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Abstract

Motivated by the study of hyperkéhler structures in moduli problems and hyperkahler implosion, we
initiate the study of non-reductive hyperkahler and algebraic symplectic quotients with an eye towards
those naturally tied to projective geometry, like cotangent bundles of blow-ups of linear arrangements
of projective space. In the absence of a Kempf-Ness theorem for non-reductive quotients, we focus on
constructing algebraic symplectic analogues of additive quotients of affine spaces, and obtain hyperkéhler
structures on large open subsets of these analogues by comparison with reductive analogues. We show
that the additive analogue naturally arises as the central fibre in a one-parameter family of isotrivial but
non-symplectomorphic varieties coming from the variation of the level set of the moment map. Interesting
phenomena only possible in the non-reductive theory, like non-finite generation of rings, already arise in
easy examples, but do not substantially complicate the geometry.

1. INTRODUCTION

Some of the most fascinating moduli spaces arise as hyperkahler or algebraic symplectic
analogues of simpler moduli spaces. The classical example is the moduli space of Higgs bundles
over a curve, which contains the cotangent bundle to the moduli space of vector bundles as a
dense open subset. The theory of Higgs bundles and the Hitchin fibration is extraordinarily
fruitful in several areas of mathematics [8, 10]. Another example is Nakajima quiver varieties
[18], which are algebraic symplectic analogues of moduli spaces of quiver representations, and
play an important role in representation theory. Each of these spaces, along with their analogues,
arises via a quotient procedure from a group action on an affine space. These examples suggests
that hyperkahler analogues of other moduli problems, particularly those arising as quotients of
affine spaces, might bear similar fruit. One could dream that such a picture may emerge in
the other archetypical moduli problem, the moduli of curves. Independently, especially given
work on hyperkahler analogues of toric varieties, it is worth asking how much of the basic
structure of hyperkéahler quotients can be extended to nice enough projective varieties and their
cotangent bundles. In fact, it has recently been shown that a wide range of projective varieties,
including blow-ups of projective space along projective linear arrangements, can be described
as a quotient of affine spaces by a solvable group action [6]. The moduli space of stable pointed
rational curves Mo,n admits such a description; so one can begin to explore the dream.

On the one hand, hyperkahler quotients by torus actions have been extensively studied for
many years. On the other, hyperkahler implosion, recently developed in a series of papers
by Dancer, Kirwan and their co-authors, can be thought of as addressing very special cases of
unipotent actions via the study of a universal imploded cross-section [2, 3, 4]. Our motivation is
to broaden the class of unipotent actions amenable to a hyperkahler quotient-like construction,
while staying tied to smooth projective geometry, by virtue of using the full solvable group
action. In effect, the unipotent actions to consider are graded in the sense of [1], where the
torus action arises via the universal torsor of the projective variety as in [6]. One can then elide
the technical difficulties of the stratified singularities that arise in implosion, because these are
contained in unstable loci for the torus action, for a suitable ample character. The present
paper initiates this general study by focusing on the base case of linear actions of the additive
group which, when suitably modified to non-linear additive actions and put in a family together
with a Néron-Severi torus action, suffice to realise My, as a quotient of affine space.

The theory of algebraic symplectic and hyperkdhler analogues for reductive quotients of
affine spaces is reasonably well understood following work of Proudfoot [19], which unifies the
construction of hypertoric varieties and Nakajima quiver varieties. The construction of these
analogues is given by an algebraic symplectic or hyperkéahler reduction of the cotangent lift
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of the action, where one takes a quotient of a level set of a moment map on the cotangent
bundle. Over the complex numbers, the algebraic symplectic and hyperkéahler analogues of
a reductive quotient of an affine space are homeomorphic by the Kempf-Ness Theorem [11],
which relies on the fact that a complex reductive group is the complexification of its maximal
compact subgroup. More precisely, the algebraic symplectic analogue is constructed by taking
a geometric invariant theory (GIT) quotient of the zero level set of an algebraic moment map
by the reductive group and the hyperkéahler analogue is a topological quotient by the maximal
compact group of the intersection of the algebraic moment map zero level set with a smooth
moment map level set.

For non-reductive groups, one does not have a Kempf-Ness Theorem relating GIT quotients
and symplectic reductions and, although one may expect such a result, it is not clear what
shape it should take, as the maximal compact subgroup of the additive group is trivial. Until
this hope is realised, we can only focus on the algebraic symplectic side; however, we will see
below that the additive algebraic symplectic analogue inherits a hyperkéhler structure via a
comparison with a reductive algebraic symplectic analogue.

