) SL-Higgs
bundles in non-zero degrees d, we consider fibres of the morphism

(det, tr) : MP = Mﬁd(C) — Mfd(C’)

over (L,0). We write MP = MT?L(C’) := (det, tr) (L, 0) for the D-twisted SL-Higgs moduli
space. If n and d are coprime, then MP? is smooth. We have dim(MP) = (n? — 1) deg(D).

2.3. PGL-Higgs bundles. The moduli of PGL,-Higgs bundles does not really play a role in
this paper, however it is central to the original motivation of Hausel-Thaddeus [35] so we include
a brief overview. A PGL,-Higgs bundle of degree d on C consists of a principal PGL,-bundle
P — C of degree d and a Higgs field ® € HO(C, P xPGln pgl ).

The surjection GL,, — PGL, induces a morphism between the stacks of GL,, and PGL,,-
Higgs bundles preserving semistability. If the degree and rank are coprime, then the stack of
semistable PGL,-Higgs bundles is the quotient of the stack of semistable GL,-Higgs bundles
by the action of T* Jac(C') (see [28, Section 3]). Equivalently, using the natural surjection
GL,, — PGL,, the stack of semistable PGL,-Higgs bundles is the quotient of the stack of
semistable SL,-Higgs bundles by the finite group I' := Jac(C)[n]. Consequently, the moduli
space of semistable PGL,-Higgs bundles of degree d can be defined as the following orbifold

M = My JT| = [M /T* Jac(C)]

which is smooth as a Deligne-Mumford stack, although its coarse moduli space My, /T is sin-
gular. Note that because of that second presentation M does not depend on the choice of line
bundle L appearing in the SL-Higgs moduli space. There are also D-twisted variants of the
PGL,-Higgs moduli spaces given by

M” = [MP T) = [MP ) Jac(C) x H*(C, O(D))].
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3. MOTIVES OF D-TWISTED HIGGS MODULI SPACES

In this section, we generalise our previous result concerning motives of moduli spaces of
Higgs bundles [39, Theorem 1.1] to moduli spaces of D-twisted Higgs bundles. Throughout this
section, we work over an arbitrary field k and assume that C(k) # (). We fix a coprime rank n
and degree d and a divisor D on C with deg(C) > 2g — 2.

3.1. Hitchin’s scaling action and moduli of chains. The action of G,,-action on MP” :=
MD 4(C) scaling the Higgs field has fixed points [F, ®] where E = @!_jE; (with 7 = 0 allowed)
and <I>( i) C Eit1 ® Oc(D) which determine a chain of vector bundle homomorphisms

Fo—FL —>F— .- —F,

where F; := E; ® O¢(iD).

For a brief overview of semistability for chains (which depends on a choice of stability pa-
rameter) and chain moduli spaces and stacks see [39, §2.3] and [3, 29]. Let Ch;”** denote the
moduli space of chains Fy — --- — F}. with tuples of ranks m and degrees e which are semistable
with respect to the chain stability parameter

ap := (rdeg(D), (r — 1)deg(D),...,deg(D),0) € R"*1.

We refer to ap as the D-twisted Higgs stability parameter. Since deg(D) > 2g — 2, this stability
parameter lies in the cone A2 := {(ag,...,a,) € R™ 1 q; 1 —a; >29g—2for 1 <i < r} of
stability parameters with well-understood deformation theory [3, Section 3]. Therefore, if ap is
non-critical for the invariants m and e (so ap-semistability and ap-stability coincide for chains
with these invariants), then Chj;P;** is a smooth projective variety by [3, Theorem 3.8 vi)].

Proposition 3.1. The G,,-action on MP is semi-projective with fized locus

(MD Gm _— I_I ChaD,ss
(m,e)eT

where the D-twisted Higgs stability parameter ap is non-critical for all the invariants m and e
appearing in this finite index set . Consequently, there is a motivic Bialtynicki-Birula decom-
position

@ M haD,ss {Cme}

(m.e)eT
where ¢y denotes the codimension of the corresponding Biakynicki-Birula stratum in MP.

Proof. The fact that this G,,-action is semi-projective follows by the same argument for Kc-
Higgs bundles (see [39, Proposition 2.2]). As in [39, Proposition 2.5], one shows that semista-
bility of the G,,-fixed point [E = &;>0E;, ?| in MP corresponds to ap-semistability of the
corresponding chain F, with F; := F; ® Oc(iD). Hence, the claimed description of the G-
fixed locus follows as in [39, Corollary 2.6]. Since the G,,-action is semi-projective, one applies
the motivic Bialynicki-Birula decomposition [39, Theorem A.4] to finish the proof. U

3.2. Stacks of chains, wall-crossings and Harder—Narasimhan recursions. We let Qﬁha 85
denote the substack of a-semistable chains and let €h;,". denote the substack of chains of a- HN
type 7. Let us recall a few facts we will need (for detalls see [39, §2.3] and [3, 29]). If C'(k) # 0
and « is non-critical for m and e, then the stack of a-semistable chains is a trivial G,,-gerbe
over the moduli space Ch7;"”. Furthermore, if o € A7, then €h;,%7 is smooth and so is the stack
¢hry”, of chains with a- HN type 7, as taking the asso<31ated graded for the a-HN filtration is an
afﬁne space fibration by [29] Lemma 4.6 and Proposition 4.8].

These HN strata appear in wall-crossings as we vary the stability parameter. We will employ
the wall-crossing argument in [29] to end up in a chamber where the stack of semistable chains
can be more readily described. More precisely, we will relate them to stacks of injective chain
homomorphisms in the following sense.
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Definition 3.2. Let Cbmjg denote the substack of &b, . consisting of chains

m,

Fo=(Fo A F = 5 F_1 B E)

such that all the homomorphisms ¢; are injective.

If m = (m,...,m) is constant, (’:hiﬁj’e coincides with the stack of generically surjective chain
maps (see [36]); in particular, this stack is smooth by [29, Lemma 4.9] and [3, Theorem 3.8
v)]. In [39], we computed the motive of @f]i#je using Hecke modification maps and motivic
descriptions of small maps; since we will later prove something similar for SL-Higgs bundles, we

include a short proof.

Proposition 3.3. If m = (m,...,m) is constant and for e = (eq,...,e,) we set l; == e; —e;_1,
then the motive of €h), in DM(k, Q) is given by

M(ehimnj,g) ~ M(Bun,e,) ® ® M (Sym! (C x P 1)).
i=1

In particular, the motive of € ‘mnjg lies in (M(C))®.

Proof. Let €ob; denote the stack of length [ torsion sheaves and let EBT)O’Z be the stack of
length [ torsion sheaves with a full flag; that is for a k-scheme S we have

éUvbo,l(s) =(Ti = Ta—=--- =T : T; € Cobhy,(9)).

Then Laumon showed the forgetful map éovbw — €ob; is a small map and a Sj-torsor over the
dense open on which the support of the torsion sheaf consists of [ distinct points [46, Theorem

3.3.1]. Similarly, Heinloth considered in [36, Proposition 11] a full flag version E’,‘\Hzg of € Ej,g
defined by

—inj

Chyp(S)=(Fo=F) s Fl o s Fl=F =F — - = Fit = Fp : Fl € Bung,,15(5)),

which admits a forgetful map f’: EHITZJG — ¢ lrf‘ﬂe that is also small and a ([];_, S,)-torsor on
the dense open consists of chains Fy < F; < --- < F, such that the support of F;/F;_;
consists of [; distinct points for each 1 < ¢ < r; as it is obtained by pulling back products of the
small maps considered by Laumon under a smooth morphism. In fact, as in [36, Proposition
11] we have a commutative diagram

thg = [Ti=1 Cobgy, x Bunp,e, & [Ti—, Sym' (C) x Bun,,.,
; mf |

—~inj — ,

e [Tizy Cobyg, X Buny,e, I, Ch x Bun,, e,

supp
where gr(Fy — --- — F,) = (F1/Fo,...,F./F,_1, F,) is a smooth morphism and

supp(Fo = F{ < -+ C F{' = Fy = F§ < --- = Flr = F) := (supp(F} /F} " i<icri<j<ii, Fr)
is a (Y_I_; li)-iterated P™~1-bundle, as we take > ._, l; successive elementary Hecke modifica-

tions of a rank m bundle. Since supp is a (3_._, l;)-iterated P™~1-bundle, we have

.. T
M(€h,,,) = M(Buny,,) © (R) M(C x P 1=k,
=1
Since f’ is a small map and a torsor under G = [[;_; S;, on a dense open, by applying the
motivic description of such small maps (see Theorem below and [41, Theorem 2.1]) we
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obtain

M(E),) = M(Ehy,)C = M(Bunn,) © () M(Sym'(C x P™1)),
i=1
which completes the proof. O

To complete the proof, we state the relevant result on small maps from [41], which generalises
[21] and [38, Theorem 2.13].

Theorem 3.4. [41, Theorem 2.1] Let m : X — Y be a small proper surjective morphism of
smooth Artin stacks such that there exists a dense open Y° C Y with preimage X° such that
m: X% — Y° is a G-torsor. Then the G-action on M(X°) in DM(k, Q) extends to M(X) and
we have

M%) ~ M().

We can now employ the wall-crossing argument of [29] as in [39, §6] to conclude an analogous
result to [39, Theorem 1.1].

Theorem 3.5. Assume that C(k) # (0. Let D be a divisor on C with either D = K¢ or
deg(D) > 29 —2. The motive of the D-twisted Higgs moduli space MP = Mﬁd(C) for coprime
rank and degree lies in the subcategory (M(C))® of DM(k,Q) and is a direct factor of M(C™)
for sufficiently high m.

Proof. The case where D = K¢ is covered by [39, Theorem 1.1], so we assume deg(D) > 2g — 2.
The final statement follows from the first using a purity argument as in [39, §6.3]. For the
first, by Proposition it suffices to show for each index (m,e) € T that M(Chy5**) €
(M(C))®. As the map thaD’ss — Chy P from the stack to its good moduli space is a trivial

Gm-gerbe, it suffices to show that M(Chﬁ‘n’?e’ss) e (M(C))® by [39, Lemma 6.5]. For this, we use
Proposition and [39, Theorem 6.3] recursively, which employs the wall-crossing argument
and HN recursion of [29]. The basic idea is that, as stated in [39, Proposition 2.9], there is a
ray in the cone Ay of stability parameters starting at ap and ending at a stability parameter
Qs such that either

e Cho* = () if m is non-constant or
° Qba”’ss C th“” and QIf)mJ i1s a union of as.-HN strata if m is constant.

The cone A of stability parameters admits a wall and chamber decomposition and as this
ray crosses each of the (finitely many) walls between ap and o, the semistable locus for the
stability parameter on the wall is the union of the semistable loci on either side of the wall and
finitely many HN-strata. Since by induction the motives of HN-strata can be related to motives
of stacks of semistable for « € A? (¢f. [39, Lemma 6.2]), we see from looking at the Gysin
triangles associated to each wall-crossing that it suffices to show by a HN-induction that thmJ

lies in (M (C))® for m constant, which is proven in Proposition O

4. MOTIVES OF SL-HIGGS MODULI SPACES

Throughout this section, we assume k is an arbitrary field and C(k) # (. We fix a rank n,
a line bundle L on C of degree d coprime to n and a divisor D on C with either D = K¢ or
deg(D) > 2g — 2. Our goal is to prove that the motive of the D-twisted SL-Higgs moduli space
MP = MQL(C) is abelian.

4.1. The scaling action on the SL-Higgs moduli space. The scaling G,,-action on MP”
restricts to MY and the fixed loci are chain moduli spaces with fixed total determinant

Che (s, imeD) _{F0—> - B det<@F>—L®OC (szz )}

=0
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as if £ ~ @®]_yE; has determinant L and F; := E; ® O¢(iD), then &]_,F; has determinant
LoOc(> >, im;D). Consequently, we have the following motivic Bla}ymckl Birula decomposition

(7) MMP) = D MEChT 005, impy) {emee}
(m.e)€T
where ¢, . denotes the codimension of the corresponding Biatynicki-Birula stratum in MP.

4.2. The stack of injective chain homomorphisms of fixed total determinant. For
an arbitrary line bundle L on C (different in general from the L above, and in particular not
assumed to be of degree d) and constant tuple of ranks m, the aim of this section is to prove
that the motive of the substack fo)mJ L thmJ of injective chain homomorphisms with total
determinant L

e, _<F0‘—>F1f—>...<—>Fre€irﬁJ;e:det (@E) gL>
=0

is abelian. We will prove this by considering stacks of full flags 66 el < @f)
determinant L and proving that

i) the motive of th oL 18 abehan (Proposmon below) and

ii) the forgetful map f; : Chme L — Ch m.e.r, 18 small and a torsor under a product of

with total

m,e

symmetric groups on a dense open (Propos1t10n [4.3 below).

In both proofs it will be useful to consider a commutative diagram given by taking fibres of the
commutative diagram in Proposition over L € Pic(C') under a certain weighted determinant
map. As above, let us write [; := e; — e;—1. First, similarly to [29, §5], we define a weighted
determinant map

w:  [[—, 0% x Bun,, .. — Pic(O)
(Dl, eeuy, Dy, Fr) — det(F)®T+1 & ®7i":1 Oc(—iDi)

so that (‘:binj 1 s the fibre over L of the cornposition woBogr: ChYM_  — Pic(C). Let us

m,e
write 7 := [[;_; Coby,, and T = I, Qﬁohoz and CW .= []/_, C%) and CL:=[[j_, C%. Let
v := wo # and we denote the corresponding morphlsrns in the full flag setting by 7 := w o B .
Then we have a commutative diagram

gr B

61‘)”” T x Bun, ., CW x Bun,, .,
Q:bigg,L = (L)

s I f fr Pic(C)
e 7 (L)

(TSB;TS = T X Bun,.e, 5 CL x Buny, .,

where f and f” are small and [];_, Sj,-torsors on a dense open, gr and also its base change gry,
are smooth, and supp := (o gr is an iterated projective bundle (see Proposition .

