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ABSTRACT
We study a collection of stability conditions (in the sense of Schmitt) for complexes of sheaves over
a smooth complex projective variety indexed by a positive rational parameter. We show that the
Harder—Narasimhan filtration of a complex for small values of this parameter encodes the Harder—
Narasimhan filtrations of the cohomology sheaves of this complex. Finally we relate a stratification
into locally closed subschemes of a parameter space for complexes associated to these stability pa-
rameters with the stratification by Harder—Narasimhan types.

1. INTRODUCTION

Let X be a smooth complex projective variety and Ox (1) be an ample invertible sheaf
on X. We consider the moduli of (isomorphism classes of) complexes of sheaves on X, or
equivalently moduli of @)-sheaves over X where @ is the quiver

with relations imposed to ensure the boundary maps square to zero. Moduli of quiver sheaves
have been studied in [1, 2, 6, 14]. There is a construction of moduli spaces of S-equivalence
classes of ‘semistable’ complexes due to Schmitt [14] as a geometric invariant theory quotient
of a reductive group GG acting on a parameter space ¥ for complexes with fixed invariants. The
notion of semistability is determined by a choice of stability parameters and the motivation
comes from physics; it is closely related to a notion of semistability coming from a Hitchin—
Kobayashi correspondence for quiver bundles due to Alvarez-Cénsul and Garcia-Prada [2].
The stability parameters are also used to determine a linearisation of the action. The notion
of S-equivalence is weaker than isomorphism and arises from the GIT construction of these
moduli spaces which results in some orbits being collapsed.

As the notion of stability depends on a choice of parameters, we can ask if certain param-
eters reveal information about the cohomology sheaves of a complex. We show that there is
a collection of stability parameters which can be used to study the cohomology sheaves of a
complex. Analogously to the case of sheaves, every unstable complex has a unique maximally
destabilising filtration known as its Harder—Narasimhan filtration. We give a collection of
stability parameters indexed by a rational parameter € > 0 and show the Harder-Narasimhan
filtration of a complex with respect to these parameters encodes the Harder—Narasimhan fil-
trations of the cohomology sheaves in this complex for € sufficiently small. We then study a
G-invariant stratification of the parameter space ¥ associated to these stability parameters.

Given an action of a reductive group G on a projective scheme B with respect to an
ample linearisation £, there is an associated stratification {Sg : § € B} of B into G-invariant
locally closed subschemes for which the open stratum is the geometric invariant theory (GIT)
semistable set B*S [8, 12, 13]. The unstable strata have a description due to Hesselink [§]
which make use of Kempf’s notion of adapted 1-parameter subgroups (1-PSs) [11] as follows.
The Hilbert—-Mumford criterion allows us to determine which points are GIT semistable by
studying the actions of 1-PSs; that is, nontrivial homomorphisms A : C* — G. It states
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that b € B is semistable if and only if it is for every 1-PS A of G we have u“(b,\) > 0
where ;“(b,\) is equal to the weight of the C*-action induced by A on the fibre of £ over
lim;_,9 A(¢) - b. For an unstable point b, we want to measure how unstable this point is using

the function pu. As p®(b,A\") = nu“(b, \), we pick a norm || — || for 1-PS and use this to
normalise the Hilbert Mumford function. We say A is adapted to b € B — B** if
L L /
H (b7>‘) L .M (ba)‘)
" = M*~(b) := min ———=.
[IAl] DO

The indices 3 for the unstable strata correspond to rational 1-PSs Ag (i.e. Aj s a 1-PS)
and Sg is the set of unstable points b such that a conjugate of A\g is adapted to b and
ME(b) = —| Mgl -

We study the stratifications obtained in this way for the action of G on the parameter space
¥ for complexes with linearisation determined by the above collection of stability parameters.
We show that for a given Harder—Narasimhan type 7, the GIT set up of the parameter
scheme can be chosen so all sheaves with Harder-Narasimhan type 7 are parametrised by a
locally closed subscheme R, of the parameter space €. Moreover, R, is a union of connected
components of a stratum Sg(;) in the associated stratification. The scheme R; has the nice
property that it parametrises complexes whose cohomology sheaves are of a fixed Harder—
Narasimhan type.

The layout of this paper is as follows. In §2, we give a summary of the construction of
Schmitt of moduli spaces of complexes and study the action of 1-PSs. In §3, we give the
collection of stability conditions indexed by ¢ > 0 and show that the Harder—Narasimhan
filtration of a complex encodes the Harder—Narasimhan filtration of the cohomology sheaves
for small e. In §4, we study the associated GIT stratification of the parameter space for
complexes and relate this to the stratification by Harder—Narasimhan types. Finally, in
85 we consider the problem of taking a quotient of the G-action on a Harder—Narasimhan
stratum R..

Notation and conventions. Throughout we let X be a smooth complex projective variety
and Ox (1) be an ample invertible sheaf on X. All Hilbert polynomials P(€) of sheaves £ over
X will be calculated with respect to Ox(1). We use the term complex to mean a bounded
cochain complex of torsion free sheaves. We say a complex £ is concentrated in [mq, ms] if
E'=0for i < my and i > mo.

2. SCHMITT’S CONSTRUCTION

In this section we summarise Schmitt’s construction [14] of moduli space of S-equivalence
classes of semistable complexes over X and calculate the weights of C*-actions.

If we have an isomorphism of complexes & =2 F°, then for all i we have £ = F’ and so
P(EY) = P(F"). Hence we can fix a collection of Hilbert polynomials P = (P%);cz such that

P =0 for all but finitely many ¢ and study complexes with these invariants. In fact we can
assume P is concentrated in [m1, ms] and write P = (P™ ..., P™2).

2.1. Semistability. Schmitt introduces a notion of (semi)stability for complexes which de-
pends on a collection of stability parameters (g, x) where x := 07 and

e 0= (0; € Z>0)iez,
o= (1 € Qicz,
e J is a positive rational polynomial such that degé = max(dim X — 1,0).

Definition 2.1. The reduced Hilbert polynomial of a complex F* with respect to (o, x) is
Yicz i P(F) — x;rk F?

ZiGZ a; rk F g
where P(F*) and rk F* are the Hilbert polynomial and rank of the sheaf F.

red N\ L
PRd(F) =
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A nonzero complex F" is (g, x)-semistable if for any nonzero proper subcomplex £ C F
we have an inequality of polynomials

red [ o- red -
PQ?X(E ) < PQ?K(]: ).

By an inequality of polynomials R < @) we mean R(z) < Q(x) for all z >> 0. We say the
complex is (g, x)-stable if this inequality is strict for all such subcomplexes.

Remark 2.2. For any rational number ¢, if 5" := 1 — qo and x’ := 67/, then the notions of
(o, x)-semistability and (g, x’)-semistability agree. For invariants P = (P™!,--- , P™2), let
S it

X, o

where r? is the rank determined by the leading coefficient of P?. The associated stability
parameters (o, x’) for P satisfy Z?fml nir' = 0. We may assume our stability parameters
satisfy Z?fml nirt = 0 since P is fixed in this section.
2.2. The parameter space. The set of sheaves occurring in a (o, x)-semistable complex
& with invariants P is bounded by the usual arguments (see [15], Theorem 1.1) and so we
may pick n >> 0 so that all these sheaves are n-regular. Fix complex vector spaces V? of
dimension P?(n) and let Q° be the open subscheme of the quot scheme Quot(V!®@0Ox (—n), P?)
consisting of torsion free quotient sheaves ¢ : V¢ ® Ox(—n) — &' such that H%(¢'(n)) is
an isomorphism. The parameter scheme ¥ for (g, y)-semistable complexes with invariants
P is constructed as a locally closed subscheme of a projective bundle ® over the product
Q:=Q™ x---x QM.