In the simplest cases the additive theory provides new phenomena. We show how to produce
examples where the ring of invariant functions on the zero level set of the algebraic moment
map is non-finitely generated, and yet still work with the spaces in practice without difficulty.
Strikingly, as we show in Theorems 3.13 and 3.14, the additive theory, in contrast to the
reductive theory, gives a natural one-parameter family ' — C* constructed as smooth algebraic
symplectic reductions at non-zero values in C*, which is isotrivial as a family of varieties, but
not as a family of algebraic symplectic varieties. The central fibre of this family is singular and is
the extrinsic quotient of the zero level set obtained by using invariant functions on the cotangent
bundle (although, there exist invariant functions on the zero level set which do not extend to
global invariant functions on the cotangent bundle). The algebraic symplectic analogue should
be a quotient of the zero level set of the algebraic moment map, which is singular. However, we
avoid these singularities by presenting an algebraic symplectic reduction which is a quotient of
a dense open subset of the zero level set, determined by stability analysis; in Proposition 3.16,
we show that this algebraic symplectic reduction is also an open subset of the central fibre of
our l-parameter family and provides an algebraic symplectic analogue of a dense open subset
of the additive quotient of the affine space. Conveniently, this also circumvents the need for the
ring of invariant functions on this zero level set to be finitely generated.

A fruitful idea of non-reductive geometric invariant theory is to embed a non-reductive group
in a reductive group and use techniques of reductive GIT [7]. We can embed G, in SLy as
the upper triangular unipotent subgroup. Over the complex numbers, any linear action of the
additive group extends to SLo and the ring of G,-invariants on the affine space V is naturally
isomorphic to the ring of SLo-invariants on W := V x A? and so, in particular, is finitely
generated (this is Weitzenbock’s Theorem [21]). Furthermore, we have an isomorphism

V//Gq := Spec C[V]®e = Spec C[W]5L2 =: W//SLs.

Theorem 4.4 gives a direct comparison between the algebraic symplectic structures on the
additive algebraic symplectic analogue of V//G, and the reductive algebraic symplectic analogue
of W//SLa, realised as a birational symplectomorphism differing in codimension at least two.
Then, via the Kempf-Ness Theorem for SLsy, we establish a hyperkahler structure on a dense
open subset of the additive algebraic symplectic analogue, in a way similar to the implosion
picture. We will discuss wider classes of unipotent actions, and the relation with torus actions,
as well as details of the hyperkahler metric, in follow-up work.

The outline of this paper is as follows. Section 2 is a summary of the reductive quotient theory,
detailing algebraic moment maps for cotangent lifts of the action, symplectic and hyperkahler
reduction and the results of Proudfoot on hyperkahler analogues. Section 3 addresses the
additive case, describing the moment map and the geometry and stability properties of the
level sets. We study the non-zero level set case and the zero level set case separately. The
main results are Theorems 3.13 and 3.14 describing the algebraic symplectic reductions for
non-zero values in a one-parameter family, followed by Proposition 3.16 presenting an algebraic
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symplectic reduction of a dense open subset of the zero level set, determined by stability analysis.
Section 4 explicitly compares the additive analogue to the familiar SLo-analogue, summarised
in Theorem 4.4, and as a corollary of this result, we obtain a hyperkéhler structure on a dense
open subset of the additive analogue. In Section 5, we show how the whole story relates to
projective geometry, by looking at the cotangent bundle to the blow-up of n points on P"2.
Section 6 is devoted to examples of computations of rings of additive invariants on the zero level
set of the moment map.
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Dancer and also to Frances Kirwan for helpful discussions, especially in regard to hyperkéhler
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Award 200021_138071. The second author was supported by the Freie Universitat Berlin within
the Excellence Initiative of the German Research Foundation.

2. ALGEBRAIC SYMPLECTIC ANALOGUES OF REDUCTIVE QUOTIENTS

Let G be a reductive group acting linearly on affine space V=2 AV: i.e., via a representation
p: G — GL(V). We can construct a GIT quotient of the G-action on V' by linearising the action
on the structure sheaf of V using a character x : G — G,;; the corresponding GIT quotient is
a morphism of algebraic varieties

Vx5 v/L\G

where VX7% is the open set of semistable points in V' for the G-action linearised by y in the
sense of Mumford [17]. The GIT quotient V//, G is the projective spectrum of the ring of
X-semi-invariants on V and is projective over the affine GIT quotient V//G := Spec C[V]C.