Proposition 4.1. The motive of Eﬁgg’L is abelian.
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Proof. Since supp := Eo gar : @Eg — CL x Buny,,, is a (3i_, l;)-iterated P~ L-bundle (see

Proposition , its restriction suppy, : Ealmmg ;. — @ I(L) is also an iterated projective bundle
and so it suffices to prove that the motive of @~!(L) is abelian.
For ¢ := (¢ij)i<i<ri<j<i; € CL let Oc(c) := Oc(— iy Zé-izl icij). Then by definition

5NL) = <(g, F) € CL x Buny,,, : det(F)* 1 = [ @ Oc(g)> .

Note that as det(F)®"+! has degree (r+ 1)e;, so does L ® O¢(c). Consider the fibre product B

B Ct

l (r+1)

Pic® (C') —— Pic"TVer (0)

where the bottom arrow is the map taking (r + 1)-powers and the right arrow is given by
¢+ L ®Oc(c). Hence, the scheme B parametrises pairs (N,c) € Pic® (C) x Ct such that
N+ =~ [ @ Oc(c). Let N € Pic® (C' x B) denote the pullback of the Poincaré line bundle on
C x Pic® (C); then

&N (L) = Buncsp/pm N
is isomorphic to the stack of rank m vector bundles on C' x B/B with determinant N.

To show that the motive of Bunc, g/ m ar is abelian, it suffices to show that M (B) is abelian
by Theorem |B.4, To prove that the motive of B is abelian, we let C’ — C denote the finite étale
cover of C obtained by base change under the multiplication by r+1 map on Jac(C'), where we fix
xg € C to determine an Abel-Jacobi map C' — Jac(C) given by ¢ — O¢(xg — ¢). We shall view
elements in C’ as pairs (¢, M) where ¢ € C and M is a line bundle with M®™+! = O(xy—c). We
claim that there is a surjective morphism (C’)t — B. To define this map, we use the universal

property of the fibre product B: we take the natural morphism (C')t — C! and the morphism
(C"t — Pict (C) given by

r l;
/ .
(cijs Migh<izrazjzt, = L' © Q) Q) M,

i=1 j=1
where L' € Pic* (C) is a fixed (r + 1)-root of Oc(xg) :== L ® Oc(—Y i, Z?Zl izp). Since
ro 1 @rl ro 1 r
Po@@uE)  =1600 (-3 3 i) 0 @@ 0tz ) =16 0clo
i=1 j=1 i=1 j=1 i=1 j=1

the corresponding compositions from (C”)! to Pic(”l)eT(C) commute and consequently there is
a morphism (C')! — B, which is clearly surjective. By Lemma below, we conclude that B
is abelian and thus also @~!(L) is abelian. O

To complete the proof, we use the following result, which is well-known to experts but for
which we did not find a suitable reference. Recall that there is a fully faithful embedding of the
category of Chow motives with rational coefficients over k& into DM(k, Q), so that it is enough to
show that M (B) is abelian as a Chow motive in the sense of [65, Definition 1.1]. Recall as well
that abelian Chow motives in this sense are Kimura finite-dimensional [65, Proposition 1.8].

Lemma 4.2. Let X — Y be a surjective morphism of smooth projective k-varieties. If the Chow
motive M(X) is Kimura finite-dimensional (in particular, if M(X) is abelian), then M(Y) is
a direct factor of M(X). In particular, if M (X) is abelian, then M(Y) is abelian.

Proof. The surjective morphism X — Y induces a surjective morphism of Chow motives in
the sense of [43] Definition 6.5] by [43, Remark 6.6]. By [43] Lemma 6.8], this implies there
is a morphism 1 : M(Y) — M(X) of Chow motives such that M(f) on = idy;y). By [43,
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Proposition 6.9], the fact that M (X) is Kimura finite-dimensional then also implies that M (Y")
is Kimura finite-dimensional.

Now consider the category M4, (k, Q) of Kimura finite-dimensional Chow motives over k with
Q-coefficients and the category Myum (k, Q) of pure motives over k with rational coefficients with
respect to numerical equivalence. Denote by (—)™™ : M (k, Q) = Muum(k, Q) the natural
functor. This functor is conservative and lifts idempotents by [5, Corollaires 3.15-16].

The category Mpum(k,Q) is abelian semi-simple by Jannsen’s theorem, so the existence
of n implies that M(f)™™ : M(Y)™™ — M(X)™™ makes M(Y)™™ into a direct factor of
M(X)™™. Let p: M(X) — M(X) be a projector such that p"™™ has image M (Y)™™. In other

M num num
words, the composition M (Y )™ D™ (X)mm 2y Tm(p™™) is an isomorphism. Since

(—)™™ is conservative, this implies that M (Y) ~ Im(p) is a direct factor of M (X). O

It is not obvious that f} is small, as it is the base change of (the small map) f’ under the
- ol ¢hN . To prove that f1, is small we will instead prove that fr, is

non-flat morphism €b, e

small.

Proposition 4.3. The forgetful map [} : EY)ZJ’QL — Qﬁl‘)inlijeL is small and a [[;_, S, -torsor on
a dense open.

Proof. It suffices to prove that fr, is small and a [[;_; Sj,-torsor on a dense open, as f7 is the
pullback of fr, under the smooth map gr;. Recall that the forgetful map

T = Hﬁ)o,li =T = H(‘lobwi

i=1 i=1

is small and a [];_, Sj,-torsor on a dense open.
Let £ — C x T be the line bundle with £; := L® Q);_, Oc(isuppT;) over t = (T1,...,T}) €
T. Then by definition

’y_l(L) = <(t, F) eT x %unm,er : det(F)®r+1 = £t> = ‘BunCXT/T,m,det()@»H:ﬁ.
Let 7' be the fibre product
T T

| ’

A(r+1
Pic(C) o) Pic(rtler ()
where the bottom morphism is multiplication by (r + 1) and the right morphism is given by L.

Let L' € Picgi;_),e/},(T’ ) denote the pullback of £. Then by construction all (r 4 1)-roots of £’

exist and

%unoxT//Tcm’det( Y@l = |_| %uncxfp/fp,mw.
(r+1)—root
N of L/

Since each Buncy 17 /77 m A 18 Smootkﬂ over 7', we have that BUNC 77 /T mdet()Er+1mg 1S
smooth over T’ is smooth. Consequently

v L) = Buncy 7 /7 mdet(Yorsime = T

is smooth by étale descent under the finite étale cover T’ — T. Since f, is the base change of
T — T under the smooth map v~ 1(L) — T, we conclude that the morphism f;, is also small
and a [[;_, Sj,-torsor on a dense open. O

We can now conclude that the stack of injective chain homomorphisms with fixed total
determinant has abelian motive.

Corollary 4.4. For a constant tuple of ranks m, the motive of €bi2je 1 is abelian.

SHere 7" is a stack, but we can base change to an atlas of 7' to prove Bunc 77 /7 ,m, M is smooth via descent.
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Proof. This follows from Propositions and as by Theorem the motive of @bimnj o 18

a direct factor of the motive of (/’:\Ezjg 1, and thus is also abelian. O

4.3. The SL-Higgs moduli space has abelian motive. We are now able to prove the main
result of this section.

Theorem 4.5. Assume that C(k) # (0. Let D be a divisor on C with either D = K¢ or
deg(D) > 2g — 2. The motive in DM(k, Q) of the D-twisted SL-Higgs moduli space MY =
MﬁL(C) for a line bundle L of coprime degree to n is abelian.

Proof. The proof follows by adapting the argument of Theorem but using the motivic

Bialynicki-Birula decomposition in place of Proposition and Corollary in place
of Proposition [3.3 O

Remark 4.6. From the proof of Proposition one sees that
M(ME) € (M(Cy):1<r <n)®,

where C, — C is the r29-étale cover obtained by pullback along the multiplication by r map on
Jac(C). In fact, one could ask if this category is genuinely larger than the category generated
by M(C). In [26, Proposition 5.7], we show with L. Fu that if C' is a general complex curve
then M(Mp) ¢ (M(C))® and so this category really is larger in this case.

We can now prove Theorem

Proof of Theorem 1.2 This follows from Theorems 3.5 and as well as Remark [£.6] combined
with the argument in [39, §6.3] to show the further claim that the motives are direct factors of
products of curves. O

Remark 4.7. As mentioned in the introduction, in upcoming work of Groechenig and Shiyu
Shen [31], they also adapt the techniques of |29 28] to study the class of the SL-Higgs moduli
space in the Grothendieck ring of varieties in order to deduce its Betti cohomology is torsion-
free. However, in [31], they describe the class of the stack of injective chain homomorphisms of
fixed total determinant using étale covers of products of symmetric powers of curves, whereas
our proof is simplified by working with the flag version of the stack and using properties of
small maps similarly to the approach for GL-Higgs moduli spaces in [30] .

5. MOTIVIC ISOTYPICAL DECOMPOSITIONS AND ORBIFOLD MOTIVES

In this section, we assume that k is an algebraically closed field of characteristic zero and
consider motives with coefficients in A = Q((,), where (, is a primitive nth root of unity.

Fix a rank n and line bundle L € Pic?(C) of coprime degree to n. Recall that Jac(C) acts on
MP = Mfzd(C) and also T' := Jac(C)[n] acts on MP .= MﬁL(C’) by tensoring. Associated
to the I'-action on the motive M(MP) of the D-twisted SL-Higgs moduli space, we have the
following isotypical decomposition in DM(k, A)

MMEP) ~ P MMP)w ~ MMP /T) & @ MMP),,

wel k#£0el

where the T-invariant piece M (M) ~ M(MP /T) ~ M (MD) is the motive of the D-twisted
PGL,-Higgs moduli space. Note that the piece indexed by non-trivial characters s is non-zero,
as I' acts non-trivially on M (Mf ). Indeed this was already observed on the level of cohomology
in rank n = 2 by Hitchin [37] and the above decomposition on the level of cohomology was
recently described by Maulik and Shen [50]. In this section, we introduce the set-up and
notation of [50] in order to be able to describe the motivic isotypical pieces above.
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5.1. Weil pairing and cyclic covers. The n-torsion in the Jacobian I' := Jac(C)[n] has a
natural non-degenerate Weil pairing

<_7_> :FXF%MN
which allows us to identify I" = T. Alternatively, we can use the Abel-Jacobi map to identify I"
I = HY(C,7Z/nZ) = Hom(m (C), Z/n7Z)

with cyclic covers of C' of degree dividing n. The Weil pairing corresponds to the intersection
pairing on H'(C,Z/n7Z).

Notation 5.1. For v € I', we denote the corresponding character in r by k= k() = (v,—)
and the corresponding cyclic cover by 7 := my : Cy — C and write m., := ord(y) = deg(m),
which divides n and so we write n, := n/m,, and write G, := Gal(C,/C) = Z/m,Z.

Note that go, = 1+m,(gc —1) by Riemann-Hurwitz. More concretely, if v € I" corresponds
to Ly € Jac(C) of degree m, dividing n, then C, is constructed as a closed subscheme of the
total space of L, given by taking fibrewise the m,-roots of unity.

5.2. Fixed loci and relative Higgs moduli spaces for cyclic covers. In this section, we
fix v € I'. Our goal is to interpret the motive of the «-fixed locus in the D-twisted SL-Higgs
moduli space in terms of a direct summand of a motive of a relative Higgs moduli space for the
associated cyclic cover 7 : C, — C. In fact, a description of the ~-fixed locus in the moduli
spaces of vector bundles in terms of a relative moduli space for = was given by Narasimhan and
Ramanan [54], and as observed in [35], Section 7], the arguments also extend to Higgs bundles.
The compatibility of this description with the corresponding Hitchin fibrations was described
in [50, Section 1.5].

Definition 5.2. The fixed locus in MP of an element v € T is denoted M? = (MP)7. We let
A$ denote the image of M? under the D-twisted SL-Hitchin map hP: My — AP and write
th : M$ — A$ for the restricted Hitchin map and define

D .__ : -D . 1D D
dy = codim(iy : Ay — Ar).

The fixed locus Mf? is the coarse moduli space of the corresponding fixed locus at the level
of moduli stacks, which is a smooth Deligne-Mumford stack.

There is an induced I'-action on /\/L? , which also has an associated motivic isotypical decom-
position in DM(k, A). Note that there is no I-action on the D-twisted SL-Hitchin base AP and
thus .,45 is not a fixed locus, but rather the image of a fixed locus under the SL-Hitchin map.

Now consider the cyclic cover 7 : Cy — C associated to vy of degree m, := ord(y) = deg(m,)
with n, :=n/m, and G := Gal(C,/C) = Z/m. L.

Definition 5.3. We let D, := 7*D and define a map

Qi M (C) - MPC)

Ny,d

[E, D] = [det(my(E)), tr(me(P))]

and we define the 7-relative D-twisted SL-Higgs moduli space to be MY := Q5 Y([L,0]). The D-

twisted GL-Hitchin fibration hfj’ 4(C5) Mf; 4Cy) = Afj} 4(C5) restricts to a Hitchin fibration

D MP - AP,

As explained in [50, §1.2], the morphism () is smooth, as it is the composition of two smooth
maps. Hence the w-relative D-twisted SL-Higgs moduli space is smooth, but is not connected
(see [50], Proposition 1.1]). We summarise the geometric properties from [50] which we need.
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Proposition 5.4. [50, §1.5] The morphism MY — /\/lf given by pushforward along ™ has
image ./\/lf? . Furthermore, there is a commutative diagram

MD p'Y MD

D

q
A? . _,45
where p$ and q,lyj are geometric Gr-quotients and pf? is I'-equivariant. The action of G, on

./\/17]? is free and permutes the connected components (however, the action of Gr on Ay, is not
free). The quotient MP ~ MP /G is connected.

Consequently, we can make some dimension computations which are used (sometimes implic-
itly) in [50]. We also collect various dimension formulae in Appendix

Lemma 5.5. The following dimension formulae hold.
i) dim MP = dlm/\/lD (nny — 1) deg(D).
i) dim AP = dlmAQ_%)deg”—( —1)(g — 1) — deg(D).
iii) COdlmMD(M,?) = n(n — ny) deg(D).
) n(n n—y2) deg(D) )

iv
Proof. The last two formulae follow from the first two together with the formulae [22, Eq.(78)]
for dim(MP) and dim(AP).