Given a (g, x)-semistable complex £ with Hilbert polynomials P we can use the evaluation
maps N

HO(E(n)) ® Ox(—n) — &

along with a choice of isomorphism V? 22 H?(£%(n)) to parametrise the sheaf £ by a point
¢ :V'®Ox(—n) = £ in Q. We can also construct a homomorphism

Y= H(d(n)) o (8:H(¢'(n))) : & V' — @& H (€' (n))

where d : @;£" — @;E" is the morphism determined by the boundary maps d* : £ — &1,
Such homomorphisms ) correspond to points in the fibres of the sheaf

R = (@V') @ p. (Ue @) Ox(n)

over Q where p : Q@ x X — @ is the projection and ®;V* ® (w?(XX)*OX(—n) — U is the
quotient sheaf over @Q x X given by taking the direct sum of the pullbacks of the universal
quotients V' ® (wngX)*OX(—n) —U"on Q' x X to @ x X. Note that R is locally free for
n sufficiently large and so we can consider the projective bundle ® :=P(R & Og) over Q.
A point of ® over ¢ = (¢' : VI ® Ox(—n) — &); € Q is given by a nonzero pair

(Y : @&V — ©;H°(E(n)),¢ € C) defined up to scalar multiplication. The parameter
scheme ¥ consists of points (g, [¢ : ¢]) in © such that:

i) v = HOd(n))o(®;H(¢*(n))) where the homomorphism d : ©;E! — @;E* is uniquely

determined by sheaf homomorphisms d’ : £/ — £+! which satisfy d' o d"~! = 0,

i) ¢ #0.
The conditions given in i) are all closed (they are cut out by the vanishing locus of homo-
morphisms of locally free sheaves) and condition ii) is open; therefore ¥ is a locally closed
subscheme of ©. We let ©’ denote the closed subscheme of © given by points which satisfy
condition 1).

Remark 2.3. The construction of the parameter scheme T depends on the choice of n and
the Hilbert polynomials P; we write Tp or T(n) if we wish to emphasise this dependence.
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23 The group action. For m; < i‘ < mgy we have fixed vector spaces V? of dimension
P'(n). The reductive group IL;GL(V") acts on both @ and D: if g = (gm,,...,9m,) €
ILGL(V*) and z = ((¢" : V' @ Ox(—n) = &), [ : {]) € D, then

g-2=((g:-¢": V' ®Ox(-n) = )i, g - ¥ : (])

where
— 1 . l

gi - q*: Vi®OX(—n)L>Vi®OX(—n)L>5i

and
-1

g @V Vil @ HYEi(n)).
If instead we consider ¥ := @; H°(¢*(n)) "' o9 : @;V* — @;V? then this action corresponds
to conjugating 1/; by g; that is, -
googt=g-¢.

This action preserves the parameter scheme ¥ and the orbits correspond to isomorphism
classes of complexes. As the subgroup (C*(Ivm1 e vIsz) acts trivially on ®, we are inter-
ested in the action of (IL;GL(V?))/C*. Given integers ¢ = (0, --.,0m,) We can define a
character ,

dety : ILGL(V') — C*
(9:) > I1; det g;"
and instead consider the action of the group G = G, := kerdet, which maps with finite
kernel onto (II;GL(V;))/C*.

2.4. The linearisation. Schmitt uses the stability parameters (g, x) := (g, 1) to determine
a linearisation of the G-action on the parameter space T in three steps. We note that the
exact details of the linearisation are only needed for the calculations in §2.6. The first step is
to construct an equivariant morphism from ® to another projective bundle B, over (). The
parameters ¢ are used to associate to each point z = (g, [¢ : (]) € ® a nonzero decoration

0o(2): (Vo ®)®2 @ Ox(=1gn) = det &

(up to scalar multiplication) where r, = >, 07" and V, := @;(V)®% and &, := @;(£%)1.
The fibre of B, over ¢ € () parametrises such homomorphisms ¢, up to scalar multiplication
and the morphism ® — 9B, is given by sending z = (¢, [ : ¢]) € D to (¢, [ps(2)]) € B,.
The group G = SL(V,) N IL;GL(V?) acts on B, by acting on @ and V, and ® — B, is
equivariant with respect to this action.

The second step is given by constructing a projective equivariant embedding B, — B,.
This embedding is essentially given by Gieseker’s embedding [5] of Q' into a projective bundle
B; over the components R; of the Picard scheme of X which contain the determinant of a
sheaf £/ parametrised by Q°. The embedding sends a quotient sheaf ¢ : V! ® Ox(—n) — &°
to a homomorphism A™ V% — HO(det £(r‘n)) which represents a point in a projective bundle
B; over R;. In a similar way Schmitt also constructs an equivariant morphism B, — B.
where B/ is a projective bundle over the product II;R;. Let By = By, X -++ X By, x Bl;
then Schmitt shows the map B, — B, is equivariant, injective and proper morphism.

The final step is to choose a linearisation on B, and pull this back to T via

T =D =B, = By = By, X+ X By X B,
The schemes B; and B, have natural ample linearisations given by £; := Op,(1) and L' :=
Op:(1). The linearisation on B, is given by taking a weighted tensor product of these
linearisations and twisting by a character p of G = G,. The character p : G — C* is the
character determined by the rational numbers

oo (B0 (i)
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where P, := ", 0;P% that is, if these are integral we define

p<gm1a o vgm2) = H?fml detgz‘q
and if not we can scale everything by a positive integer so that they become integral. We
assume n is sufficiently large so that a; = 0;(Py(n) — r,0(n))/re0(n) + n; is positive; these
positive rational numbers @ = (apm,, ..., am,, 1) are used to define a very ample linearisation

Ly=Q)LEY @ L

(2

on B, (where again if the a; are not integral we scale everything so that this is the case).

The linearisation £ = L(g, x) on ¥ is equal to the pullback of the very ample linearisation
L5 on B, where £} denotes the linearisation obtained by twisting £, by the character p.

2.5. The moduli space. The moduli space of (g, x)-semistable complexes with invariants
P is constructed as an open subscheme of the projective GIT quotient

o'/ G

given by the locus where ¢ # 0 (by definition ¥ is the open subscheme of ®’ given by this
condition).

Definition 2.4. A Jordan-Holder filtration of a (g, x)-semistable complex £ is a filtration
by subcomplexes

0.=8&éms E&y=¢

such that the successive quotients é’m /€

i1
equal to ng (£°). This filtration is in general not canonical but the associated graded object

are (g, x)-stable with reduced Hilbert polynomial

k
8L(a,x) (€)= @gfj]/gfj—ll
j=1

is canonically associated to £ up to isomorphism. We say that two (o, x)-semistable com-
plexes are S-equivalent if their associated graded objects are isomorphic.

Theorem 2.5. ([14], p3) Let X be a smooth complex manifold, P be a collection of Hilbert
polynomials of degree dim X and (o, x) be stability parameters. There is a quasi-projective
coarse moduli space

M(@X)=ss(X P)
for S-equivalence classes of (g, x)-semistable complexes over X with Hilbert polynomials P.

2.6. The Hilbert-Mumford criterion. In this section we calculate the weights of C*-
actions given by 1-PSs of G = G, on the parameter space ¥ for complexes (see also [14]
Section 2.1).