In this section, we study the lift of the G-action to the cotangent bundle T*V, which is
algebraic symplectic with respect to the Liouville form on T*V and has an algebraic moment
map p : T*V — g*. An algebraic symplectic reduction of the G-action on T*V is given by
taking a GIT quotient of a level of this moment map at a central value of the co-Lie algebra.
Finally, we give a survey of Proudfoot’s construction of an algebraic symplectic analogue of
V//«G, which, over the complex numbers, is homeomorphic to a hyperkéhler analogue [19].

2.1. Algebraic moment maps for cotangent lifts of linear actions. We recall that an
algebraic symplectic manifold (M,w) over C is a smooth complex algebraic variety with an
algebraic symplectic form w (that is, w is a non-degenerate closed algebraic 2-form on M).
This definition also makes sense over a more general field k. The classical example of an
algebraic symplectic manifold is the cotangent bundle T* X of a smooth algebraic variety X
with symplectic form given by the Liouville 2-form. For an affine space V = A", if we identify
T*V 2V x V* and take coordinates z1,...,z, on V and aq,...,a, on V*, then the Liouville
form on T*V is given by

n
w = Z dzr; A doy.
I=1
Let G be an affine algebraic group which acts linearly on an affine space V' = A" via a
representation p : G — GL(V'). The cotangent lift of the G-action to T*V =V x V* is given by

g+ (v,7) = (p(g)v,vp(9)™")

where ¢ € G and we consider v € V as a column vector and v € V* as a row vector. The
following lemma is well-known, but as we were unable to find a suitable reference, we include a
proof for the sake of completeness.

Lemma 2.1. Let G be an algebraic group and p : G — GL(V) be a G-representation. Let
& € g* be a point which is fixed by the coadjoint action. Then the following statements hold.

(i) The cotangent lift of the G-action on T*V is algebraic symplectic for the Liouville form w
on T*V.
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(ii) This action has an algebraic moment map p : T*V — g* (that is, a G-equivariant algebraic
map that lifts the infinitesimal action) given by

(v, y) - A= y(Ay) = v(p«(A)v)
for A€ g* = (LieG)* and (v,y) e T*V =2V x V*.
(iii) A point p € u~1(&) is a smooth point of the level set u=1(€) if and only if the G-action on
p is locally trivial (that is, the stabiliser group Gy, is finite).
(iv) If p € p=1(€) is a smooth point, then there is a canonical non-degenerate bilinear form on
the vector space

Tp(p='(€))/9

induced by the non-degenerate bilinear form w, on T,(T*V).

Proof. For (i), we need to show that o;w = w, where a4 : T*V — T*V denotes the action of
g € G. For p=(v,7) € T*V, we identify T,(T*V) = T*V =V x V* and write tangent vectors
as pairs p’ = (v',4'). Then

(03w)p(0's1") = wyp(dpog (1), dpog (0")) = 7" (p(9) " p(9)v") = 7' (p(9) ' p(9)0") = wp(¥', ")
For (ii), we first check the equivariance of pu: for g € G, A € g and (v,v) € T*V, we have

(g (v,7) - A= pul(plg)v,7p(9) ")) - A=p(9) " pu(A)p(g)v
= vad,(g)-1(p«(A))v = ady(p(v,7)) - A.
It remains to check that the moment map lifts the infinitesimal action. The infinitesimal action
of Acgonp=(v,7) € T*V is Ay := (ps(A)v,vp«(—A)) € T,(T*V). Then

(1) wp(Ap, P') = 7' pu(A)v — 7o (= A" = 7' pi(A)v + 1. (A = dpp(p) - A
as required.

For (iii), p is a smooth point of p~1(¢) if and only if dpu is surjective. By the infinitesimal
lifting property (1) of the moment map, we see that p is smooth if and only if g, = 0 (or,
equivalently, if and only if G, is finite).

Statement (iv) follow from an algebraic version of the Marsden—Weinstein-Meyer Theorem
[14, 15]. Let us briefly sketch the proof. By the preimage theorem, we have T,u~1(¢) C kerd,u.
Moreover, the vector spaces kerd,u and T,(G - p) are orthogonal complements with respect to
the bilinear form wy,, as

¢ €kerdpp = dpu(¢)- A=0VAecg < wp(A4,,() =0VAecg < (T,(G-p).