By Proposition we have M? ~ M, /G, hence dim ML = dim/\/lg and the same
argument implies dim A? = dim .,45 . If v =1id, then M2 = MP and AP = AP in which case
we also have n, = n and we are done by [22, Eq.(78)]. We thus assume ~ # id.

Since Mfr) is a fibre of the fibration @), we have

Since 7y # id, we have m, # 1 and deg(D~) = m, deg(D) > 2g — 2 (even if D = K¢). By the
formula in [57), Proposition 7.1.(c)] and Riemann-Roch, we deduce that

dim M7 = n3(m, deg(D)) + 1 — (g + (deg(D) + 1 — g)) = (nn, — 1) deg(D)

as claimed.
By [50, Eq.(18)], [22, Eq.(77)] and Riemann-Roch, we have

dim AP = dlmAny( ) — dim HY(C,,, D)%

= 2, deg(D) — mym (g — 1) - dim H(C. D)
_ n(n'72+1)deg(D) —n(g—1)—n(g—1) - (deg(D) +1—g)

n(n, + 1) deg(D)

- 5 —(n=1)(g— 1) - deg(D)

which finishes the proof. O

Note that, in the case D = K¢, we have
1
dy = 3 codimay, (M5)

(reflecting the symplectic geometry of that case) but this does not hold otherwise.
Based on this, we want to relate the motives of the fixed loci of the I'-action and the relative
Higgs moduli spaces. We need the following standard result.
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Lemma 5.6. Here k can be an arbitrary field. Let G be a finite group acting on a k-variety Y
such that the action admits a geometric quotient f : Y — X. Let M € DM(X, A). Then there is
an nduced G-action on p.p*M and the unit map M — p.p*M factor through an isomorphism
M~ (p*p*M)G

Proof. This is a special case of [8, Corollaire 2.1.166] which applies as, in the terminology of
loc. cit.,, DM(—, A) is Q-linear and separated (note that in characteristic 0 this last condition
follows from étale descent by [8 Proposition 2.1.162], but in fact holds for any &k [12, Theoreme
3.9)). O

Corollary 5.7. The object g, hD 1 admits a Gr-action such that there is an isomorphism
(g (h2 1) =~ hl 1
n DM(A?, A). Consequently, we have the following isomorphism in DM(k, A)
M(MZ)% ~ M(MP).
Moreover, this isomorphism is I'-equivariant.

Proof. The first statement follows from Proposition and Lemma applied to pf? , as well
as the fact that h2 is Gr-equivariant:

The second follows by pushforward to Spec(k). The I' and Gr-actions commute and the con-
structions are all I'-equivariant, so the resulting isomorphism is I'-equivariant. U

5.3. The orbifold motive of the PGL-Higgs moduli space. We consider the D-twisted
PGL,-Higgs moduli space as the orbifold quotient

M” = [ME 1]
which has a natural gerbe d1, obtained as by descending a I'-equivariant p,-gerbe on MZL) (see

[35, Section 3]).
The following definition is just the natural extension of Hausel and Thaddeus’s description

[35] of the stringy E-polynomial of M?" to the motivic context (see also [48]).

Definition 5.8. The orbifold motive of the D-twisted PGL-Higgs moduli space M" with
respect to the gerbe ¢, is defined in DM(k, A) as follows

Moy (M, 61) = @ M(MD) o {dy} = M(M7) & @ M(MP)){dy},

vel 0#~v€el

where /\/l$ is the y-fixed locus in the D-twisted SL-Higgs moduli space and d., is the codimension
appearing in Definition

6. PROOF OF MOTIVIC MIRROR SYMMETRY

In this section, we assume that k is an algebraically closed field of characteristic zero and
consider motives with coefficients in A = Q(¢,,). We fix v € T corresponding to k = k(7) € r
and cyclic cover m = m, : C;y = C of degree m, with n = n,m, and Galois group G as in

Let us outline the structure of this section. In §6.1}6.3] we will construct the morphism
Bﬁ ot € DM(AP | A) whose Betti realisation is the map B$ of (6], which Maulik and Shen show

is an isomorphism. Since the cohomological construction of B,’? uses cohomological correspon-
dences and vanishing cycles, we will use motivic correspondences and motivic vanishing cycles,
which are discussed in §6.1] and Appendix [A] respectively. In §6.2] we use motivic correspon-

dences to construct 67 mot 0 the case when deg(D) > 2g — 2 and even. In §6.3, we use motivic

vanishing cycles to construct 42 . in general by passing from D + p to D. To complete the

~¥,mo
proof, we need to show the pushfoward V,?,mot of B,?’mot to k is an isomorphism. In We prove
that the motives appearing as the source and target of meot are abelian in order to conclude

that v . is an isomorphism using a conservativity argument in

~¥,mo
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6.1. Motivic correspondences. In this section, we discuss motivic correspondences, which
are lifts to motivic sheaves of the cohomological correspondences of [2, Exposé IIT §3]. We
follow the presentation of [67, Appendix A, since this is the source used by [50] and we wish
to lift their results to motives; however, we use a covariant convention like in [2] instead of the
contravariant one in [67] which seems unnecessarily confusing.

Note that the results of this subsection apply more generally when k is any field and A is any
Q-algebra (and indeed much more generally to other types of motivic sheaves). We sometimes
denote DM(X, A) by DM(X).

Definition 6.1. For a commutative (but not necessarily cartesian) diagram of finite type sep-

arated k—schemeSE]
(8) Z
N
X Y
N
S

such that the induced morphism r := (p,q) : Z — X xg Y is proper, we define a motivic

correspondence supported on Z from M € DM(X,A) to N € DM(Y, A) to be a morphism
C:p*M — ¢'N

in DM(Z, A).

Motivic correspondences can be pushed forward to morphisms in DM(S, A) as follows.

Construction 6.2. Given a motivic correspondence ¢ : pxM — ¢'N as above, we will construct
a morphism
G M — g N
in DM(S,A). For this, we first associate to the motivic correspondence ¢ supported on Z a
motivic correspondence (x ¢y supported on X xgY via the following map of morphism groups
DM(Z)(p*M,¢'N) 53 DM(X x5 Y)(rp*M,7.¢'N) =~ DM(X x5 Y)(rur*ms M, 'l N)

— DM(X x5 Y)(r% M, N)
where mx and my denote the projections from X xgY to X and Y. Here the first map comes
from the functoriality of r,, the next isomorphism relies on the properness of r and the final
map is given by pre- and post-composition with the unit and counit for the adjunctions r* - 7,
and r 4 r'. Then we define (¢ to be the image of the motivic correspondence (x gy supported
on X Xg Y under the following isomorphisms
DM(X xgY)(n%M,m4,N) ~ DM(X)(M, nx, mN) ~ DM(X)(M, f'g.N) ~ DM(S)(fiM, g.N)
where the first and last isomorphism are adjunctions and the middle one is base change.

The construction above is natural in Z and ¢ in various ways. We only need the following

lemma on compatibility with a finite group action, which is a straightforward consequence of
the naturality of the construction with respect to isomorphisms.

Lemma 6.3. In the situation of Diagram , assume that there exists a finite group H acting on
the whole diagram (i.e. on the individual schemes and such that the morphisms are equivariant).
Let M and N be also be H-equivariant objects in DM(X,A) and DM(Y, A) respectively; this

induces H -equivariant structures on p*M, ¢ N, fiiM and ¢.N. If the motivic correspondence
C:p*M — ¢'N
1s H-equivariant, then the induced morphism

G iM = g.N

6For us it suffices to work with finite type separated schemes, but the construction works in greater generality.
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1s also H -equivariant.
We note that Construction [6.2] commutes with Betti realisation.

Lemma 6.4. Let 0 : k — C be a complex embedding and suppose ¢ : p*M — ¢'N is a motivic
correspondence supported on Z as above between constructible motives M and N. Since the Betti
realisation functor Rg commutes with p* and q' on constructible objects, we have an induced
cohomological correspondence

Rp(¢) : p*RpM — ¢'RgN
and similarly an induced morphism
RB(Cﬁ) : f!RBM — g*RBN.
Then we have an equality
Rp(C) = (BBC)s

where this right side should be understood as the construction in [67, §A.1].
Moreover, if ¢ is equivariant in the sense of Lemma[6.3, then the induced equivariant struc-
tures on Rp((y) = (Rp()y coincide.

Proof. This follows directly from the fact that the Betti realisation commutes with the six
operations on constructible motives [10, Theorem 3.19]. O

Let us explain how, in certain situations, the fundamental class of Z in its rational Chow
group (i.e. Borel-Moore rational motivic homology) provides a natural motivic correspondence.

Definition 6.5. In the situation of Diagram , suppose that Y is smooth of dimension e over
k and that the morphism ¢ is equidimensional of dimension d. Then Z is a (usually singular)
equidimensional variety of dimension d + e, so it has a fundamental class

[Z] € CHgye(Z) ® A.
We have isomorphisms
CHgye(Z) ® A ~ Homppgy (A{d + €}, (py © q)«(py © @)'A)
~ Hompyy(z)(Az{d + e}, ¢' Ay {e})
~ Hompyy(z)(Az{d}, q!Ay)
where the second isomorphism follows from relative purity for the smooth structure morphism

py : Y — Spec(k). Through these isomorphisms, the class [Z] induces a motivic correspondence
supported on Z from M = Ax{d} to N = Ay

2] : Az{d} — q'Ay
and corresponding morphism [Z]; : fiAx{d} — g.Ay in DM(Z,A).

6.2. A motivic endoscopic correspondence for Higgs bundles. In for v € T, we
constructed various Higgs moduli spaces and Hitchin maps fitting into a commutative diagram

D
Py
MP MEc MP

hP l i hE thD
D LD

q
D v Dc 7 D
Aﬂ- ‘A’Y AL .

In this section, we assume that deg(D) is even with deg(D) > 2g — 2, and construct a morphism
Do (BE)1 = (iPY.(h). 1) (~dP} € DM(AD. A)

~v,mot *
as an application of the formalism of motivic correspondences. This construction mimics the
cohomological construction of Maulik and Shen [50] which builds on the work of Yun [67].
For the construction of this correspondence, Maulik and Shen first construct a line bundle
L’ € Pic(C) from L which satisfies

(9) deg(L") = deg(L) (mod n)
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and in particular ged(deg(L'),n) = ged(deg(L’),ny) = 1. Equation () ensures we can tensor
by a line bundle to relate moduli spaces with determinant L and L’. Consider the SL—Higgs
moduli space ./\/lf/ = Mﬁ » with determinant L’ which has Hitchin map h : MP 7 .AIL),
We can also consider the Hitchin maps v-fixed locus and m-relative moduli spaces for L’ which
we denote by adding a subscript L' (e.g. hﬁ I ./\/lD S .A7 ;). All the Hitchin bases are
independent of the choice of L and so we drop this addltlonal subscript for the Hitchin base.

To define the correspondence, Maulik and Shen introduce a (singular) variety 3 in [50, §3.3],
which fits into a commutative diagram

v / - \
MP x p AP M
L AE g ,L’
A? - AW,L/

where all the morphisms are proper and both G and I" act on ¥ in such a way that the diagram
is (Gr x I')-equivariant.

We do not need to know anything more about X for this paper. Let us nevertheless indicate
the idea of the construction. The variety 3 is the Zariski closure of the graph of a morphism

. Dre D,Q Dire D,©
Ju ML gX.AEAﬂ' HMW’L/g XA? .Aﬂ-

where the additional decorations on the moduli spaces and Hitchin bases denote suitable open
subsets. The restriction to these opens allows, as a special case of the BNR correspondence

[15], to parametrise Higgs bundles via line bundles on spectral curves; moreover, the generic
SL,,-spectral curve on the locus AD - .A is nodal and the generic spectral curve for Mf i?g is
its smooth normalisation. The morphlsrn gy is then given by pullback of line bundles from the
nodal curve to its normalisation. The introduction of the line bundle L’ is necessary to match
up the determinants of the associated Higgs bundles. We refer to [50), §3.1-3] for details (which,
again, are immaterial to our argument).

By Definition ¥ induces a (G x I')-equivariant morphism in DM(AZP A)
[S)g ¢ (@) D) (hD)el = (b X idgp)ed — (hF 1) 1{—-dP,}

where the first isomorphism follows from proper base change. Since we are working with coef-
ficients in A, we can thus take the k-isotypical part for any x € I' and get a morphism

Sl (63) (@) (D)) = (B2 )i 1)e{ =3}

We will first pubhforward along q$ : AP — .A$ and take Gr-invariants and then we will
pushfoward along i” iy AD — AP In the first step, we note that in DM(A%? ,\), we have

(@2)e (@) (2 (D)o 1)) ™ = (D) (hD)u1 )i
by Lemma [5.6] and we have
Gr

(@)« (W2 )s 1)) ™™ == ((h )< 1)

by Corollary Pushing forward these last two isomorphisms along z’,? : Af? — AP and
combining with [X];,, as well as an adjunction, we obtain a morphism in DM (AP, A)

(i8)+ (@) [E],0) 9

(11) (hD)+ 1w —= (i)« (i7))* ((hD)« 1) i (R ) D)w{—dT}.

The final step is to pass from L’ back to L following [50, §3.4]. Since k is algebraically closed,
Equation @ implies the existence of a line bundle N such that L' = L ® N®" and tensoring
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with N produces a (G x I')-equivariant isomorphism
MP ::MQLZMQL,
of AP_schemes. This directly provides a Gr-equivariant isomorphism
(W2).1 = (h2p).1 =~ (hD,).1
which by Corollary gives an isomorphism in DM(A,, A)
(12) (hD).1 = (AP )1 = (hPp)).1

Definition 6.6. For D of even degree with deg(D) > 2g — 2, by combining the morphism ({11
with the isomorphism above, we obtain a morphism in DM(A? )

ot * (BD)x 1) = (i5))u(R)e 1) wu{—d?}.
Lemma 6.7. Assume D has even degree with deg(D) > 2g — 2 and fix a complex embedding
o : k — C. The Betti realisation of Bﬁmot is the morphism B,j? mn , which is precisely the

isomorphism c? of [50, Theorem 3.2].