We first study the limit of points in ¥ under the action of a 1-PS A\ : C* — G. For
this limit to exist we need to work with a projective completion T of T. This projective
completion is constructed as a closed subscheme of a projective bundle D over the projective
scheme Q := I,Q" where Q' is the closure of Q' in the relevant quot scheme. The points
of ® over ¢ = (¢* : VI ® Ox(—n) — £Y); € Q are nonzero pairs [¢ : (] defined up to scalar
multiplication where v : ®;V — @;H(£%(n)) and ¢ € C. Then T is the subscheme of points
(q,[% : ¢]) € D such that v = H°(d(n))o (®;H"(¢*(n))) where d : ©;E* — @;E" is determined
by d' : £ — £ which satisfy d o d~! = 0.

For us, G = SL(V,) NIL;GL(V?) where V, = ®;(V*)® and so a 1-PS A : C* — @ is given
by a collection of 1-PSs \; : C* — GL(V?) which satisfy

et ()% = 1.
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A 1-PS \; of GL(V?) induces a C*-action on Vi and so we obtain weights ki > --- > kg and
a weight space decomposition V' = @7_;V} where V] = {v € V' : \i(t) v = tkiv}. This
gives a filtration

(1) 0CVy G CVy =V
where V(Zj) =Vi®- @ ij‘ and if we take a basis of V? which is compatible with (1), then

k )

" Iy

Ai(t) =
tkSIVSi

is diagonal. We diagonalise each of these 1-PSs ); simultaneously so there are weights
ki > .-+ > ks, decompositions V' = &7_,V} (where we may have V} =0 for some j) and
filtrations

0C Vi CVyC---CVy=V'
with respect to which A; is diagonal for each 7. A A
Let z = (¢, [t : 1]) be a point in ¥ where ¢ = (¢" : V' ® Ox(—n) — £); € @Q; then we can
consider its limit

z:=lmA(t) -2 = (g, [ : ¢])
under the 1-PS A. By [10] Lemma 4.4.3,
g =lmAi(t) - ¢' = @jo1q) : &5,V © Ox(—n) = &5,

where EJZ: are the successive quotients in the filtration

0cC S(il) C---C 56’) = qi(V(Zj) ®Ox(—n)) C--- C Egs) =
induced by ;. If the boundary maps of the complex preserve these sheaf filtrations we say
that A\ induces a filtration of the point z (or corresponding complex £°) by subcomplexes.

Lemma 2.6. Let z and Z be as above; then 1) is determined by d - EB]-S; — @jgjﬂ and:

i) If X induces a filtration of z by subcomplezes, then d = @jzl(dé : EJZ: — 5;“) and
¢ # 0. In particular Z € T and the corresponding complex is the graded complex
associated to the filtration induced by A.

ii) Otherwise, ( = 0 and we have that Ei(é'li) N 5;“ = 0 unless k; — k; = N where
N :=min; ; i {k; — k; : dl(é’(’l)) ¢ 88.;11)} < 0. In particular, Z ¢ X.

Proof. For the proof, we study the action of A on

A= H(¢"(n)) o HY(d'(n)) o H(¢'(n)) : VI — V'L,
If we write A* = (Aé-l) where A;l V= Vjiﬂ, then the weight of A acting on A;l is kj —kj. If
Ainduces a filtration of z by subcomplexes then the matrices A* are all block upper triangular

and so \ acts with positive weights and the limit of A\(t) - A* as t — 0 is a block diagonal
matrix consisting of the blocks A%, on which A acts with weight zero. If A does not induce
a filtration by subcomplexs then A acts on some A;-l with a negative weight. The smallest
weight is then the N defined in ii) above and as we are working projectively we can multiply
everything (including ¢) by ¢t~V and take the limit as t — 0 to prove ii). O

Remark 2.7. Let z = (g, [¢ : (]) be a point in T given by ¢ = (¢* : V’@)OX(—n) — EZ)Z €Q
and ¢ = H%(d(n)) o @,-Ho(qz‘(n))'where d is defined by homomorphisms d' : £ — 5’%1. If 2
is fixed by A, then ¢' = @,q; : V' @ Ox(—n) = ©;&; and d' = @ ;d; ; where dj ; : &} — &.
The fixed point locus of a A(C*) acting on T decomposes into 3 pieces (each piece being a
union of connected components):
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e A diagonal piece consisting of points z where d’ = @]d’ - is diagonal for all ¢ and
¢ eC.

e A strictly lower triangular piece consisting of points z where d* = @J<ld§, ;18 strictly
lower triangular for all ¢ and ¢ = 0.

e A strictly upper triangular piece consisting of points z where d' = @]>ld is strictly
lower triangular for all ¢ and ¢ = 0.

If z € T, then Z = limy_,9 A\(¢) - z lies in either the diagonal or strictly lower triangular piece
by Lemma 2.6. In fact, Z € ¥ if and only if A induces a filtration of z by subcomplexes.

The Hilbert-Mumford function ;(z, \) is by definition the weight of the A(C*)-action on
the fibre of £ over z := lim;_,o A(t) - z. By the construction of £ this is

(2) A2 A) = 15 (pe(2), M) + Y @i (a' \) = p- A
where ¢, (2) is the decoration associated to z and a; and p are the rational numbers and

character used to define £ (c.f. §2.4). Let P, =3, 0;P' and r, = Y, oir’

Lemma 2.8. (see also [14]) Let X be a 1-PS of G and let z = (q,[¢) : 1]) € T as above; then
i) If X induces a filtration of z by subcompleres

DI CE L R

i=mi j=1

where 5 = EZ /5(J 1y and 5Zj) = q’(V&-) ® Ox(—n)).
i) If A does not mduce a filtration of z by subcomplexes

= > 3ok (e ) ke -

i=m1 j=1

where N 1is the negative integer given in Lemma 2.6.

Proof. The weight of the action of \; on Q' with respect to £; is calculated in [5]:

Lif iy _ : ) i . i r
I (q,)\l)—Zk] (rké’jdlmVjPi(n)>.

=1

As ) is a 1-PS of SL(9;(V#)®7), the equation (2) becomes

n .
ME(Z’A) = M£ Z E k (0’1 77, — 0; —|—771> I‘kgjl
i=mi j=1

Finally, by studying the construction of the decoration ¢, (2) associated to z (for details see
[14]), we see that

1 (e(2):A) =

o i > i1 kjoitk 5; if X induces a filtration by subcomplexes
> mi E}S‘:l kjo;rk 5;- — N otherwise

where N is the negative integer of Lemma 2.6. (]

Remark 2.9. Schmitt observes that we can rescale the stability parameters by picking a
sufficiently large integer K and replacing (6, n) with (Kd,n/K), so that for GIT semistability
we need only worry about 1-PSs which induce filtrations by subcomplexes (cf. [14], Theorem
1.7.1). This explains why subcomplexes are the test objects for (semi)stability in Definition
2.1 rather than weighted sheaf filtrations.
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3. STABILITY CONDITIONS RELATING TO COHOMOLOGY

Throughout this section we fix strictly increasing rational numbers 7, and a positive
rational polynomial ¢ of degree max(dim X — 1,0) and consider the collection of stability
conditions (1,0n/¢) indexed by a small positive rational number e. For a complex F* with
torsion free cohomology sheaves

HY(F) :=kerd /Imd1,
we show that the Harder—Narasimhan filtration of F encodes the Harder—Narasimhan fil-

tration of the cohomology sheaves in this complex when € > 0 is sufficiently small.