Therefore, T,(G - p) C T,(p"(&)) = kerdyu = TH(G - p)“»; that is T,(G - p) is an isotropic
subspace of (T,,(T*V),wp) and there is an induced non-degenerate bilinear form w/, on

P

Tp(G - p)* | Tp(G - p) = Tp(n™(€)) /9
defined by w;,([¢1], [¢2]) := wp(C1, ¢2), where the above isomorphism uses the infinitesimal action
g — T,(T*V), whose image is T,,(G - p) and whose kernel g, is zero, as p is a smooth point). [

The level sets of an algebraic moment map p : T*V — g* are closed algebraic subvarieties of
T*V, and so are affine algebraic varieties, which are smooth if the level set is taken at a regular
value of u (that is, if and only if G acts locally freely on this level set). Moreover, for central
elements & € g*, the level sets u~1(§) are invariant under the linear G-action.

2.2. Algebraic symplectic reductions for reductive groups. For the moment, we restrict
ourselves to reductive groups G in order to take a reductive GIT quotient of the G-action on
the level sets of the moment map for the cotangent lift of this action. In the following section,
we will consider non-reductive groups.

Definition 2.2. Let GG be a reductive group acting linearly on V and algebraically symplec-
tically on (T*V,w) with algebraic moment map p : T*V — g* as above. Let x be a character
of G and £ € g* be a central element; then we refer to (x,&) as a central pair. The algebraic
symplectic reduction of the G-action on (T*V,w) at a central pair (,&) is the GIT quotient of
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the linear G-action on the affine algebraic variety p~1(£) with respect to the character defined
by x, we denote this as follows

T =) P X = TN (€)//,G.

Remark 2.3. Over the complex numbers, for any & € g*, one can construct a holomorphic
symplectic reduction of the G-action on T*V at ¢ as the topological quotient u~1(£)/G. If € is a
regular value of x4 and the G-action on u~1(¢) is free and proper, then u~1(€)/G is a holomorphic
symplectic manifold by a holomorphic version of the Marsden—Weinstein—-Meyer Theorem. In
a more general setting, one can defined a stratified holomorphic symplectic structure along the
lines of [12]. In this case, the holomorphic reduction and the algebraic symplectic reduction at
the trivial character are related by the natural map

pHO/C = T H9)//G

which is surjective, but not necessarily injective. The algebraic and holomorphic reductions
coincide if all points of u~1(¢) are stable.

We now state an algebraic version of the Marsden—Weinstein—-Meyer Theorem.

Proposition 2.4. Let G be a reductive group acting linearly on an affine space V and consider
the algebraic symplectic reduction p=(€)//xG of the G-action on T*V at a central pair (x,§).
If G acts (set theoretically) freely on p=1(€)X™%5, then pu=1(€)//\G has a unique structure of a
algebraic symplectic manifold compatible with that of T*V .

Proof. The assumption that G acts on the GIT semistable set 1~ 1(£)X~%% with trivial stabiliser
groups, implies that p~1(&)X™% = p~1(¢)X7%, as all orbits have top dimension and so must
be closed. Hence, the G-action on the GIT semistable is scheme theoretically free (i.e., set
theoretically free and proper) and, moreover, the semistable set is contained in the smooth
locus of ~1(¢) by Lemma 2.1. The GIT quotient

T O = uTHE) /)G
is a geometric quotient, which is smooth and, in fact, a principal G-bundle by Luna’s étale slice
theorem [13].
To prove the existence and uniqueness of the algebraic symplectic form on p=1(€)//, G, we
can use an algebraic version of the Marsden—Weinstein-Meyer Theorem: by Lemma 2.1 the

Liouville form w determines a non-degenerate two form on p~1(€)//, G, which is closed, as w is
closed. O

For semisimple groups, such as SL,,, we only have the trivial character y = 0 and the trivial
central value & = 0. For the central pair (0,0), the hypothesis of this proposition are never
satisfied, as all points are semistable and 0 € p~1(0) is a fixed point of the linear G-action.
In cases when the hypothesis of this proposition fail, we cannot expect to have a stratified
symplectic structure analogous to [12], as the GIT quotient can identify orbits of different
dimensions and the stratification in loc. cit. is obtained using the conjugacy class of the
stabiliser subgroups.