Proof. This follows from Lemma and further applications of [I0, Theorem 3.19] on the
compatibility of the Betti realisation with the six operations on constructible motives. O

6.3. Passing from D + p to D with motivic vanishing cycles. Our goal in this section is
to extend the construction of Bﬁmot to the case where deg(D) is odd and the case D = K¢ by
using vanishing cycles to pass from D + p to D. In this section, we assume that D is either
K¢ or of degree > 2g — 2, and we fix an additional point p € C'(k). We start by reviewing the
relevant geometric constructions from [50, §4.2-3].

We need to work with moduli stacks of Higgs bundles rather than moduli spacesﬂ as in
Diagram below, the map of stacks ev, is smooth and we use smooth base change for
vanishing cycles (Proposition . We write MY (resp. ML) for the stack of stable D-twisted
(resp. m-relative) Higgs bundles of rank n and determinant L. These are smooth Deligne-
Mumford stacks; moreover, the natural morphisms 67 : MP — MP and 5$ :MP — M, are
tn-gerbes (the gerbe 55 was used in .

To pass from D + p to D, we restrict to Higgs bundles on p. Since SL,-Higgs bundles on a
point up to isomorphism correspond to trace-free matrices up to conjugation, the stack of SL,,-
Higgs bundles on p is Mgy, (p) =~ [sl,,/SL,] with good moduli space Mgy, (p) ~ sl,, J/ SL,, which
is isomorphic to the Hitchin base Asy,, (p) ~ t, / Sn, where t,, C sl, is a Cartan subalgebra.

For 9P, Maulik and Shen construct a commutative diagram

1] Al

which roughly speaking relates the difference between D-twisted and (D + p)-twisted Higgs
bundles with the restriction map to Higgs bundles on the point p. We do not review the full
construction, but record the following properties which are used below.

1) The morphism ev, is smooth [50, Proposition 4.1].
p P 5 p

In [0, §4] the authors do not distinguish between the moduli stacks and the moduli spaces, but we do in
order to spell out some arguments precisely. Moreover, their D (resp. D — p) is what we call D + p (resp. D).
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(ii) The function p is induced by the SL,-equivariant quadratic form
sl, — Al g Tr(g?)

(see |50, Equation (98)]).
(iii) The closed embedding tgy is the critical locus of the function pgy by [50, Theorem 4.5(a)].
(iv) The closed embedding ¢4 is the critical locus of the function g4 by [50, Lemma 4.3].
(v) The codimension ¢ of gy is equal to dimsl, = n? — 1 by [22, Eq.(78) in §6.1].
For the m-relative moduli stack 27)?? , we let H, be the appropriate subgroup of SL,, which
parametrises automorphisms of m-relative Higgs bundles over the point p (see [50, §4.2]) and b,

denote its Lie algebra. Then Maulik and Shen show there is a similar diagram

Hon,

evp,

MO L PP TP on (p) ~ [0/ Hay

(14) MPCEZ MPP —— Mo(p) = b | H

M
™
o et

ADC AT 4D A (p) ~ b ) Wi

Al

KA T

with the following properties.

(') The morphism ev, , is smooth by [50, Proposition 4.1].
(ii") The function pgy » is induced by the SLy-equivariant quadratic form

b — AL, g+ Tr(¢%)

(see [50, Equation (98)]).
(iii") The closed embedding top - is the critical locus of the function gy - [50, Theorem 4.5(a)].
(iv') The closed embedding ¢ 4 , is the critical locus of the function p14 » by [50, Lemma 4.3].
(v') The codimension ¢, of ton » is equal to dim b, = nyn — 1 by Lemma

Remark 6.8. Diagram is a special case of Diagram and Properties (i)-(v) are spe-
cial cases of (I')-(v'). We present both separately, as this special case is going to be used in
combination with the general case in the next section.

Now we use the formalism of motivic nearby cycles of [9, Chapter 3|, extended to motivic
vanishing cycles on Artin stacks as in Definition in Appendix [A] Recall for a half integer
r € 37, we defined Tate twists {r} := (|r])[2r], which are pure if and only if r € Z.

Remark 6.9. In [50], the vanishing cycle functors are shifted by [—1] in order to use the fact
that ¢¢[—1] preserves perverse sheaves. We prefer to stick to the conventions in [9, Chapter 3]
and not shift by [—1].

Theorem 6.10. We have the following isomorphisms.
(i) gz?um]l ~ i« 1{—(c —1)/2} in DM(DﬁD+p A) asT- equz’vam’ant objects,
ii gb ]l ~ [,gm al{—(cx — 1)/2} in DM 9)?D+p A I' x G;)-equivariant objects,
Pruom,m
(i) Gpua (b P)el)s 2 tae((hD)e1)s{~(c = 1)/2} in DM(ALD”,A);
iv Py 1) ~ iar (B2)u1) s {=(cx — 1)/2} in DM(AZTP A) as G, -equivariant
( ) ¢M.A7r(( .A, * iy I q
object,

Proof. 1t suffices to prove Statements (ii) and (iv), as (i) and (iii) are special cases of these.

For Statement (ii), by Theorem we can compute the motivic vanishing cycles functor
for the quadratic form q : b, — Al given by g — Tr(g?): we have ¢4(1) ~ 1o, 1{—(cx — 1)/2},
where ¢, = dimb, and ¢ : {0} = crit(q) < bhr. Since everything is Hr-equivariant, on the
stack quotient [h,/H ] we also have

(15) i (1) = B0, 1{~(cr — 1)/2},
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where ip : [{0}/Hz] < [hr/Hz]. Finally, we have isomorphisms

Grimer ] = GV oL = v G (1) = ev?, o, L{—(ex — 1)/2} =t {—(ex — 1)/2},
where the second isomorphism is smooth base change for vanishing cycles (see Proposition [A.6)
for the smooth map ev,, », the third isomorphism is Equation and the final isomorphism is
smooth base change for stacks (see Theorem |A.1f (iv)).

To prove Statement (iv), we first take the pushforward of the isomorphism (ii) along the
morphism 571? *P_ which is proper since it is a gerbe for a finite group and is also representable
by Deligne-Mumford stacks. By proper base change for vanishing cycles (see Proposition
and the fact that the top-left square of Diagram commutes and is I'-equivariant, we obtain
a I'-equivariant isomorphism

Brunin (62T 1 o g i (62),1{ (e — 1)/2}.

By pushing forward this isomorphism along the proper morphism RETP and using proper base
change for vanishing cycles, we obtain isomorphisms

Opan (WP (G2 TP L = (AP FP) e (07 77)eL = (RE P )utpt e (67): 1~ (ex — 1)/2}
~ v (h)+(67)1{~(cx — 1)/2}

where the last isomorphism follows from the commutativity of Diagram . By Lemma
below, we have (62),1 ~ 1 and similarly for §PFP. therefore, we obtain

Opae (0271 = Lar (R 1{ = (cx = 1)/2}.

The whole bottom-left square of Diagram as well as the maps pa . and pg, are I'-
equivariant, and this implies that all the isomorphisms above commute with I'-actions. We can
then take the x-isotypical component to obtain

(Grunn (2Pl == (tam, (PE)o 1) —(ex — 1)/2},

which we can rewrite as (iv) as $M .- and ¢4, commute with I'-actions. The whole construction
is Gr-equivariant and we obtain that the resulting isomorphisms are GG -equivariant. O

To complete the proof, we need the following lemma, which in our setting reflects the classical
fact that BG has trivial cohomology with rational coefficients when G is a finite group.

Lemma 6.11. Let G be a finite group.

(i) For a morphism of Artin stacks f : Y — X which is an (étale) G-torsor, the unit natural
transformation id — f.f* induces a natural isomorphism id ~ (f.f*—)C.

(ii) For a morphism of Artin stacks § : X — Z which is an (étale) G-gerbe, the unit natural
transformation id — 0,0™ induces an isomorphism 1 ~ §,1.

Proof. If g : W — X is a étale surjective morphism, then ¢g* : DM(X,A) — DM(W,A) is
conservative; this follows by étale descent in exactly the same way as in the scheme case,
because g then admits a section locally for the étale topology. By assumption on f, there exists
such a g for which Y xx W ~ W x G — W is a trivial G-torsor. By conservativity and proper
base change, this reduces the proof of|(i)| to the case of a trivial G-torsor, which is immediate.

For by the same conservativity argument and proper base change argument (using that ¢
is proper and Deligne-Mumford representable, see Theorem , we can reduce to the case
where 0 : Z X, BG — Z is a trivial G-gerbe. In other words, we can consider Z x; BG as the
quotient of the trivial G-action on Z, and this gives us a (non-trivial) G-torsor f : Z — Zx; BG.
By applying|(i)| to f, we have an isomorphism

6,1 ~ 6,(f.1)°.
By definition, the object 5*(f*IL)G is a direct factor of d,fs1 ~ 1 in DM(Z,A) so we have an
induced morphism 6 : §,1 — 1. Moreover, it is easy to see using the naturality of adjunctions

that the composition 1 - §,1 O 1 is the identity. This shows that the direct factor &, (f,1)“
of 1 is isomorphic to 1, and completes the proof. O
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Lemma 6.12. We have the following dimension formulae

(i) ¢ —cr = 2(d " —dP),

(i) [(c—1)/2) = [(ex = 1)/2) = &5 — dP.
Proof. By Properties (v) and (v') from the lists following Diagrams and (14)), we have
c—cpr =mn?— n%m = n(n — ny) and then (i) follows from Lemma If n is odd, then so is

its divisor n.; this shows that ¢ — ¢ is always even. The second statement then follows, as if
a,b € Z and a — b is even, then |a/2] — |b/2] = (a — b)/2. O

We now obtain a corollary analogous to [50, Corollary 4.6]. For this, note that the morphism

PAx: APTP 5 Al is invariant under G = Gal(r : C, — C) and so induces p4. : ADFP Al

which coincides with the restriction of p 4 : .Af“’ — Al to 25 P .A? TPy ADW .

Corollary 6.13. There is an isomorphism 5}%7((hf?ﬂ’),k]l),.i ~ (1aq)« (WD) 1)u{—(cx —1)/2}.

Proof. This follows from Theorem (including the Gr-equivariance) and [5.7] exactly in [50),
Corollary 4.6]. O

Before we define Bvaot in the missing cases, we need one final lemma.
bl

Lemma 6.14. There is an isomorphism
CaGpaG0P) (AP D) (e = 1)/2 = a7} = (i) (WD) 1) —d5 )
Proof. This follows from the chain of isomorphisms
a0 (i) (B P) L) (e = 1) /2 = D7}
GG P)upua, (B P) D) (= 1)/2 — a7}
(i) e (ean) s (B D)a(Le = 1)/2) = [(er = 1)/2] = d7*P)[e — ex — 24777
(i2) (W) 1) u{ =2},

where the first isomorphism is proper base change for vanishing cycles (Proposition as

[AOTy Dp = [t An~, the second isomorphism follows from Corollary and the final isomorphism

follows from Lemma and proper base change ¢ A(zf? 1), ~ (sz )«(ta)* for the cartesian
square

| 2

| ¢

1

AD LAy A,?er

-D .D+p
1y \L iz.y

D LA D+p

together with the isomorphism (4,)*(t.4,y)s ~ id. O

Definition 6.15 (Construction of 33’ D oot)-
(1) For D of even degree, we have defined in the morphism

ot (BD)« 1) = (i) ((h7)<1)u{~d5} € DM(AL, A).

~v,mot *

(2) For D of odd degree greater than 2g — 2, we define B,’Y?mot € DM(AP A) as
B mot + (WE)xL)w & e (WD)s 1) = Cadpa(hy 7)u1){ (¢ — 1)/2}

5 B ((PFP). (BP4P).1) (e — 1)/2 — dP+7}

D
=~ (i) ((h)) 1) u{ =7},
where the first map comes from adjunct10n the next 1bom0rphism comes from Theorem

6.10| (iii), the morphism (x) is LA¢MA57 mot for the map ﬂv mot constructed in (1), and
the final isomorphism is given by Lemma
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(3) For D = K¢, we define

Brmot = Baiaor + (hL)xD)i = (iy)u((hy) 1) f—dy} in DM(AL, A).
by taking a point p on C' so that K¢ + p is of odd degree greater than 2g — 2 and we

have defined S5C*? in (2) and we then construct S5¢  from BXCTP in exactly the same
~,mot ~v,mot ~,mot y
D+p

way that B2 is constructed from B mot 10 (2).

Lemma 6.16. For D with D = K¢ or deg(D) > 2g — 2 and k — C, the Betti realisation of
ﬁ,’imot is the morphism ﬂf in (6]), which is the isomorphism c? of [50, Theorem 3.2].

Proof. Our construction is parallel to the one of [50], so this follows from combining and
Theorem [AJ9] noting that all the motives on stacks we encounter in the proof satisfy the
condition of (iii) in Theorem by smooth base change. O

Remark 6.17. The Betti realisation functor Rp : DM.(S,A) — D(S*",A) is conjectured to
be conservative [11], so we expect that 6$mot is an isomorphism. This is however not necessary
for the proof of the main theorem.

6.4. Higgs moduli spaces with abelian motives. We have already seen that M (Mf ) is
abelian (Theorem and to apply a conservativity argument, we also need the following result.

Proposition 6.18. For each v € T' with corresponding k = k(v) € f, the k-isotypical piece of
the motive of the y-fized locus M(M?),{ € DM(k, A) is abelian.

Proof. The idea is to relate this motive to the motive of the m-relative moduli space Mf . We
first apply Corollary [5.7] to get an isomorphism

(16) M(MD) s = M(MZ)".
In [50}, Proposition 2.10], Maulik and Shen construct an isomorphism
Re(((h?)1)x) = Rp(((hs)<1)")

in D((AP)2 A). Their construction uses the interaction of the action of I" with the connected
components of M described in [34] and is entirely motivic (it relies on averaging and taking
isotypical components for actions of some finite abelian groups), and so lifts to an isomorphism

((P2)e1)s = ((BE).1)".
By pushing this isomorphism forward to Spec(k) and dualising, we get an isomorphism
M(MP), =~ M(MZ)".
Combining this with the isomorphism above, we get an isomorphism
M(ME) = M(MEP)ET.