3.1. Harder—Narasimhan filtrations. The Harder-Narasimhan filtration (HN filtration)
of a complex F* with respect to (g, x) is a filtration by subcomplexes

such that the successive quotients F; = ftj)/f('j_l)

which are (g, x)-semistable and have decreasing reduced Hilbert polynomials with respect to
(o,x). The Harder-Narasimhan type of 7~ (with respect to (¢, x)) is given by 7 = (Py, - - - Ps)

are complexes of torsion free sheaves

where P; = (Pf)iez is the tuple of Hilbert polynomials of the complex .7-"]'- so that
P} = P(F}) = P(F(;)/ F(j-1))-

A subcomplex F; C F' is a maximal destabilising subcomplex with respect to (g, x) if

i) The complex Fj is (g, x)-semistable,
ii) For every subcomplex & of F* such that F; C & we have

PE(FL) > PRy ().

The existence and uniqueness of the maximal destabilising subcomplex follows in exactly
the same way as the original proof for vector bundles of Harder and Narasimhan [7] and the
HN filtration can be constructed inductively from the maximal destabilising subcomplex.

3.2. The limit as € tends to zero. We consider the limit as € tends to zero of the collection
of stability conditions (1,dn/¢). The inequality

P;r%dﬂ/e(g') < Pfédg/e(]:')

is equivalent to

> P(E) _521‘7711”1{9 < S PF) > imitk F
‘ >tk Yo, tk& ‘ >tk Fi Stk Fi

If we take the limit as € — 0 we obtain

SamitkE 3 mitk F
(3) : e —.
S k&l = Sk F

We say F is (0,n)-semistable if every nonzero proper subcomplexes & C F* satisfies (3).
This is a generalisation of the parameters consider by Schmitt where we allow o; = 0. These
generalised stability parameters no longer define an ample linearisation on the parameter
space (cf. §2.4), but we can still study the corresponding notion of semistability.

Lemma 3.1. The only (0,dn)-semistable compleves are shifts of torsion free sheaves and
complexes which are isomorphic to a shift of the cone of the identity morphism of torsion
free sheaves.
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Proof. Tt is easy to verify that a shift of a torsion free sheaf or the cone of the identity
morphism of a torsion free sheaf is (0, dn)-semistable. Now suppose F is (0, dn)-semistable.
If all the boundary morphisms d’ are zero, then each nonzero sheaf F* is both a subcomplex
and quotient complex and so by semistability

DM rk F?
>tk Ft

As 7; are strictly increasing, there can be at most one k such that F* is nonzero. Alternatively
if there is a nonzero d*, then the image of this boundary map can be viewed as a quotient
complex (in position k) and a subcomplex (in position k + 1) so that

S mitk F
dork Fi

Hence there can be at most one k such that d* is nonzero. From above, we see that F* = 0
unless ¢ = k or k4 1. We also see that the inequalities of (4) must be strict as ng # Mg41-
The kernel and cokernel of d* may be considered as a subcomplex and quotient complex
respectively and by comparing the inequalities obtained from semistability with (4), we
conclude that d* is an isomorphism. O

(4) n < < My

Lemma 3.2. Let k be the minimal integer for which the sheaf F* in a complex F* is nonzero.
Then the maximal destabilising subcomplex f('l) C F* with respect to (0,dn) is

PO 0 - kerd® - 0 — 0 —--- if ker d* # 0,
W75 0 - FF 5 Imd -5 0 —--- if kerd* = 0.

Proof. By Lemma 3.1 both these complexes are (0,07)-semistable; thus it remains to show
that whenever ]:('1) C & C F°, we have an inequality

> imitkE Zz‘mrk}—&) B { M if kerd® #0

Stk & >tk Fy (k. + g1 tk F* /2 if ker d® = 0.

As & # ]:('1), theset [:={i €Z:E # ]:(il)} is nonempty and if 4 € I, then £ # 0.
We only prove the case for when ker d* # 0 as the case when ker d* = 0 is similar. If k € I,

then kerd® C £F and so 0 # d(EF) ¢ ¥, Thus k+ 1 € I and nprk EF + nppq tk EFFL >
nk(tk EF + rk EF1). In particular,

Znirk€i>nk2rk€i and ZnirkSi:nerkSi
i€l i€l i¢l igl
which proves (5) when ker d* # 0. O

()

Corollary 3.3. If 7 has torsion free cohomology sheaves, then its Harder—Narasimhan
filtration with respect to (0,dn) is given by:

Foy: 20— kerd® — 0 — 0 — 0--
N N N

Fog: =0 = FF = Imd" 0 — 0---
N N N

Figy: =0 — F¥ = kerd®™! —  0..- = 0
N N N

Fay: =0 = Fro—  FHL o Imd™tt 0

In particular, the successive quotients are H'(F")[—i] or isomorphic to Cone(Idy,, 4 )[—(i+1)].
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Remark 3.4. In the bounded derived category D°(X) of coherent sheaves on X, the com-
plexes Cone(Idy,, 4i)[—(i + 1)] are acyclic and so this filtration corresponds to a sequence of
distinguished triangles

HYE)K  HEE) k-1 HY(F) (-1

which is the ‘filtration’ associated to the standard t-structure on D?(X).

3.3. Semistability with respect to (1,07/¢). A torsion free sheaf F can be viewed as a
complex (by placing it in any position k) and it is easy to see that (o, x)-semistability of
the associated complex is equivalent to (Gieseker) semistability of F; that is, for all proper
nonzero subsheaves we have an inequality of reduced Hilbert polynomials.

Lemma 3.5. Suppose F~ is a complex and there is eg > 0 such that F~ is (1,0m/€)-semistable
for all positive rational € < €. Then F~ is either a shift of a semistable torsion free sheaf or
isomorphic to a shift of the cone on the identity morphism of a semistable torsion free sheaf.

Proof. By letting € tend to zero, we see that F' is (0, dn)-semistable and so F' is either a
shift of a torsion free sheaf or isomorphic to a shift of the cone on the identity morphism
of a torsion free sheaf by Lemma 3.1. If F  is the shift of a sheaf, then it is semistable
by (1,0n/€)-semistability for any 0 < € < €. If F is the cone on the identity morphism
of a torsion free sheaf F and F' C F is a subsheaf, then we can consider Cone(idz) as a
subcomplex. Then (1, dn/¢)-semistability of F* implies semistability of F. O

Remark 3.6. Conversely, a shift of a semistable torsion free sheaf or a shift of a cone on
the identity morphism of a semistable torsion free sheaf is (1, §7/€)-semistable for any e > 0.

Corollary 3.7. The HN filtration of F[—k| with respect to (1,0n/€) is given by the HN
filtration of the sheaf F. Similarly, the HN filtration of Cone(idx) with respect to (1,dn/€)
is given by taking cones on the identity morphism of each term in the HN filtration of F.

By Corollary 3.3, the successive quotients in the HN filtration of F with respect to (0, dn)
are either H'(F")[—i] or isomorphic to Cone(Idy,, 4 )[—(i + 1)].

Theorem 3.8. Let F* be a complex concentrated in [my, mg| with torsion free cohomology
sheaves. There exists €9 > 0 such that for all rational 0 < € < €y the Harder—Narasimhan
filtration of F* with respect to (1,0n/€) is given by refining the Harder—Narasimhan filtration
of F* with respect to (0,dn) by the Harder—Narasimhan filtrations of the cohomology sheaves
HY(F") and image sheaves Im d'.