Instead, we show there is an open subvariety of the algebraic symplectic reduction which
admits the structure of an algebraic symplectic manifold. Since the GIT quotient restricts to
a geometric quotient on the stable locus, one may expect to use the stable locus as this open
subset. However, we cannot take the whole stable locus as the presence of non-trivial but finite
stabiliser groups can cause singularities in the geometric quotient (for example, the Kleinian
surface singularities have a GIT quotient construction given by a finite group acting linearly on
A2, for which all points are stable).

Lemma 2.5. Let G be a reductive group acting linearly on V.= A" and (x, &) be a central pair.
Then there exists an open subvariety of =1 (€)//G admitting a unique structure of an algebraic
symplectic manifold compatible with T*V .

Proof. Let 7 : p= (&)X — p=1(€)//G denote the GIT quotient, which restricts to a geometric
quotient on the stable locus g~ (£)X=% — p=1(£)X=%/G. Then the smooth locus of p~ (&)X~ /G
inherits an algebraic symplectic structure following Lemma 2.1. O
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2.3. The algebraic symplectic analogue. The inclusion V' C T*V, as the zero section,
realises V' as a Lagrangian subvariety of T*V. In fact, the zero section V is contained entirely
in the zero level set of the algebraic moment map and, as G is reductive, the G-equivariant
closed immersion j : V < p~1(0) induces a closed immersion

J 1 VIIXG = 17 H0) /G-

If the G-action on p~1(0)X~%¢ is free, then ~1(0)//,G is a smooth algebraic symplectic variety
and j is Lagrangian, as V C T*V is Lagrangian.

Definition 2.6. The algebraic symplectic analogue of V//, G is the algebraic symplectic reduc-
tion of the G-action on T*V at the central pair (y,0).

The above terminology comes from Proudfoot’s notion of a hyperkdhler analogue [19]. We
rephrase Proposition 2.4 of loc. cit. in terms of the algebraic symplectic structure.

Proposition 2.7 ([19], Proposition 2.4). Let G be a reductive group acting linearly on an affine
space V with respect to a character x : G — G,,. If the G-action on p~*(0)X~5% is free and
VX758 4s non-empty, then

i) V//xG is an Lagrangian submanifold of u=*(0)//,G, and

i) T*(V//xG) is a dense open subset of u=1(0)//,G.

More generally, one has the following result.

Corollary 2.8. Let G be a reductive group acting linearly on an affine space V. and x be a
character of G. Then there exist open subvarieties U C V//\ G and U' C p=1(0)//,G with a
commutative square

U U

V//XG*;N_I(O)//XG

whose horizontal maps are closed immersions such that

(i) U’ is an algebraic symplectic manifold;
(i1) U is a Lagrangian subvariety of U’;
(11i) T*U is an open set of U', which is dense if non-empty.

Proof. Let U C VX~%/G and U’ C p 1(0)X~%/G denote the smooth loci of the geometric
quotients of the stable sets. Then U’ is an algebraic symplectic manifold by Lemma 2.5 and the
remaining parts follow in the same way as in the proof of Proposition 2.7. U

2.4. Hyperkahler reduction. Over k = C, the above algebraic symplectic quotient construc-
tions are related to a hyperkéahler quotient construction. The starting point is the observation
that the cotangent bundle of a complex affine space V' = Af is not only algebraic symplectic:
the holomorphic symplectic form w = we is part of a hyperkahler structure on 7%V coming
from an identification T*V = H" where H denotes the quaternions.

Let 1,4, j, k denote the standard basis of the quaternions H; then we recall that the standard
flat hyperkahler structure on H" comes from the Quaternionic Hermitian inner product @ :
H™ x H™" — H given by

Q(zv w) = Z lej
=1

where T denotes the Quaternionic conjugate. The triple of complex structures I,J,K on H" are
given by left multiplication by 4, j, k and the hyperkahler metric g and corresponding kéahler
forms wr,wj,wk are given by the following formula

Q =g+ iwr + jwy + kwg.
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We identify 7V = H" by (v,v) — (v1 — Y1J,...,Un — Vnj) and write the corresponding hy-
perkdhler structure on T*V as (g,wr,ws,wg). If we take coordinates xi,...,z, on V and
Qat,...,a, on V¥, then

1 n n
WR = % (;dxk/\dﬁ—i—dak/\dak) and wc :;da:k/\dak.