We now claim that M (MP)T is a direct factor of the motive of ij 4(C5). The cohomological

counterpart of this is explained in [50} §5.3, Equations (118) and (119)] and we just adapt the
argument (note that our notation is slightly different). Consider the algebraic group

M7Py = Pic’(C) x HO(C, O¢(D)).
There is a morphism
MPyx ME = M7 (C), ((61,01), (F,0)) = (7" & F, 701 + ).

As explained in [50] after Equation (118), this morphism factors through the (free) diagonal
action of I on the LHS and gives rise to an isomorphism

(MPy x MP)/T ~ M) ,(C).
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Moreover, we have M (./\/lfo) ~ M(Pic’(C)) by Al-homotopy invariance and T' acts trivially
on the motive M (Pic’(C)) by [25, Proof of Theorem 4.2]. Combining this with the Kiinneth

formula, we get an isomorphism

M(M2" (C,)) =~ M(Pic’(C)) ® M(MEP)L.

Ny,

The claim follows as 1 is a canonical direct factor of M (Pic’(C)).
By Theorem the motive of va 4(Cy) is abelian and thus we deduce that the direct
Y
factor M(/\/lé)),.i is also abelian. O

Remark 6.19. We do not know whether the motives of M$ or MP are abelian (although we
suspect they are), but we do not need to know this for the conservativity argument we employ
in the proof of Theorem

6.5. Completing the proof. By pushing-forward the morphism 3, 0t constructed in Defini-
tions and to k and dualising, one obtains a morphism in DM(k, A) which we denote
by

ermot : M(M'?)K{d"/}) - M(ME)H

We are now able to prove Theorem which states that 1/5 ot 18 an isomorphism.

m

Proof of Theorem[I.1, We first note that the motives in the source and target of v . are

v¥,Mmo
abelian: M (M$ )« is abelian by Proposition above and M (MP), is abelian as it is a direct
factor of M(M?P), which is abelian by Theorem
In order to consider the Betti realisation and apply a conservativity argument, we can assume
without loss of generality that & admits an embedding o : £k — C by an application of the
Lefschetz principle. More precisely, let kg be a subfield of &, finitely generated over Q, such that
C is the base change of a smooth projective curve Cy over kg, and let ky be the algebraic closure
of kg in k. Then kg is algebraically closed, admits a complex embedding and the morphism uﬁmot
for C is the image of the analoguous morphism meot(Co Xk ko) in DM, (ko, A) via the base
change functor DM(kg, A) — DM(k, A) (because all the constructions we have done commute
with this base change functor), so it suffices to show v (Co Xy, ko) is an isomorphism.
Since the Betti realisation associated to o commutes with the six operations (hence sends
motivic correspondences to the corresponding cohomological correspondence) and commutes
with vanishing cycles [10], the Betti realisation of Vf’mot is the pushforward to k of the morphism
ﬁ$ constructed by Maulik and Shen (see Lemmas and for details); in particular,
Maulik and Shen showed that this Betti realisation is an isomorphism [50, Theorem 0.3]. Since
the motives appearing are abelian, the conservativity result of Wildeshaus [64, Theorem 1.12]
implies that meot is an isomorphism. (]

We end by giving some more concrete consequences of Theorem

Corollary 6.20. We adopt the notation of Theorem [1.1] and also fix a smooth k-variety X .
(i) Let [X] € Ko(Miat(k, Q)) denote the virtual motivic class of a k-variety in the Grothendieck
ring of Chow motives, and write L := [P!] — [Spec(k)] € Ko(Mat(k,Q)) for the Lef-

schetz motive. Define the orbifold twisted virtual motive [HD]gzb € Ko(M;as(k,Q)) of
D

M as 5
(ML =D M L
yerl’
Then 5
M) = (M5
(ii) Let v € T' corresponding to k := k(vy) € T. For a,b € Z, there is an isomorphism of
motivic cohomology groups (i.e. higher Chow groups)

HE oo (ME 5, X, A(D))n = Hing ' (ME 5, X, A (b — )

mot
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In particular, taking a = 2b =1 > 0, we have an isomorphism
CHY (MY x4 X, ), = CH™(ME x, X, A),..

These isomorphisms are ‘functorial in M(X)’, so that if X andY are smooth projective,
they are natural with respect to the action of correspondences in CH*(X x; Y').
(iii) For a,b € Z, there is an isomorphism

HE o (MP xx X, A(B)) = HE2D (MY xg X, 803 A(b — d,))s

mot,orb

where HY ¢ (= 00;A(=)) denotes orbifold twisted motivic cohomology for Deligne-
Mumford stacks, with the same properties as in (i).
(iv) For m > 0, there is an isomorphism

Ko (MP 5, X, A) = Ky (ME %1, X, 81; A)

of (twisted) algebraic K-theory groups with coefficients in A. If X andY are smooth pro-
jective varieties, this isomorphism is natural with respect to K-theoretic correspondences
m KO (X Xk Y)

Proof. Part |(i)| follows from Theorem together with the fact that Voevodssky’s embedding
of M;at(k, Q) into DM.(k, Q) induces an isomorphism on Grothendieck rings which sends the
Lefschetz motive L onto the Tate motive Q{1} [I7, Corollary 6.4.3].

Part follows from the representability of motivic cohomology/higher Chow groups for
smooth varieties in DM(k, A) [53, Theorem 19.1]. Part is simply obtained by summing the
first statement over all xk (because this is how we define orbifold twisted motivic cohomology).

For part recall that if X is a smooth k-variety, then there is a Chern character isomor-
phism

ch: Kin(X, A) = €D Hil" (X, A(i))

mot
€L

see e.g. [19, Corollary 16.2.21]. Moreover, if Y is a smooth k-variety with an action of a finite
abelian n-torsion group G, then [63, Theorem 1] provides an isomorphism

A[Y/G),A) ~ P E.(YI, )¢
geG

To obtain this precise form of the formula from Vistoli’s theorem, observe that the formula
simplifies when G is abelian and one tensors with a large enough cyclotomic field so that all
characters of G become defined. We claim that if J is a gerbe on the quotient stack [Y/G], there
is a similar isomorphism

K*([Y/G]v d; A) = @ K*(Y97 A)n(g)
geG

where k(g) € G is the character of G provided by §. Unfortunately we do not have a reference
for this claim, but it seems likely that Vistoli’s argument can be adapted to the twisted case.
The analoguous formula for twisted topological K-theory is established in [47, Theorem 3.11].
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We thus have a sequence of isomorphisms

Kn(MP X, 8) 2 @ HZ™(MP xi.X, )

1€EZL
~ PP HE(ME xk X, A0))x
i€ kel
—d m .
= @ @ mot - V XkX’ A(Z - d’Y))H(V)
1€L el
= @@ mot 'y XanA(i_dW))n('y)
kel 1€Z
Ch_1 D
~ @(Km(/\/l,y XkX, A))n('y)
yel’
Dk —D
~ Kp(M7,0;A),
where the third isomorphism comes from Part U

Remark 6.21. The isomorphism of rational algebraic K-theory of part is not intended to
be induced by the conjectural derived equivalence (|1f), and it seems unlikely that it extends to
an isomorphism of integral algebraic K-theory.

APPENDIX A. MOTIVIC SHEAVES AND MOTIVIC VANISHING CYCLES FOR STACKS

In this appendix, A denotes an arbitrary Q-algebra. We first summarise how to extend
DM to Artin stacks following the approach of Khan [42] Appendix A] and then we extend the
construction of motivic nearby and vanishing cycles functors to Artin stacks by following the
approach for schemes of Ayoub [0, Chapitre 3].

A.1. Extending DM to Artin stacks. In this section, we review how to extend DM(—, A)
to Artin stacks by étale descent. For this, we follow the Khan’s approach of [42] Appendix
A] to extending étale motivic homotopy categories SH¢i(—) to derived Artin stacks using an
oo-categorical approach. His construction and results apply just as well to DM(—, A): the key
inputs are the six operations for schemes and the étale descent property, which are satisfied in
both cases. Khan’s construction works in two steps, first he uses Nisnevich descent to extend
to (derived) algebraic spaces and then étale descent to extend to (derived) Artin stacks. For
us, all stacks we are interested in are non-derived Artin stacks, and so we will state everything
for non-derived Artin stacks. Since we only work with Artin stacks with an atlas given by a
scheme, we could strictly speaking bypass the first step.

To do this extension, it is necessary to use the formalism of oo-categories. In particular,
when we invoke categorical notions such as functor, (co)limits, adjunctions, etc. these should
be interpreted as oo-categorical. The following theorem summarises the main results of Khan’s
construction in the setting of étale motivic sheaves.

Theorem A.1 (Khan). The formalism of siz operations on DM(—,A) extends to algebraic
spaces. Moreover, the presheaf of co-categories

X - DM(X,A), f— f*
on the site of algebraic spaces admits a right Kan extension to the site of Artin stacks with the
following properties.
(i) 42, Eq. (A.4)] Let X be an Artin stack. There is an oo- (in fact (2,1)-)category Lisy
of smooth morphisms X — X with X a scheme, and we have

DM(X,A) ~ lim DM(X,A).

XGLiS}:

In particular, the collection of functors (u* : DM(X,A) — DM(X,A))u:x—x)cLisy 5
jointly conservative.
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(i) [42, Eq. (A.3)] More precisely, but less canonically, one has the following description in
terms of a fived atlas. If p: X — X is a smooth surjection from an algebraic space X
to an Artin stack X, then

DM(X, A) = lim <DM(X, A)ZDM(X xx X,A) 3DM(X xx X xx X, A) - ) .

(iii) [42, Theorem A.5 (i)] For every Artin stack X, there is a closed symmetric monoidal
structure on DM(X, A) and a pair of adjoint bifunctors (®, Hom).

(iv) (Adjunctions, projection and base change formulae, [42, Theorem A.5 (ii-iv)]) For any
locally of finite type morphism f : X — Y between Artin stacks, there are adjunctions

¥ :DM(Y,A) < DM(X,A) : f.

and
fi: DM(X,A) < DM(Y,A) : f*
which satisfy the projection formula fi(F)®G ~ fi(FRf*(G)) and base change formulae:
gh == hg and g fg
for any cartesian square
w-—L.z
"

(v) (Purity isomorphism and smooth base change, [42, Theorem A.13]) For any smooth
morphism f : X — Y of pure relative dimension d, there is a purity isomorphism
[t f*{=d} and smooth base change f*g. ~ g.f* for a cartesian square as above.

(vi) (Proper base change, [42 Theorems A.5 (iv) and A.7])) If f : X — Y is Deligne—
Mumford-representable (i.e. represented by Deligne—Mumford stacks), there is a natural
transformation fi — fi«, which is an isomorphism if f is proper. For f proper and
Deligne—Mumford-representable, there is a proper base change g* fi ~ f*g* for a carte-
stan square as above.

Example A.2. For a finite group scheme G/S, the morphism § : BG — S is not representable,
but is Deligne-Mumford-representable and is proper; thus the natural transformation & — d,
is an isomorphism. More generally, the same is true for any G-gerbe .

The Betti realisation also extends readily to the context of Artin stacks. First, we need
to extend its target. Let X be a finite type scheme over C. We denote by D(X?" A) the
oo-category of sheaves of complexes of A-modules on the topological space X?". Then the
assignment X — D(X?" A) has the same basic functoriality as X — DM(X, A), and one can
follow the approach of [42] Appendix A] to define a category D(X*", A) for every finite type
Artin stack X over C. Let 0 : k — C be a complex embedding. There is a Betti realisation
functor

Rp : DM(X,A) — D(X*" A)
defined at the triangulated level in [I0] but which can be easily refined to an oco-functor, see
e.g. [7, Definition 1.21].
The Betti realisation functor for motives of schemes commutes with pullback by arbitrary

morphisms [I0, Theoreme 3.19 A], so in particular by smooth morphisms. By Theorem
this implies that we can extend the Betti realisation functor to a functor

Rp : DM(X,A) = D(X4, A).
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A.2. Motivic nearby and vanishing cycles functors for stacks. Motivic nearby cycles
for the categories DM(—, A) of étale motivic sheaves on schemes have been introduced in [9,
Chapitre 3] and studied further in [I0, 12]. The closely related functor of motivic vanishing
cycles was not defined in those references, but is not too difficult to construct once we have
motivic nearby cycles. Our goal is to extend this to Artin stacks. We could employ Theorem
combined with the smooth base change properties for nearby cycles of schemes, but we
prefer a slightly different approach with a concrete formula.

Throughout this subsection, we let S be a Noetherian finite dimensional base scheme of
characteristic zero; for this paper we only need S = Spec(k), but the general case is exactly the
same. Since we are in characteristic 0, we only need the “tame” version of these constructions,
which is the only one considered in [9, Chapitre 3]. Furthermore, as we work with coefficients in
a (Q-algebra, we can also use the alternative “logarithmic” description of motivic nearby cycles
considered in [9, Section 3.6]. For this, let Log” € DM(Gyy, s, A) be the (dual) logarithm motive
constructed in [9, Definition 3.6.29], which comes with a morphism 1g,, s — Log".

Definition A.3. For an Artin stack X and regular function f : X — AL, construct the com-
mutative diagram with cartesian squares:

Jx

X, X< x

1T

J 7
Gms——>AL<— 9

We define the unipotent nearby cycles functor of f as
PP DM(X,, A) = DM(Xo,A), M — i%(jx)«(M @ f;Log").

There is a natural transformation iy — i%jx.j% — i%Jjx. (J3(—) ® frLog") = Ll)}mij; induced
by adjunction and the morphism 1g,, s — Log" and we define the unipotent vanishing cycles
functor of f as the cofibre of this natural transformation

63" DM(X, A) — DM(Xo,A), M v cofib (i5(M) — w§"j5(M))

For convenience, we also let &;ni = (ix)« 0 ¢;§m : DM(%,A) — DM(X, A).

To construct the nearby and vanishing cycles functors, for n > 0, let p, : Ag — A}g denote
the nth power map and let X, := X x, AL pn Aé denote the base change with projection maps
fn: X0 — AIS and e, : X,, = X. We similarly construct f,, : X;,, = Gy 5 and fo, : Xop — S
by base-change along restrictions of p, and we have an open immersion j, : X,, — X, and
closed immersion #,, : Xo, — X,,.