Proof. If d := dim X = 0, then every sheaf is semistable and so any choice of ¢y will work.
Hence we assume d = dim X > 0. Let H(F'); for 1 < j < s; (resp. Imd§- for 1 <j<t)
denote the successive quotient sheaves in the Harder—Narasimhan filtration of H*(F") (resp.
Imd'). The successive quotients in this filtration are either shifts of H*(F"); or isomorphic
to shifts of the cone on the identity morphism of Im d; and so by Remark 3.6 are (1,07/¢)-
semistable for any rational ¢ > 0. Thus it suffices to show there is an ¢y > 0 such that
for all 0 < € < ¢g we have inequalities of reduced Hilbert polynomials of the successive
quotients. Since we know that the reduced Hilbert polynomials of the successive quotients
in the Harder—Narasimhan filtrations of the cohomology and image sheaves are decreasing,
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it suffices to show for mi; < i < mg — 1 that:

P(H'(F)s:) P(Imdj) it i

1 - —0n; > - d
Ve F)., " kim d g
P(Imd})  mi+miyq _ PHTYF))
2 ) > - — 0Nt
) kim di. 2 TkHA(F), T

These polynomials all have the same top coefficient and we claim we can pick €g so that
we have strict inequalities in the second to top coefficients if 0 < € < €. Let u(A) denote
the coefficient of 2%~ in the reduced Hilbert polynomial of A and let §*® > 0 be the
coefficient of 247! in 6. Let M; := max{u(Imd}) —p(H(F')s,), p(HH(F)1) —p(Imdj )} for
my < i < ma—1; then pick ey > 0 so that when M; > 0 we have ¢y < §*°P(n;11 —n;)/2M;. O

Remark 3.9. In the bounded derived category D’(X), this filtration corresponds to a
sequence of distinguished triangles

0 § }—{1) .7-"('2) ...... . }‘('Sk) . ; 7
Hk:(]:')l[—k:] Hk(]:)g[—k‘] Hk(]:')sk[—k] Hl(]:')sl[—l]

which is given by combining the ‘filtration’ coming from the standard t-structure with heart
equal to Coh(X) with the (shifted) Harder—Narasimhan filtrations of the subquotients in
Coh(X).

4. THE STRATIFICATION OF THE PARAMETER SPACE

In this section we study the GIT stratifications of the parameter space T for complexes
associated to the collection of stability conditions (1,d7/¢€) given in §3 and compare these
stratifications to the natural stratification by Harder—Narasimhan types.

4.1. The Hesselink-Kirwan-Ness stratification. Given a projective G-scheme B with an
ample linearisation £, there is a stratification of B by G-invariant subschemes {S3 : 8 € B}
[8, 12, 13]. If we choose a compact maximal torus 7' of G and positive Weyl chamber t,
in t = LieT', then the index set B can be identified with a finite set of rational weights in
t; as follows. By fixing an invariant inner product on the Lie algebra K of the maximal
compact subgroup K C G, we can identify characters and cocharacters as well as weights
and coweights. There are a finite number of weights for the action of 7" on B and the index
set B can be identified with the set of rational weights in ty which are the closest points to
0 of the convex hull of a subset of these weights.

Associated to 8 there is a parabolic subgroup Pg C G, a rational 1-PS A\g : C* — T¢ (i.e.
Aj is a 1-PS) and a rational character x5 : Tc — C* which extends to Pg. Let Zg be the
components of the fixed point locus of A\g acting on B on which Ag acts with weight —||\g||?
and Z 3 be the GIT semistable subscheme for the action of the reductive part Stab 3 of Py
on Zg with respect to the linearisation £X-#, which is the original linearisation £ twisted by
the character xy_g : Stab 8 — C*. Then Yp (resp. Y;*) is defined to be the subscheme of B
consisting of points whose limit under the action of Ag(t) as t — 0 lies in Zg (resp. Z3°) and
there is a retraction pg : Y3 — Zg given by taking a point to its limit under Ag. Then

Sg = GY5 =G xPr vy

can be defined for any rational weight 3, although Sz is nonempty if and only if 3 is an
index.
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4.2. GIT set up. We consider the collection of stability parameters (1,0n/¢) from §3. The
parameter space ¥ = Tp(n) for (1,0n/e)-semistable complexes with invariants P is a locally
closed subscheme of a projective bundle ® over a product Q = Q™ X --- x Q™2 of open
subschemes Q° of quot schemes. The reductive group G = SL(®;V*) N I;GL(V?) acts on
% and a linearisation of this action is determined by the stability parameters (see §2.4 and
[14]). We work with the natural projective completion T of T given in §2.6. For any n >> 0
and € > 0, associated to this action we have a stratification of T into G-invariant locally
closed subschemes such that the open stratum is the GIT semistable subscheme. As we are
primarily interested in complexes with torsion free cohomology sheaves, which form an open
subscheme ¥/ of the parameter space ¥, we look at restriction this stratification to the

closure T/ of Tt/ in T

(6) = | sp.

BeB

We also have a stratification by Harder-Narasimhan types with respect to (1,d7/¢):
(7) T =| |R,

T
where the union is over all Harder—Narasimhan types 7.

Notation: Let us fix a complex F~ with torsion free cohomology sheaves and invariants P
and pick e sufficiently small as in Theorem 3.8. We assume that F has nontrivial Harder—
Narasimhan type 7 with respect to (1,dn/€). Let H; ; (resp. I; ;) denote the Hilbert polyno-
mial of the jth successive quotient H*(F"); (resp. Im d;) in the Harder—Narasimhan filtration
of the sheaf H'(F") (resp. Imd’) for 1 < j <'s; (resp. 1 < j <t;). Let H; ; = (Hfj)kez and
I ; = (Ii’fj)kez be given by

H;; ifk=1 L, ifk=di+1
.k .= Y ’ k .= &J ’ ’
Hi { 0 otherwise, and I { 0 otherwise.

Then 7 = (Hpy 15+ s Hing sy s Ima 15 -+ o5 D oy Himg 41,15+« + s Himy s,,,,) 18 the HN type of
F* with respect to (1,0n/¢), which we abbreviate to 7 = (H,I). We note that a complex
with Hilbert polynomials specified by the tuple H; ; = (Hlkj) kez 1s a complex concentrated
in a single degree i (i.e., a shift of a sheaf), whereas a complex with Hilbert polynomials
specified by I; ; is a two term complex concentrated in degrees ¢ and 7 + 1.

Following Lemma 3.5 and finiteness results regarding variation of GIT (for example, see
[3] and [16]), we may make the following assumption about the two term complexes with
Hilbert polynomials specified by the tuple I; ;:

Assumption 4.1. We assume ¢ is sufficiently small so that the only (1,07/¢)-semistable
complexes with Hilbert polynomials I; ; are isomorphic to cones on the identity morphism
of a torsion free semistable sheaf.

4.3. Overview of the proof. In the remainder of this section we compare the GIT stratifi-
cation (6) with the Harder—Narasimhan stratification (7). We are working towards Theorem
4.15, which states for n >> 0 that R, C ¥ parametrises all complexes with Harder—
Narasimhan type 7 and that R, is a union of connected components of Sg N Tt/ where S is
a weight associated to 7. The first step is to show we can pick n >> 0 so that R, C Tt
contains all complexes with Harder—Narasimhan type 7 which we do in §4.4. Then in §4.5,
we find the required index 5 = B(7). In §4.6 we describe the components of Sz that we are
interested in (i.e. which contain R;) and in §4.7 we complete the proof.
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4.4. Boundedness. A result of Simpson (cf. [15] Theorem 1.1) states that a collection
of torsion free sheaves on X of fixed Hilbert polynomial is bounded if the slopes of their
subsheaves are bounded above by a fixed constant. It follows from this that:

Lemma 4.2. The set of sheaves occurring in a complex of torsion free sheaves with Harder—
Narasimhan type (Py,. .., Ps) with respect to (a,x) is bounded.