The induced map Xy, — Xo is a closed immersion which induces an isomorphism of re-
duced schemes, so we have compatible equivalences DM(X¢ 5, A) ~ DM(X(, A) which are used
implicitely in the following. We define the nearby cycles functor of f as

g DM, ) = DME,A), M v colim (7,0 & 7 0x)).
ne(N*, ’ ’

Using the same construction as in the unipotent case, we have a natural transformation
iy — Yyjy and we define the vanishing cycles functor of f as

b7 - DM(X, A) — DM(Xo,A), M > cofib (i%(M) — 75(M)).
The functors involved in the definition of ¢y commute with colimits, so that we also have

0(M) = colim (cofib (i5,(M) = i3 () (¢}, (FEM) @ f;,L08")))

For convenience, we also write gf := (ix)« 0 ¢y : DM(X,A) — DM(X, A).

Remark A.4. One advantage of this definition, compared to [9, Definition 3.5.6], is that it does
not require introducing motives over diagrams of schemes. One can make sense of categories
of motives over a diagram of schemes oo-categorically, but we prefer to avoid this additional
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complication and to use the formalism of [42] to directly define nearby and vanishing cycles
(both for schemes and stacks) at the level of co-categories.

Proposition A.5 (Proper base change for vanishing cycles of stacks). Let g : YV — X be a
proper Deligne—Mumford-representable morphism of stacks over S and f : X — AL be a reqular
function; consider the commutative diagram with cartesian squares

(17) V-2 ey<¥

T

X, I S

N

; |
Gp,s —— AL <-—35.

Then there is a natural isomorphism
Orgs = (90)*¢fog : DM(Y, A) — DM(Xo,A).

Proof. Since g is a proper Deligne-Mumford-representable morphism, the natural transforma-

tions g1 — g« and (g,)1 — (95)« and (go)1 = (go)« are isomorphisms by Theorem
Let us first show the corresponding statement for the unipotent vanishing cycles functor.

Since the unipotent vanishing cycles functor is defined as a cofibre of the natural transformation

iy — 1/}}““ J%, it suffices to show there is a natural isomorphism

P (gn)s = (g0)« 0oy : DM(Yy) — DM(Xo, A).
This natural isomorphism is obtained from the following chain of isomorphisms which are natural
in M € DM(Y)):

D (gn) (M) := % ()5 ((gn)« (M) © frLog")
=~ i% (jx)« (gn)« (M ® gy f Log")
~i%9:(jy)«(M @ (f o g);Log")
= (90)+ (5 (J»)«(M © (f 0 g);.L0g") =: (go)st}oy (M).
Here the first isomorphism comes from the projection formula, the second comes from the
commutativity of the upper left square in and the final isomorphism comes from proper
base change for the proper Deligne-Mumford-representable map g (Theorem (vi)]).
The corresponding statement for the full vanishing cycles functor and nearby cycles functor

then follows as colimits commute with both (g,)« ~ (g,)1 and (go)« =~ (go)1 because they are
left adjoints. O

We also need the next result about pulling back vanishing cycles along smooth morphisms.

Proposition A.6 (Smooth base change for vanishing cycles of stacks). Let g : ¥ — X be a
smooth morphism of stacks over S and f : X — Als be a reqular function; then using the notation
in Diagram , there is a natural isomorphism

90P5 = ¢rogg” : DM(X, A) = DM (D, A).
Proof. As in the proof of Proposition [A.5] this boils down to constructing an isomorphism

govP =~ 1/)}12;95; DM(X,) — DM(J, A).

This isomorphism follows from the chain of isomorphisms which are natural in M € DM(X,):

G (M) = gyix (jx) «(M ® f, Log")

~i3,9" (jx)«(M ® f;Log")

=~ 3% (Jy)gy(M ® frLog")

~iy(jy)«(g,(M) & (f o g)

(¢]

nLog”) =: Pifoygn (M),
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where the middle isomorphism follows from smooth base change (Theorem . (]

Remark A.7. It follows from this smooth base change property that the functors ¢y and ¢y
defined above are canonically equivalent to the functors obtained by extending vy and ¢ for

schemes using Theorem

Remark A.8. For a morphism of stacks g : ) — X and regular function f: X — AL, to avoid

the notation gg in the above results, we can work with qgf =14, 0¢r: DM(X,A) = DM(X,A).
Then the above two results translate into the following statements.

(1) By Propo%tion for g proper and representable by Deligne-Mumford stacks, we have
Prgx =~ gxPog : DM(Y,A) — DM(X, A). B B
(2) By Proposition for g smooth, we have g*¢; ~ ¢roq9™ : DM(X,A) — DM(Y, A).

The theory of motivic vanishing cycles is strongly inspired by the theory of nearby and
vanishing cycle functors for sheaves of A-modules on complex algebraic varieties [I, Exposé
XIV]. Let X be a finite type C-scheme and f : X — A}C be a regular function. For concreteness,
we use the formulation in [I0, Paragraph before Proposition 4.8] to define

Y3 D(X2, A) — D(X3™, A)

and we define ¢3" : D(X™", A) — D(X§", A) as a cofibre of the natural map i* — ¢3" o j*. By
[1, Exposé XIV], these functors satisfy smooth and proper base change properties. Moreover,
the definition is in terms of the six operations and so makes sense at the level of co-categories
of sheaves.

We claim that these nearby and vanishing cycles functors in the sheaf setting can be readily
extended to Artin stacks. Let X be a finite type Artin stack over C and f : X — A}C be a
regular function. As when defining the Betti realisation, we define D(X*", A) as a limit over
Lisy. Moreover, (;Sjkn also satisfies smooth base change, so we can extend directly to a functor

o7+ D(X™,A) = D(X5" A)

Moreover, these motivic and sheaf vanishing cycles functors commute with Betti realisation
in the following sense.

Theorem A.9. Let o : k — C be a complex embedding. Let X be a finite type Artin stack over
kand f: X — A,lg be a reqular function.

(i) There is a natural transformation
ws: Rpogr— ¢% oRp

of functors DM(X, A) — DM(X, A).

(ii) The construction of wy commutes with base change by smooth morphisms (modulo
smooth base change for vanishing cycles).

(iii) Let M € DM(X,A) be such that for every finite type k-scheme X and every smooth
morphism u : X — X, the motive u*M is constructible in DM(X,A). Then wy(M) is
an isomorphism.

Proof. Both sides of wy are obtained by passing to the limit over Lisx, so to show (i) and (ii)
it suffices to construct wy for schemes and to proves that its construction commutes with base
change by smooth morphisms.

Such a natural transformation wy is constructed for nearby cycles in the context of trian-
gulated categories of motives over schemes by Ayoub in [10, Proposition 4.8]. He also proves
that his construction commutes with base change by smooth morphisms. Unfortunately, Ayoub
uses in loc. cit. a slightly different definition of nearby cycles involving diagram of schemes. We
claim that with our logarithmic definition, the construction of wy is even simpler than in [10,
Proposition 4.8].

Let us explain the construction of the analogue w}mi :Rpo w}mi — %yran o Rp; the general
case then follows from passing to the limit over the n-th power maps. The key point is that
by construction of Log (see [9, Definition 3.6.29]), the object RpLog” € D(Gi' ¢, A) is an
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ind-(unipotent local system) on C* and it becomes canonically trivialised when pulling back to
the universal cover exp : C — C*. Looking at the definition of 1/1?“ in [10, Paragraph 4.8], we

see that this immediately provides a natural transformation w}mi :Rpo z/J}mi — tpan 0 Rp. The
fact that the construction of the resulting natural transformation wy satisfies base change by
smooth morphisms is then an easy consequence of smooth base change for j,. This finishes the
proof of (i) and (ii).

It remains to show (iii). By (ii) and the fact that the collection of functors (u% : DM(X,A) —
DM(X, A)) (u:x—%)eLisy 18 jointly conservative, it suffices to show (iii) when X = X is a scheme
and M is constructible. Since it is a matter of checking that a certain morphism is an isomor-
phism, we can work at the level of the (triangulated) homotopy categories. In [I0, Theoreme
4.9], Ayoub proves precisely this result for his definition of wy (and nearby cycles, but passing
to vanishing cycles is then easy). We claim that the arguments in [10, Theoreme 4.9] apply just
as well to our definition of wy. The proof of [10, Theoreme 4.9] proceeds by reducing, using
smooth and proper base change for nearby cycles (and the resulting machinery of “specialisa-
tion systems”), to a very simple situation. The same reduction applies in our case, and the
computation in the simple situation is then also easy to do. O

A.3. Motivic vanishing cycles for homogeneous functions. Our goal in this section is to
prove the following theorem about motivic vanishing cycles functors for quadratic forms, which
is a special case of a more general result about vanishing cycles of homogeneous functions (see
Theorem . Recall for a half integer r € 37Z, we defined Tate twists {r} := (|r])[2r], which
are pure if and only if r € Z.

Theorem A.10. Let V' be a vector space of dimension d > 0 over an algebraically closed field k
of characteristic zero and q : V — Al be a non-degenerate quadratic form. Then in DM(Vp, A),
we have

$q(1v) = (io)«1{—(d — 1)/2},

where iq : Spec(k) — Vo := ¢~ 1(0) denotes the inclusion of the origin.

This result is well-known in the étale setting as part of the Picard—Lefschetz theory in SGA7
[l Exposé XV 2.2.5 D E|. In fact, for most of the proof we can work with a non-degenerate
homogeneous regular function f : V' — A! and we will describe the vanishing cycles functor
as the reduced cohomological motive of the fibre V; := f~!(1) as stated in the next theorem.
Versions of the following theorem were already well-known in other contexts and particularly
in Donaldson—Thomas theory. More precisely, the virtual motivic nearby cycles functor of a
homogeneous form (or more generally a certain torus equivariant regular function) is described
in [I6, Theorem B.1] and in a weighted homogeneous setting in [56, Theorem 4.1.1], confirming
a conjecture of Davison and Meinhardt [20].

Theorem A.11. Let V be a vector space over a field k of characteristic zero and f : V — Al
be a non-degenerate homogeneous function. Then in DM(Vy, A), we have

¢5(1v) = (i0)«Meon(V1),
where ig : Spec(k) — Vo := f~1(0) denotes the inclusion of the origin.

Theorem directly follows from Theorem and Proposition below, which com-
putes the (cohomological) motive of a (split) affine quadric and is based on Rost’s computation
in the projective setting [60] and Bachmann’s computation in the affine setting [13].

Proposition A.12. Let Q, be a smooth affine quadric of dimension n over an algebraically
closed field k; then in DM (k,A) we have an isomorphism

Mcoh(Qn) ~ 1@ 1{—71/2}.

Proof. We prove the proposition by induction on n. For n = 0, the quadric @)y consists of two
points and thus Mo, (Qo) ~ A @ A. For n = 1, the quadric @ is isomorphic to G, and thus
Mcoh(Ql) ~1® ﬂ(*l)[*l}'
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For the inductive step, we relate the reduced motives of @, and Q,_2 by using [13, Lemma
34] and [60, Proposition 1] to conclude

M(Qn) = M(Qn-2){1}.
For example, this isomorphism appears in [14, Eq (1)]. By dualising, we conclude M eon(Qn) ~
M con(@n—2){—1} which completes the inductive proof. O

The goal for the rest of this section is to prove Theorem Throughout this section, we
write fo: Vo — {0} and f, : V;; = G, as in the previous subsection.

First of all, as the critical locus of the non-degenerate homogeneous function f:V — Al is
the origin, the vanishing cycles functor is concentrated at the origin in the following sense.

Lemma A.13. Let X be a finite type k scheme and f : X — Al be a regular function with a
single isolated critical point xy € X (k) over 0 with ig : Spec(k) — Xo the corresponding closed
immersion. We have

Gr(Ix) ~ (i0)«(i0) @ (1x) ~ (i0)«(fo)+Pr(Lx)-
Proof. Since the restriction f* : X* — Al of f to X* = X \ {x¢} is smooth, we have
Yex(lx,) ~ 1x, and ¢px(Lx) ~ 0. Let X := Xo \ {zo} and jo : X — Xo denote the open
immersion; then by smooth base change for vanishing cycles, we have ¢ x (1xx) ~ jgor(lx).
By considering the localisation triangle for the pair (jo : X5 < Xo, 40 : {zo} — Xo)

(Jo)1(io) "6 (Lx) = 6(Lx) = (io)s(i0)"d(1x) =
we obtain the first claimed isomorphism, as the left term is zero. The second claimed isomor-

phism then follows as ig is a section of fy and again using the localisation sequence for (ig, jo)
together with the fact that (jo)*¢s(1x) ~ 0. O

The next step is to relate the vanishing cycles functor for f with the vanishing cycles functor
for Id : At — Al

Proposition A.14. For a homogeneous non-degenerate function f : V — Al on a vector space
V over a field k, we have ¢1a(f«lv) =~ (fo)«dr(1v).

Proof. Ideally we would like to prove this using proper base change, but the morphism f is not
proper. To remedy this, we construct a fibrewise projectivisation f : V' — Al with smooth
boundary divisor D := V \ V which is a constant family over A' and use proper base change
for f More precisely, we define V to be the relative projective spectrum over A' = Spec kl[t]
of the graded ring k[V, z,t]/(f — tz") where r denotes the degree of the homogeneous function
J and the coordinate ¢ has weight 0, the coordinate z has weight 1 and the coordinates on V'
have weight 1. By construction, the fibre V) over A € Al is the projective variety defined by the
vanishing locus of the equation f(v) = Az" in P(V @ k) with coordinates [v : z| and it contains
V) as the intersection with V' = {z # 0} and has boundary D, given by the projective variety
flw)=0in P(V) = {z = 0}.

Let fp : D — A' denote the restriction of fto D, so that we have a commutative diagram
VY-V <-"D
X if A
Al

with v an open immersion and ¢ a closed immersion. Since D = Dy x A! is a smooth constant
family, we have

Furthermore, as fand fp are both proper, by Proposition we have

(19) b1afe = (fo)*qbf and  é1afp. =~ (fD,0)«Pfp-
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By applying f~‘* to the localisation sequence for (v :V — V,i:D < ‘7), we obtain
f*b*blﬂf/ — f:]lf/ — f*lj*u*]lf/ i)

and we have isomorphisms f*u*y*]lr/ ~ f,1y and ﬂL*L!]lf/ ~ (fp)st'ls ~ (fp)«1p{—1} using
the purity isomorphism for the regular map ¢. Next we apply the vanishing cycles functor for
Id : A — A to this sequence to obtain

¢1a((fp)s«1p{-1}) — ¢Id(f*]l‘7) = ora(foly) >

where the left term is zero and the middle term is isomorphic to (fo).¢ f(Ilf/) by Equations
and (19). Therefore, to prove that ¢ (fily) =~ (fo)«@s(1v), it suffices to show that there is
an isomorphism (fo)*¢f(1l‘7) — (fo)«¢¢(1y). This final claim is proved by using Lemma |A.13

for both f and ftogether with the isomorphism z'No*qﬁf ~ ¢y, where ig (resp. z~0) denote the

inclusion of the origin in Vj (resp. 170), which follows from smooth base change for vanishing
cycles applied to the open immersion v. O

We are now ready to prove Theorem

Proof of Theorem[A.1]]. Let r denote the degree of the homogeneous function f: V — Al. We
let p, : A — A! denote the rth power map and write oy Vi = Al for the base change of f
along p,. Then, because f is homogeneous of degree r, the generic fibre f(,y, : V(;), = Gy, is
the constant family: Vi), = V()1 X G = V1 X Gy

By [9, Lemme 3.5.8 and following paragraph], the nearby cycles functor for Id : A — Al is
unchanged when applying pj. ; that is, ¢1q ~ t¥iapy,. Therefore, we have isomorphisms

Y1a((fo)«1v,) = Yra(pr, (f)evy) = 1a(fy ) vy, = (f1)eln

where the first isomorphism is the result of Ayoub, the middle isomorphism is smooth base
change for p, and the right isomorphism follows as f,), is constant. Here f1 : V1 — {1} is the
restriction of f to the fibre over 1.

Since Vp is an affine cone over 0, we have (fy).1y, =~ 1 by rescaling. Even though f is not
proper, we have i* f, 1y =~ (fo)«1y, as follows from localisation and proper base change for the
compactification f as in the proof of Proposition Therefore, we have

(20)  ¢na(fely) = cofib (" fely — ¢1a((fy)+1v,)) = cofib (1, = (f1)«1v;) = Meon(V2).
To complete the proof, we have isomorphisms
G5 (Lv) = (i0)«(fo)« @5 (Lv) = (i0)«¢1a(felv) = (i0)sMeon (V1)
coming from Lemma Proposition and Equation . U

Remark A.15. We expect that Theorem can be generalised to the setting of a non-
degenerate weighted homogeneous function f: V — Al

)1

APPENDIX B. MOTIVES OF STACKS OF VECTOR BUNDLES WITH FIXED DETERMINANT

Throughout this section, we assume that k is an arbitrary field and C(k) # 0. We will
compute motives of stacks of vector bundles over C (or families C/T of curves) with fixed
determinant in DM(k, Q) by extending results in [40, 38].

B.1. A formula for the motive of the stack of bundles with fixed determinant. Fix
a line bundle L — C and consider the stack Bun,, 7, of rank n vector bundles with determinant
isomorphic to L. If d = deg(L), then Bun,, 1, is a smooth codimension g substack of Bun,, 4. In
this section, we will prove the following explicit formula.

Theorem B.1. Assume C(k) # 0. Then in DM(k,Q), we have

n—1
M(Bun,, ) ~ M(BGy) @ (X) Z(C, Q{i}).
=1
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Proof. Fix x € C(k) and for | € N, we consider as in [40, §4.3], the scheme
Div,, (1) := {E C Oc(lz)®" : tk(E) = n,det(E) = L}

which is a smooth codimension g closed subvariety of the Quot scheme Div,, 4(1) of length nl —d
torsion quotients of O¢(lx)®", where d = deg(L). Moreover, one has

M(Bun, 1) ~ hoc?lim M (Div,, (1))

as in the proof of the first paragraph of [40, Theorem 4.6].
We also consider the smooth closed subscheme FDiv,, () in the full-flag Quot scheme
FDiv,, 4(I) given by

FDivy, (1) := {Fy C -+ C Fpi—q = Oc(lx)®" : tk(F;) = n,deg(F;) = d +i,det(Fp) ~ L} .

The support map supp : FDiv,, 4 — C"=d given by (Fy C --+ C Fp_q) supp(F;/Fi—1)1<i<ni—d
is an (nl — d)-iterated projective bundle. Let (C™~%), := supp(FDiv,, 1(1)); then by the pro-
jective bundle formula

M(FDiv, (1)) = M((C™=%)) & M(Pr=1)2(ni=d),

We will now complete the proof by adapting the argument in [38| §4.3]. Using the decompo-
sitions M(P" 1) ~ @7 'Q{i} as in [38, Remark 4.6], we can write

M (FDiv, (1)) = @@ M((C™ %)) @ Q{|1]},
1€T;

where 7; = {0,...,n — 1}X”l_d and for I = (i1,...,0y— d) € 7;, we write || := Z;‘;d ij. Let B
denote the set of m = (myg,...,my—1) € N® with ZZ o Mi = nl —d. Then as in [38, Lemma
4.7], we can conclude that

M (Divn,z(1) = @ M(CF™){ew},

mebB;

where ¢, 1= ZZ o m; and C( m) - om) = Cmo) ... 5 C(Mn-1) is the image of (C™~%)1, under
the quotient C™~—4 — C(m0) x ... x C(mn=1) by the product of symmetric groups H?:_()l S, -
Furthermore, as in [38, Lemma 4.7 (ii)], the transition map M (Div,, 1,(1)) — M (Div,, (I + 1))
is induced by direct sums over m € B; and m’ € B4 of the maps M (K, 1.){Cm}, Where

Km,m/,L Cém) — ngm’)

is zero unless m’ = m + (n,0,...,0) (and thus ¢, = ¢,y) and in this case, Ky m/ 1 is the
restriction of the map Ky, s C(m) — ™) induced by (, ..., z) xidgni—a: C’”l d_ C’"(H‘l)
which includes n copies of x.

The rest of the proof follows exactly as in [40, Theorem 4.6], so we simply outline the idea
> = (my,...,mp_1) € N*"1 we define ¢, := S img and mi(1) == nl —d — S0 my
and write m”(1) := (mj(l),m’) € Z x N*~!; then Cmp (1) = Cmp- From the above description of
the transitions maps one obtains that

For m

M(Bun, 1) ~ @ hocohmP -y

mb eNn—1

where Panb = M(C’émb(l))){cmb} if my(1) > 0 and is zero otherwise. Next for m = (mq, ..., m,_1),
we use a generalised Abel-Jacobi map

)y olm) o glmn),
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which is a P07 9-bundle if my > 2g — 2, to deduce that
M(Bun, 1) ~ @ hocolim PZ, = @ hocolim M(ng(l)*g) ® M(C(mb)){cmb}

mPeNn-1 L:mb (1)>0 m mPeNn—1 L:mf (1) >29—2
(mb) n—1 -
~ @ M(BG.)®MC™){c,,} ~ M(BGy) @ (K) Z(C,Q{i}),
m>eNr—1 i=1
where C(™") .= C(m1) x ... x C(mn-1) This completes the proof. O

In the case when L = O¢, we have that Bungr, — Bun, o, is a Gy,-torsor (see [40], §4.3])
and so we deduce the following corollary.

Corollary B.2. Assume C(k) # (. Then in DM(k, Q), we have

n—1
M(Bungr,,) ~ X) Z(C,Q{i}).
=1

Proof. This follows from Theorem using the arguments of the proof of [40, Theorem 4.7]. O

B.2. Relative formulae for families of curves. Throughout this section, we fix a (Noether-
ian finite-dimensional) scheme T and consider a family C of smooth projective geometrically
connected genus g curves over 1 and we assume that this family admits a section. We let
Bune 7, q denote the stack (over T') of vector bundles on C/T of rank n and degree d. We first
consider the relative case without fixing the determinant and then consider the relative case
with fixed determinant.

For a T-scheme X (or stack), we write M7 (X) € DM(T, Q) for the relative motive of X over
T. We write Qr{r} € DM(T, Q) for the pure Tate twists. We shall also write (X/T")" to denote
the T-scheme given by the r-fold fibre product of X over T" and we write Sym” (X/T') for the
Sy-quotient of (X/T)".

Theorem B.3. Let C/T be a family of smooth projective geometrically connected genus g curves
over T admitting a section o : T — C. Then in DM(T,Q), we have

n—1

My (Bune7.q) ~ Mr(Jace,r) @ Mr(BGy,r) ® Q) Zr(C/T, Qr{i}),

i=1

where .
Zr(C/T,Qr{i}) := @ Mr(Sym’ (C/T)) @ Qr{ij} € DM(T, Q).
j=>0
Proof. Let O¢(o) denote the line bundle whose restriction to t € T' is the degree 1 line bundle
Oc,(o(t)). We now consider relative versions of the (flag)-Quot schemes appearing in [40] 38]:
we let ol
Dive,7,p,a(l) == Quotejy*(Oc(lo )™

denote the relative Quot scheme over T of rank 0, degree nl — d quotient sheaves of O¢(lo)®"
and we let FDive 1, 4(1) denote the relative full flag version, whose points over S — T are

Cs

Fi
FDch/T7n7d<l)(S> = {./_"0 C-- CFp—a = Ocs (l05>€an A ,rk(}"i) = n,deg(}"i) =d+ Z} .
Both Dive 1y, 4(1) and FDive 1, 4(1) are smooth projective schemes over 7.
The natural forgetful morphisms Dive 7, (1) — Bung,7, ¢ induce a morphism
hocolim Mr(Dive/rn,a(l)) = Mr(Bunc1,5.4)
in DM(T', Q), which we claim is an isomorphism. By [12, Proposition 3.24], it suffices to check

the pullback of this map along each point ¢ € T' is an isomorphism. However, for each t € T,
the pullback to DM(k(t), Q)

hoc?lim M (Dive, na(lo(t))) — M(Bung, n q)
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coincides with the isomorphism given by [40, Theorem 3.5].

Extending the absolute case proved in [38, §4] to the relative setting, there is a support map
supp : FDive /7, 4(1) — (C/T)™~ sending Fo C - -+ C Fpi—g to supp(F;/Fi—1). Furthermore,
as in [38, §4], the support map is an (nl — d)-iterated P"~!-bundle and thus

Myp(FDiver.p.4(1)) ~ Mp(BE~H)®" =4 € DM(T, Q).
We claim that the following composition
Mrp(Sym™~4(PE/T)) — Mp(PE )"~ ~ My(FDive 1 4(1)) = Mr(Divepp.a(l))

is an isomorphism in DM(7,Q), where the last morphism is induced by the natural forgetful
map. Again, by [12, Proposition 3.24], it suffices to check the pullback of this map along each
point ¢ € T is an isomorphism, which is proved in [38, Theorem 1.3]. Upgrading [38, Lemma 4.4]
to the relative case, we see that the transition maps Mz (Dive,r,, 4(1)) = Mr(Dive 1y a(l+1))
correspond to the inclusions

nl—d . n(l+1)—d .
@ Syml(MC/T,n) — @ SymZ(MC/T,n)a
=0 =0

where Mc /7, := Mrp(Py1/T) is defined by the decomposition Mp(PE1) ~ Qr{0} & Merm,
given by o. Hence, similarly to [38, Theorem 4.5], we conclude that

nl—d 0o
My (Buner.,qa) = hocolim €P) Sym' (Me,7,,) ~ €P) Sym"(Me,n)
i=0 i=0
n—1
~ Mr(Jace;) ®@ Mp(BGy, 1) ® (X) Zr(C/T, Qr{i})
i=1
where we use the decompositions M7 (C) ~ Qr{0} ® Mr(Jace,r) ® Qr{1} (see [59, Corollary
3.20 (iii)]) and M7 (P45 1) ~ @7 Qr{i}. O

Now fix a line bundle £ € Picg /T(T) and consider the stack Bunc,7, o of vector bundles on
C/T of rank n with determinant £; this is a smooth closed substack of Bunc /1, g-

Theorem B.4. Let C/T be a family of smooth projective geometrically connected genus g curves
over T admitting a section o : T — C and L € Picg/T(T). In DM(T,Q), we have

n—1

Myp(Bune/p.c) ~ Mp(BGy1) @ Q) Zr(C/T, Qr{i}).

i=1

Proof. One defines subschemes Dive /7., £(I) < Dive/ry, (1) where the subsheaf £ C O¢(lo)®"
has determinant £; this is a closed subscheme and smooth over T. One obtains an isomorphism

MT(‘BunC/T’nVC) ~ hOC(l)Iim MT(DiVC/T,n,L(l))

by adapting the proof of Theorem [B.3] using Theorem [B.1]
We define a closed subscheme FDive 1, (1) < Dive/py, 4(1) with fixed determinant £ and
consider the composition

P Mr((e/T) ™ {em} — Mr((®*1)" x (C/T)F ") = Mr(FDiverp c(1))

meB;
with the forgetful map My (FDive, 1y, 2(1)) = Mr(Dive/p, £(1)); here (C/T)Zl_d denotes the
image of FDive 7, £(1) under supp : Dive, 1y, (1) — (C/T)"~4 and for a partition m € By, we
let (C/T)(ﬁm) denote the image of (C/T)Zl_d under the quotient map (C/T)"~¢ — (C/T)™) .=
H:‘L:_ol Sym™#(C/T). We claim that this composition is an isomorphism. Again, by [12], Proposi-
tion 3.24], it suffices to check the pullback of this map along each point ¢ € T is an isomorphism,
so we can reduce to 7' = Spec(k). But we proved that this morphism is an isomorphism in that
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case in the proof Theorem Furthermore, the transition maps are as in Theorem and
then the rest of the proof follows in exactly the same way. O

APPENDIX C. DIMENSION FORMULAE

We record some dimension formulae, with references either to the literature or this paper.
Note that from the second line on in this table (i.e. for all the moduli spaces related to SL,
rather than GL,-Higgs bundles), the second column is equal to the first column specialised to
A :=deg(D) = 2g — 2; we chose to keep this presentation for ease of reference.