Corollary 4.3. Let (Py,...,Ps) be a Harder-Narasimhan type with respect to (o, x). Then
we can choose n sufficiently large so that for 1 < iy < --- < i < s all the sheaves occurring in
a complex of torsion free sheaves with Harder—Narasimhan type (P;,, ..., P;,) are n-reqular.

Assumption 4.4. We assume n is sufficiently large so that the statement of Corollary 4.3
holds for the Harder—Narasimhan type 7 = (H, I) of our fixed complex F". In particular this
means every complex & with Harder-Narasimhan type 7 is parametrised by R, C T4/,

4.5. The associated index. Let z = (g, [¢ : 1]) be a point in T which parametrises the
fixed complex F* with HN type 7. The stratification can be described by adapted 1-PSs, so
rather than searching for a rational weight 8 such that z € Sg, we can look for a 1-PS A\g
which is adapted to z i.e. is most responsible for the instability of z. It is natural to expect
that A should induce the filtration of F* which is most responsible for the instability of this
complex; that is, its HN filtration. To distinguish between the cohomology and image parts
we write the HN filtration of F° as

0GCHp )& & Hony sy & Iml,(l) L ) F M1,0) G E Py (siny) = F

where the quotient #; ; (resp. Iy ; (resp. 7, (j)) by its predecessor is isomorphic

;) of
to H*(F");[—k] (vesp. Cone(idy,, dk)[ (k + 1)]) This induces vector space filtrations

®)  0CVo )T Vi om) S Wiy € C Wity € C Vi =V’

mi, (Sm ma, (5m2 )

for myp < i < moy where

Vi = Hq' () T HO (M, ) (n))  and - W () = HO(¢'(n)) T H(Z;, (5 (n)).
Let V}i j (resp. W,i’j) denote the quotient of Vk? ) (resp. W,z (j)) by its predecessor in this
filtration. By the construction of the HN filtration (see Theorem 3.8) we have that ka, ;=0
unless k£ = and W,zj =0 unless £ =¢,7 — 1 and Wf] = VVZ’;rl

Given integers am1 >+ > Gy s, > byl > 00 > by, > Qg 41,1 > 000 > Ay,

Smq tm1 Smy
such that
Sq mo—1 t;
(9) ZZa”dlmvZ 4—2ZZl)Hd1rnVVZ =0,
1=mi j=1 i=my j=1

we can define a 1-PS A(a,b) : C* — G which induces the above filtrations as follows. Let
Vi=@% Vi and W} = @’% W} : then define 1-PSs A" : C* — GL(V}) and A" : C* —
GL(W}) by

b1 Ty tbk,qwé’l
M) = (1) =
£k, IV,; B tbk ty, IW]@ "
Then A(a,b) := (Amy,-- -, Amy) is given by
ANALB
(10)  N(t) == A() € GL(VY) = GL(W}_, ® Vi & W}).
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For all pairs (a,b) the associated 1-PS A(a,b) of G induces the HN filtration of F.
The weight p“(z,A(a,b)) is given by Proposition 2.8 i). Let (1,0n'/e) be the stability
parameters associated to (1,dn/€) which satisfy >, nir® = 0 (cf. Remark 2.2) and let
C:= (3>, P'(n))/(8(n) >, r"); then define

_ 1 ni\ rk(H ;) 1 m 4+ 1\ tk(L; )
"= 5 ) (“e) om0 T 5\ e ) )

where rk(H; ;) and 1k(/; j) are the ranks determined by the leading coefficients of the poly-
nomials H; ; and I; ;. These numbers minimise the normalised Hilbert-Mumford function
1= (2, A(a,b))/||\(a,b)|| subject to condition (9).

Take a basis of V¢ which is compatible with the filtration of V* defined at (8) and define
T; to be the maximal torus of the compact group U(V?) given by taking diagonal matrices
with respect to this basis and let

ti+ = {idiag(al, e ,(Zdimvi) can 2 tee Z adimvi} C ti = LleTZ

Let T be the compact maximal torus of G determined by the tori T; and let t be the positive
Weyl chamber associated to the t; .

Definition 4.5. Let 8 = (7, n) € t; be the rational weight defined by the rational weights
Bi = idiag(bi—1,1, -+, bi1,t; 1,@i1 -, iy, bt i) € iy
where a; ; appears H; j(n) times and by ; appears I, j(n) times. This rational weight defines

a rational 1-PS Ag of G by Ag = A(a,b).

4.6. Describing components of Sg. Consider the closed subscheme F of ftf consisting
of z = (g, [ : ¢]) where 9 is determined by boundary maps d* and we have decompositions

ti—1 Si t;
i ¢ =By o @, o @iy md &= st
j=1 j=1 j=1

where quj : Vl’j ® Ox(—n) — Ef’j is a point in Quot(Vifj ® Ox(—n), H} ;) and p};’j : W,zj ®
Ox(—n) — g}'w. is a point in Quot(W,ij ® Ox(—n), I,i’jt) and d; : g;"j — ggjl.

By Remark 2.7, the A\g(C*)-fixed point locus of ‘Zf decomposes into three pieces: a
diagonal piece, a strictly upper triangular piece and a strictly lower triangular piece. Each of

these pieces decomposes further in terms of the Hilbert polynomials of the direct summands
of each sheaf in this complex. In particular:

Lemma 4.6. F. is a union of connected components of the fixed point locus (ftf))‘ﬂ((c*)

which is contained in the diagonal part of this fixed point locus.

Remark 4.7. Every point in €y := Fr N Tt is a direct sum of complexes with Hilbert
polynomials specified by 7 and it follows that there is an isomorphism

tf tf ~
THmlvl Ko X SHml’Sml X TIml,l Koo X ‘Ilmbtml X THmNlel Ko X ‘ZH"”%SWQ - T(T)

Lemma 4.8. Let z € T := Fr N T then z € Z3.

Proof. The weight of the action of Ag on z = (g, [¢ : 1]) is equal to u“(z, Ag) and using the
formula given in Proposition 2.8 i) we can check that p*(z, \g) = —||\gl|? as required. O

Let F' be the union of connected components of Zg meeting T(;; then F' is contained in
the diagonal part of Z3. Consider the groups

me i mo—1 t;

stabs = | [[ [JGL(V) x [ J]GLOW/;) x GLW/H) | nSL(@:V?)

i=mi j=1 i=my j=1
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N 1
and G = {('Ui,j, wz’,j) ((C*)Zz my SitY i 2771,1 i, Hi,j(vi,j)Hi‘j(n) (wi,j)21i’j(n) _ 1}'

Lemma 4.9. G is a central subgroup of Stab 8 which fizes every point of F'. This central
subgroup acts on the fibre of L over any point of F' by a character xp : G — C* given by

" it
H(U@J)rkHZ’J(C—’—T) (wZ’J)rkI“](QC-‘r%)

.3

XF(Vig, wij) =

Proof. The inclusion G — Stab (3 is given by
(vi,j,wi’j) —> (Ui’jlviij s wmIWiij s wi’jlwii}rl).

Let z = (g, [¢ : ¢]) be a point of F'; then we have a decomposition of ¢’ and d’ as at (11). A
copy of C* acts trivially on each quot scheme and so the central subgroup G fixes this quotient
sheaf. As (vi;, w;;) € G acts on both G; ; and Qf;l by multiplication by w; ;, the boundary

maps are also fixed by the action of G. The calculation of the character XF : G — C*is
done by modifying the calculations for C*-actions in §2.6 to general torus actions. (]

Let £X-# denote the linearisation of the Stab 8 action on Zg given by twisting the original
linearisation £ by the character x_g associated to —f3 and let

G = {(g), i, hi) € Stab B det g} = 1 and deth; det hi% =1}

mo S; mo— 1 t
= I IIstviy < IT TTGLOV) x GLW) nSLW; @ WiTh).
i=m1 j=1 i=my j=1

Proposition 4.10. If F' is the components of Zg which meet T (.y; then
FStab B—ss (Ex_g) _ FG’—ss([,)‘

]froof. There is a surjective homomorphism ¢ : Stab g — G such that the composition of
G < Stab 8 with ® is
M M)

4,50 Wi,

(uij, wig) = (u
for some positive integer M. Hence, ker ® x G surjects onto Stab 8 with finite kernel and
FStabB=ss(px—p) = pker®xG=ss(x-5) The restriction of x_g to the central subgroup Gis

i,iHi,j —b; ;215
X—B(Ui,jawi,j) — HU 7]‘1 g (n)wi,j . ,J(”),
()
which is equal to the character yp : G — C* given in Lemma 4.9. As we are considering
the action of ker® x G on F' linearised by £X-#, the effects of the action of G and the
modification by the character corresponding to —f cancel so that FXer®XG=ss(£x-5) —
Frer®=ss(r) Finally as G’ injects into ker ® with finite cokernel, we conclude F*er ®=5(L) =
FG'=ss(L). 0

Let z;; = (Qij, [0,1]) be points in the parameter spaces %p,; for complexes with in-
variants H; ; which correspond to complexes H;’j concentrated in degree ¢ and let y; ; =

(pw, pﬁl[go], 1]) be points in T?{ ; corresponding to a complex 7 ; concentrated in degrees ¢

and ¢ + 1. Then let z € T(;) denote the associated point under the isomorphism

~ . tf tf
‘I(T) & ‘IH'ml,l X X ‘IHml,S'ml X Klmw X oo XL Iy sty X ZHmle,l X X ‘IHmQ,sm

of Remark 4.7. By Proposition 4.10, we have

ss ._ Stab f—ss 5\ _ G —ss .
(r) "— T(q—? (ﬁX B) - Z(T) (EIT(T))a
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therefore, z is in 77, if and only if p*(z,\) > 0 for every 1-PS X of G’. A 1-PS X of G is
given by
e 1-PSs )\ZH of SL(Vi ) and
1 I i 7 ) i 7
o 1-PSs AL = (A1, A7) of (GL(W,) x GL(W/ ) nSL(W}, @ With).

4,50 ',7

Lemma 4.11. For n >> 0, if z € T(;) 1s as above and a direct summand H; ; or Z; ; is
(1,6m/€)-unstable, then there is a 1-PS X of G’ such that pi*(z,A) <0

Proof. We suppose n is sufficiently large so that semistability of a torsion free sheaf with
Hilbert polynomial H; ; (respectively I; ;) is equivalent to GIT-semistability of a point in the
relevant quot scheme representing this sheaf. We also assume n is sufficiently large so for
1<i<m-—1and1<j <t;, we have that (1,dn/e)-semistability of a complex with Hilbert
polynomials I; ; is equivalent to GIT semistability of a point in T I

If 7—[24 is unstable, then the point qf,j in the quot scheme is unstable for the action of
SL(Vifj) and so there is )\fI] for which ,u(q;j, )\fi) < 0. If we let all other parts of A = (A /\I ;)

1,77
to be trivial, then it follows immediately from (2) that u”(z, \) < 0.
If Z; ; is unstable with respect to (1,dn/€), then it is not isomorphic to the cone on the

1dent1ty map of a semistable sheaf by our assumption on €. Let d : IZ T+1 denote the
boundary morphism of this complex. If d = 0, we can choose a 1- PS A to pick out the
subcomplex IZ — 0. If d # 0 but has nonzero kernel, then consider the reduced Hilbert
polynomial of this kernel. If the kernel has reduced Hilbert polynomial strictly larger than
T j» then choose A to pick out the subcomplex kerd — 0. If the kernel has reduced Hilbert
polynomial strictly smaller than If o then choose A to pick out the subcomplex 0 — Imd.
If the kernel has reduced Hilbert polynomial equal to I; j/rk I; j, then choose A to pick out
the subcomplex I’ — Imd. Finally, if d is an isomorphism but Z? i 18 unstable, then let C
be its maximal destablhslng subsheaf and choose a 1-PS X\ which pICkS out the subcomplex
C — d; (C). In all these cases we can check that (2, \) < 0 using Proposition 2.8. O

Lemma 4.12. Suppose n is sufficiently large and we are allow a rescaling of (0,n). If
z € T(ry and all the direct summands H; ; and I, ; are (1,6n/¢)-semistable, then for every

1-PS X of G' we have p*(z,\) >0

Proof. Let n be chosen as in Lemma 4.11. We can diagonalise the 1-PSs )\H - and )\I . simul-
taneously to get decreasing integer Welghts v1 > - > v, and weight space decomp051t10ns
Vii=Vie eV ad W, =Wae @W”andWZ“:W”“ o Wi

0J i,j :

1,7 2y}
The corresponding vector space ﬁltratlons give rise to sheaf ﬁltratlons of H! o IZ . and If;l
and we let H;f, Ifjk and If’?l * denote the successive quotients. If A induces a ﬁltration by

subcomplexes, then by Proposition 2.8 we have

]

_ S i ik m+1 z+1k i ik
A) = g Vi g (C—i—:)rin’j +(C+ )Tk Z;7 0 + E (C—&-?)rk?{- ;
mi1<i<mg—1 mi<i<msg
1<j<t; 1<)<ss

WhereC (Z Pi(n))/(6(n) >, r"). By construction of the linearisation, C'+n}/e is positive.

As ’H; j» Li; and I”l are semistable, the Hilbert—Mumford criterion gives

u u

- kI,
Y etk HE >0 and Y kI T qim W) >0 forl =i+ 1.
— Yk T H’L,j = an — Yk (I' 0, Il’](n) e or 1,1+
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Using these inequalities and the fact that )\I - is a 1-PS of SL(Wl & WZH) we obtain

mo—1 t;

ZZZ%KCJF )dlmW”“+(C+m+l>d W”l’“]

zmlj 1 k=1

JE (2 0) Z rkIJ

_ I'kIJ miltz 771+1 772 ny dlsz—i-lk
i=m1 j=1 k=1

As X induces a filtration by subcomplexes,

dim(W)"! e WZ k) < dlm(VVZJrl le.. .o ijl’k)

2%

and it follows that — >}, v, dim WZ] =y Ve dim WZH’k > 0 and so pu“(z,\) >

As in [14] Theorem 1.7.1 (see also Remark 2.9), we can rescale (d,n) to (K0, n/K) for
K a large integer so that we can verify GIT-semistability by only checking for 1-PSs which
induce filtrations by subcomplexes. O

Let T3 (resp. £y ) be the subscheme of Ty, ; (resp. St]{ j) which parametrises (1, 6n/¢)-
semistable complexes Wlth Hilbert polynomials Hz,j (resp. 1;;). We assume the pair (d,7)

have been scaled as required by Lemma 4.12. Then it follows from Proposition 4.10, Lemma
4.11 and Lemma 4.12 that:

Proposition 4.13. For n sufficiently large, we have an isomorphism

$S ~v qSS . s ss s S8
(r) — “Hmq 1 X X ‘IHml,sm ‘I Imq 1 Koo X IIml tm ‘sz1+1,1 - X (IHmQ smq

Lemma 4.14. Let F*° denote the connected components of Z3" meeting ‘ij); then for n

sufficiently large
g (F) N = pgl(T3)
where pg : Yg — Zg is the retmctzon gien by pg(y ) = limy—0 Ag(t) - y.