’ | A :=deg(D) >2g—2 | D= K¢ | Reference ‘
dim MP n?A + 1 n?(2g — 2) + 2 [57, Proposition 7.1]
dim AP nefDR _ (g —1) n?(g—1)+1 22, Eq.(77) in §6.1]
dim MP (n? —1)A (n? —1)(2g —2) | [22, Eq.(78) in §6.1]
dim AP % —(n—1g-1)—-A | (n2-1)(g—1) [22, Eq.(78) in §6.1]
dim MP = dim ./\/l,? (nny, —1)A (nny —1)(2g —2) | Lemma [5.5(1)
dim AP = dim AP | "8y _1)(g—1) — A (nn, —1)(g—1) | Lemmal5.5]ii)
codim yp M$ n(n —ny)A n(n —ny)(2g — 2) | Lemma |5.5|iii)

d := codim 4p .Afy) M n(n —ny)(g—1) | Lemmal5.5/iv)
REFERENCES

[1]

Groupes de monodromie en géométrie algébrique. II. Lecture Notes in Mathematics, Vol. 340. Springer-
Verlag, Berlin-New York, 1973. Séminaire de Géométrie Algébrique du Bois-Marie 1967-1969 (SGA 7 II),
Dirigé par P. Deligne et N. Katz.

Cohomologie l-adique et fonctions L. Lecture Notes in Mathematics, Vol. 589. Springer-Verlag, Berlin-New
York, 1977. Séminaire de Géometrie Algébrique du Bois-Marie 1965-1966 (SGA 5), Edité par Luc Illusie.
L. Alvarez Cénsul, O. Garcia-Prada, and A. H. W. Schmitt. On the geometry of moduli spaces of holomorphic
chains over compact Riemann surfaces. IMRP Int. Math. Res. Pap., 2006.

G. Ancona, S. Enright-Ward, and A. Huber. On the motive of a commutative algebraic group. Doc. Math.,
20:807-858, 2015.

Y. André. Motifs de dimension finie (d’aprés S.-I. Kimura, P. O’Sullivan. .. ). Number 299, pages Exp. No.
929, viii, 115-145. 2005. Séminaire Bourbaki. Vol. 2003/2004.

M. F. Atiyah and R. Bott. The Yang-Mills equations over Riemann surfaces. Philos. Trans. R. Soc. Lond.,
Ser. A, 308:523-615, 1983.

J. Ayoub. Anabelian presentation of the motivic galois group in characteristic zero. available from the author’s
website.

J. Ayoub. Les six opérations de Grothendieck et le formalisme des cycles évanescents dans le monde mo-
tivique. I. Astérisque, (314):x+466 pp. (2008), 2007.

J. Ayoub. Les six opérations de Grothendieck et le formalisme des cycles évanescents dans le monde mo-
tivique. II. Astérisque, (315):vi+364 pp. (2008), 2007.

J. Ayoub. Note sur les opérations de Grothendieck et la réalisation de Betti. J. Inst. Math. Jussieu, 9(2):225—
263, 2010.

J. Ayoub. A guide to (étale) motivic sheaves. In Proceedings of the International Congress of
Mathematicians—Seoul 2014. Vol. II, pages 1101-1124. Kyung Moon Sa, Seoul, 2014.

J. Ayoub. La réalisation étale et les opérations de Grothendieck. Ann. Sci. Ec. Norm. Supér. (4), 47(1):1-145,
2014.

T. Bachmann. On the invertibility of motives of affine quadrics. Doc. Math., 22:363—-395, 2017.

T. Bachmann and A. Vishik. Motivic equivalence of affine quadrics. Math. Ann., 371(1-2):741-751, 2018.
A. Beauville, M. S. Narasimhan, and S. Ramanan. Spectral curves and the generalised theta divisor. J. Reine
Angew. Math., 398:169-179, 1989.

K. Behrend, J. Bryan, and B. Szendréi. Motivic degree zero Donaldson-Thomas invariants. Invent. Math.,
192(1):111-160, 2013.

M. V. Bondarko. Differential graded motives: weight complex, weight filtrations and spectral sequences for
realizations; Voevodsky versus Hanamura. J. Inst. Math. Jussieu, 8(1):39-97, 2009.

P.-H. Chaudouard and G. Laumon. Un théoréme du support pour la fibration de Hitchin. Ann. Inst. Fourier
(Grenoble), 66(2):711-727, 2016.

D.-C. Cisinski and F. Déglise. Triangulated categories of mixed motives. Springer Monographs in Mathemat-
ics. Springer, Cham, 2019.



42
[20
[21

22

S

3
4

S

S
IS

[54

55

VICTORIA HOSKINS AND SIMON PEPIN LEHALLEUR

| B. Davison and S. Meinhardt. Motivic Donaldson-Thomas invariants for the one-loop quiver with potential.
Geom. Topol., 19(5):2535-2555, 2015.

] M. de Cataldo and L. Migliorini. The Chow motive of semismall resolutions. Math. Res. Lett., 11(2-3):151—
170, 2004.

] M. A. de Cataldo. A support theorem for the Hitchin fibration: the case of SL,,. Compos. Math., 153(6):1316—
1347, 2017.

] R. Derryberry. Stacky dualities for the moduli of Higgs bundles. Adv. Math., 368:107152, 55, 2020.

R. Donagi and T. Pantev. Langlands duality for Hitchin systems. Invent. Math., 189(3):653-735, 2012.

| L. Fu, V. Hoskins, and S. Pepin Lehalleur. Motives of moduli spaces of bundles on curves via variation of
stability and flips. arXiv: 2011.14872, 2020.

] L. Fu, V. Hoskins, and S. Pepin Lehalleur. Motives of moduli spaces of rank 3 vector bundles and Higgs
bundles on a curve. Electron. Res. Arch., 30(1):66-89, 2022.

] L. Fu, Z. Tian, and C. Vial. Motivic hyper-K&hler resolution conjecture, I: generalized Kummer varieties.
Geom. Topol., 23(1):427-492, 2019.

] O. Garcia-Prada and J. Heinloth. The y-genus of the moduli space of PGL,-Higgs bundles on a curve (for
degree coprime to n). Duke Math. J., 162(14):2731-2749, 2013.

] O. Garcia-Prada, J. Heinloth, and A. Schmitt. On the motives of moduli of chains and Higgs bundles. J.
Eur. Math. Soc., 16(12):2617-2668, 2014.

| P. B. Gothen and A. G. Oliveira. Topological mirror symmetry for parabolic Higgs bundles. J. Geom. Phys.,
137:7-34, 2019.

] M. Groechenig and S. Shen. Complex K-theory of moduli spaces of Higgs bundles. In preparation, 2022.

] M. Groechenig, D. Wyss, and P. Ziegler. Mirror symmetry for moduli spaces of Higgs bundles via p-adic
integration. Invent. Math., 221(2):505-596, 2020.

| G. Harder and M. S. Narasimhan. On the cohomology groups of moduli spaces of vector bundles on curves.
Math. Ann., 212:215-248, 1974/75.

] T. Hausel and C. Pauly. Prym varieties of spectral covers. Geom. Topol., 16(3):1609-1638, 2012.

| T. Hausel and M. Thaddeus. Mirror symmetry, Langlands duality, and the Hitchin system. Invent. Math.,
153(1):197-229, 2003.

] J. Heinloth. A conjecture of Hausel on the moduli space of Higgs bundles on a curve. Astérisque, (370):157—
175, 2015.

] N. J. Hitchin. The self-duality equations on a Riemann surface. Proc. London Math. Soc. (3), 55(1):59-126,
1987.

| V. Hoskins and S. Pepin Lehalleur. A formula for the Voevodsky motive of the moduli stack of vector bundles
on a curve. Geom. Topol., 25(7):3555-3589, 2021.

| V. Hoskins and S. Pepin Lehalleur. On the Voevodsky motive of the moduli space of Higgs bundles on a
curve. Selecta Math. (N.S.), 27(1):Paper No. 11, 37, 2021.

| V. Hoskins and S. Pepin Lehalleur. On the Voevodsky motive of the moduli stack of vector bundles on a
curve. Q. J. Math., 72(1-2):71-114, 2021.

] V. Hoskins and S. Pepin Lehalleur. Formulae for Voevodsky motives of stacks of coherent sheaves on a curve.

In preparation, 2022.

A. A. Khan. Virtual fundamental classes of derived stacks I, 2019. arXiv preprint: arXiv:1909.01332.

] S.-I. Kimura. Chow groups are finite dimensional, in some sense. Math. Ann., 331(1):173-201, 2005.

] T. Kinjo and N. Koseki. Cohomological x-independence for Higgs bundles and Gopakumar-Vafa invariants,
2021. arXiv preprint: 2112.10053.

] T. Kinjo and N. Masuda. Global critical chart for local calabi-yau threefolds, 2021.

] G. Laumon. Correspondance de Langlands géométrique pour les corps de fonctions. Duke Math. J.,
54(2):309-359, 1987.

] Y. Lin. Twisted orbifold K-theory for global quotient. Topology Appl., 225:9-26, 2017.

F. Loeser and D. Wyss. Motivic integration on the Hitchin fibration. Algebr. Geom., 8(2):196-230, 2021.

| E. Markman. Generators of the cohomology ring of moduli spaces of sheaves on symplectic surfaces. J. Reine
Angew. Math., 544:61-82, 2002.

| D. Maulik and J. Shen. Endoscopic decompositions and the Hausel-Thaddeus conjecture. Forum Math. Pi,
9:Paper No. €8, 49, 2021.

] D. Maulik and J. Shen. On the intersection cohomology of the moduli of SL,-Higgs bundles on a curve.
arXiv preprint: 2103.01285, 2021.

] M. Mauri. Topological mirror symmetry for rank two character varieties of surface groups. Abh. Math. Semin.
Univ. Hambg., 91(2):297-303, 2021.

] C. Mazza, V. Voevodsky, and C. Weibel. Lecture notes on motivic cohomology, volume 2 of Clay Mathematics
Monographs. American Mathematical Society, Providence, RI; Clay Mathematics Institute, Cambridge, MA,
2006.

] M. S. Narasimhan and S. Ramanan. Generalised Prym varieties as fixed points. J. Indian Math. Soc. (N.S.),
39:1-19 (1976), 1975.

] B. C. Ngo. Fibration de Hitchin et endoscopie. Invent. Math., 164(2):399-453, 2006.



[56]

(6]

(67]

MOTIVIC MIRROR SYMMETRY FOR HIGGS BUNDLES 43

J. Nicaise and S. Payne. A tropical motivic Fubini theorem with applications to Donaldson-Thomas theory.
Duke Math. J., 168(10):1843-1886, 2019.

N. Nitsure. Moduli space of semistable pairs on a curve. Proc. London Math. Soc. (3), 62(2):275-300, 1991.
D. O. Orlov. Derived categories of coherent sheaves, and motives. Uspekhi Mat. Nauk, 60(6(366)):231-232,
2005.

S. Pepin Lehalleur. Triangulated categories of relative 1-motives. Adv. Math., 347:473-596, 2019.

M. Rost. Some new results on the chow groups of quadrics. Preprint, Regensburg, 1990.

S. Shen. Topological mirror symmetry for moduli spaces of parabolic Higgs bundles. In preparation, 2022.
C. Simpson. The Hodge filtration on nonabelian cohomology. In Algebraic geometry—=Santa Cruz 1995,
volume 62 of Proc. Sympos. Pure Math., pages 217-281. Amer. Math. Soc., Providence, RI, 1997.

A. Vistoli. Intersection theory on algebraic stacks and on their moduli spaces. Invent. Math., 97(3):613-670,
1989.

J. Wildeshaus. On the interior motive of certain Shimura varieties: the case of Picard surfaces. Manuscripta
Math., 148(3-4):351-377, 2015.

J. Wildeshaus. On the interior motive of certain Shimura varieties: the case of Picard surfaces. Manuscripta
Math., 148(3-4):351-377, 2015.

Z. Yun. Towards a global Springer theory III: endoscopy and Langlands duality. arXiv preprint: 0904.3372,
2009.

Z. Yun. Global Springer theory. Adv. Math., 228(1):266-328, 2011.



	1. Introduction
	1.1. Mirror symmetry for SL and PGL-Higgs bundles
	1.2. -action on cohomology and motives
	1.3. Overview of Maulik and Shen's cohomological mirror symmetry
	1.4. Results and methods
	1.5. Related works and further directions
	Acknowledgements
	Motivic set-up

	2. Background on Higgs moduli spaces
	2.1. D-twisted Higgs bundles
	2.2. SL-Higgs bundles
	2.3. PGL-Higgs bundles

	3. Motives of D-twisted Higgs moduli spaces
	3.1. Hitchin's scaling action and moduli of chains
	3.2. Stacks of chains, wall-crossings and Harder–Narasimhan recursions

	4. Motives of SL-Higgs moduli spaces
	4.1. The scaling action on the SL-Higgs moduli space
	4.2. The stack of injective chain homomorphisms of fixed total determinant
	4.3. The SL-Higgs moduli space has abelian motive

	5. Motivic isotypical decompositions and orbifold motives
	5.1. Weil pairing and cyclic covers
	5.2. Fixed loci and relative Higgs moduli spaces for cyclic covers
	5.3. The orbifold motive of the PGL-Higgs moduli space

	6. Proof of motivic mirror symmetry
	6.1. Motivic correspondences
	6.2. A motivic endoscopic correspondence for Higgs bundles
	6.3. Passing from D + p to D with motivic vanishing cycles
	6.4. Higgs moduli spaces with abelian motives
	6.5. Completing the proof

	Appendix A. Motivic sheaves and motivic vanishing cycles for stacks
	A.1. Extending DM to Artin stacks
	A.2. Motivic nearby and vanishing cycles functors for stacks
	A.3. Motivic vanishing cycles for homogeneous functions

	Appendix B. Motives of stacks of vector bundles with fixed determinant
	B.1. A formula for the motive of the stack of bundles with fixed determinant
	B.2. Relative formulae for families of curves

	Appendix C. Dimension formulae
	References