Proof. Let n be chosen as in Proposition 4.13. Let y € pgl(f‘gi)) so that pg(y) € T C 1.

If y ¢ T, then for all t # 0 we have Ag(t) -y ¢ TV which would contradict the openness of
TN Fss in F.

Let y = (q,[¢ : 1]) € T be given by ¢* : VI @ Ox(—n) — & and d' : & — &+ If
z = pg(y) € F*°, then as F*® is contained in the diagonal components of ng, the 1-PS A\g
induces a filtration of y by subcomplexes and the associated graded point z represents a direct
sum of complexes (cf. Lemma 2.6). In particular, z = ps(y) € T(;) and is GIT semistable for
the action of G’ on Zg with respect to £ by Proposition 4.10. We can use similar arguments
to those used in the proof of Lemma 4.11 to show that the direct summands z; ; € THM. and
vij € Ty, ; of z are (1, 07/¢)-semistable. O

4.7. A comparison of the stratifications. We are now ready to prove the main result
relating the GIT stratification (6) with the Harder—Narasimhan stratification (7) with respect
to (1,0m/€) of the parameter space T¢/. Let B(7,n) denote the rational weight given in
Definition 4.5.

Theorem 4.15. For n sufficiently large we have:

i) = p(r,n) belongs to the index set B for the stratification {Sg : f € B} of T
ii) Ry = Gpg ' (T(2)).
iii) The subscheme R, = Gpil(‘Ifs ) of the parameter scheme T parametrising com-

plexes with Harder—Narasimhan type T is a union of connected components of Sﬂﬂ‘ltf.
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Proof. Suppose n is sufficiently large as in Proposition 4.13. We defined § by fixing a point
z=(¢™,...,q",[¢:1]) € R; corresponding to the complex F with HN type 7. For i), it
suffices to show Sg # ¢ and we claim Z := pg(z) € Z5. As \g induces the HN filtration of 7,
Z = limy_,0 Ag(t)-z is the graded object associated to this filtration. Then by Proposition 4.13
it suffices to show that each summand in the associated graded object is (1, dn/€)-semistable,
which follows by definition of the HN filtration. B

The above argument shows that p[gl( fj)) C R; and since R, is G-invariant we have

Gpgl(Tfi)) C R;. For ii), suppose y = (¢™,...,q™2,[¢ : 1]) € R; corresponds to a complex
& with Harder—Narasimhan filtration

ml:(5m1) - mla(tml) - -

=¢£.

m27(5m2)

of type 7. Then this filtration induces a filtration of each vector space V* and we can choose
a change of basis matrix g which switches this filtration with the filtration of V* given at (8)
used to define 3. Then g -y € pgl( ‘("’i)) which completes the proof of ii).

Since F** is a union of connected components of Z5*, the scheme GpEI(F %) is a union of
connected components of Sg. Therefore, Gpgl(F )Tt is a union of connected components
of S5 N /. Finally, by Lemma 4.14 we have R, = Gp/gl( ffj)) = Gpgl(Fss) N T/ which
proves iii). O

5. QUOTIENTS OF THE HARDER—NARASIMHAN STRATA

In the previous section we saw for small €, there is a parameter space R, for complexes
of Harder—Narasimhan type 7 with respect to (1,dn/€¢) and R, is a union of connected
components of a stratum Sg(7)NT!/ (n) when n is sufficiently large. In this section we consider
the problem of constructing a quotient of the G-action on this Harder—Narasimhan stratum
R,. If a suitable quotient did exist, then it would provide a moduli space for complexes
of this Harder—Narasimhan type. In particular, it would have the desirable property that
for two complexes to represent the same point it is necessary that their cohomology sheaves
have the same Harder—Narasimhan type.

By [9] Proposition 3.6, any stratum in a stratification associated to a linearised G-action
on a projective scheme B has a categorical quotient. We can apply this to our situation and
produce a categorical quotient of the G-action on R;.

Proposition 5.1. The categorical quotient of the G-action on R, is isomorphic to

ms S mo—1 t;
[T ITM%owo (X, Hig) < [T T]ME2O7(X, 1i;)
i=my j=1 i=my j=1

where MI/9=55(X P denotes the moduli space of (1,6n/¢)-semistable complexes with
imvariants P. Moreover: B
(1) A complex with invariants H; ; is just a shift of a sheaf and it is (1, n/€)-semistable
if and only if the corresponding sheaf is Gieseker semistable. B
(2) A complex with invariants I; ; is concentrated in degrees [i,i + 1] and it is (1,n/€)-
semistable if and only if it is isomorphic to a shift of the cone on the identity mor-
phism of a Glieseker semistable sheaf.

Proof. By [9] Proposition 3.6, the categorical quotient is equal to the GIT quotient of Stab
acting on T, with respect to the twisted linearisation £X-#. It follows from Proposition
4.10 this is the same as the GIT quotient of the group G’ acting on % (r) with respect to £
and by Theorem 2.5, this is the product of moduli spaces of (1, dn/e)-semistable complexes
with invariants given by 7. The final statement follows from Lemma 3.5, Remark 3.6 and
the assumption on € (cf. Assumption 4.1). O
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In general this categorical quotient has lower dimension than expected and so is not a
suitable quotient of the G-action on R.. Instead, we should perturb the linearisation used
to construct the categorical quotient and take a quotient with respect to this perturbed
linearisation. However, it is not always possible to find a way to perturb this linearisation
and get an ample linearisation with nonempty semistable locus.

Since R, = GY(STS) >~ G xbs Y(ST% where Y(STS) = pgl(f‘(sﬁ)), a categorical quotient of G acting
on R; is equivalent to a categorical quotient of Py acting on Y(STS) If we instead consider Pg

acting on Y(is), then there are perturbed linearisations which are ample although Pgs is not
reductive. In fact moduli spaces of objects with filtrations is one of the motivations for the
work on non-reductive GIT (for example, see [4]).

Following [9], it is possible to take a quotient of the reductive part Stab 5 of Ps acting on
Y(f_s) with respect to an ample perturbed linearisation and get a moduli space for complexes
of Harder—Narasimhan type with 7 some additional data. The additional data is an ‘n-
rigidification’ of the complex, which generalises the notion for sheaves given in [9] §7, and
compensates for the fact that we are not quotienting by the full group Pg. In fact it is easy
to see that an n-rigidification of a complex of HN type 7 is equivalent to n-rigidifications of
its cohomology sheaves H*(F*) and images Im d*. The perturbation of the linearisation is
given by a tuple @ of rational numbers and this also determines a notion of semistability for
complexes of HN type 7 via the Hilbert—Mumford criterion.
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