Let G be a complex reductive group with maximal compact subgroup K; then G is the
complexification of K. Suppose that we have a linear G-action on V' such that K acts unitarily.
Then we can consider the cotangent lift of the K-action to T*V. In this case, the triple of
Kahler forms are preserved by the action of K on T*V and, moreover, this K-action on T*V is
hyper-Hamiltonian; that is, it has a hyperkahler moment map given by a pair of moment maps
wrr = (ur, pc) for the symplectic forms (wg = wr,we 1= wy + iwg). More precisely,

pr TV — € pr(v,7) = p(v) — p(v)
pe TV — g" =t¢ pe(v,7) - A= v(Ay).

Remark 2.9. The action of the maximal compact group K is hyper-Hamiltonian, not the
action of GG. For non-reductive groups, there is no longer a bijective correspondence with
compact groups; thus, it is not immediate how one should construct a theory of hyperkéahler
reductions for non-reductive groups.

Let (xr, xc) be a regular value of the hyperkéhler moment map that is fixed by the coadjoint
action. Then the hyperkéhler reduction of the K-action on T*V at (xr, xc) is defined to be

T VIl e K = s ((xms X)) /K = (pg* (xr) N gt (xe)) /K.

If the K-action on the level set u;llK((XR,Xc)) is free, then this hyperkéahler reduction has
a unique hyperkahler structure compatible with the hyperkahler structure on the cotangent
bundle by [9].

The hyperkéhler reduction is the (smooth, rather than algebraic) symplectic reduction of
the K-action on ,uél(x(c) with respect to yg. Hence, by work of Kempf and Ness [11], the
hyperkahler reduction is homeomorphic to the GIT quotient of G = K¢ acting on y¢ Y(xc) with
respect to the character of G corresponding to xr (that is, the algebraic symplectic reduction
of G acting on T*V with respect to the central pair (yr, xc))-

Proudfoot proves the following result using the Kempf—Ness homeomorphism and the argu-
ment outlined in Proposition 2.7.

Proposition 2.10 ([19], Proposition 2.4). Let G be a complex reductive group acting linearly
onV = A and let x € € be fived by the coadjoint action. If x is a regular value of the moment
map p and (x,0) is a reqular value of the hyperkihler moment map ppk, then T*(V//\G)
is homeomorphic to an open subset of the hyperkdihler reduction T*V////\ K which is dense if
non-empty.

3. ALGEBRAIC SYMPLECTIC ANALOGUES OF QUOTIENTS OF G,-REPRESENTATIONS

In this section, we study linear actions of the additive group G, = C* on an affine space
V := A" over the complex numbers. We restrict to the field of complex numbers k = C, as in
this case, the ring of invariants C[V]®e is finitely generated. In this section, we describe the
construction of an algebraic symplectic analogue of an open subset of V//G,.

3.1. Non-reductive GIT for representations of the additive group. Let G, act linearly
on V =2 A" over the complex numbers. A key idea of non-reductive GIT is to transfer a
non-reductive GIT problem to a reductive setting by embedding the non-reductive group in a
reductive group; see [7]. We fix a closed embedding G, < SLs as the unipotent subgroup in
the upper triangular Borel subgroup of SLy. In this case, the representation p : G, — GL(V)
factors via the embedding G, < SLg by the Jacobson—Morozov theorem (alternatively, we can
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extend the action to SLy by putting the derivation of the G,-action in Jordan normal form).
Then
C[V]Ce 2= C[V xg, SL]%" = C[V x SLy/G,]°"
and as, moreover, SLy/G, = A% — {0} has a normal affine completion A? with complement of
codimension 2, it follows that
C[V]®e = W™=,
where W := V x A%, In particular, C[V]%e is finitely generated.

Definition 3.1. For a linear G4-action on V = A" the non-reductive enveloping quotient is
the morphism of affine varieties

q:V = V//G, := Spec(C[V]Ce).

The term enveloping quotient was introduced in [7] to emphasise the fact that the morphism
q is not surjective in general (for example, the enveloping quotient for the G,-representation
V = Sym!(A?)®? is not surjective). A further difference of non-reductive actions is that taking
invariants is not exact and so, for an invariant closed subset Z of V, there may be intrinsic
invariants to Z which do not extend to invariants on V. For a detailed comparison of reductive
and non-reductive GIT, see [7].

The enveloping quotient restricts to a better behaved quotient on certain stable sets defined
in [7]. To define these sets, consider the G,-equivariant embeddings

it VoL Vg, Sl — W=VxAZ — P:=PA!'xW)
v [v, I] = (v,(1,0)) —  [l:v:1:0],

where SLs acts trivially on the copy of A! appearing in P. Since SLy has no non-trivial char-
acters, the line bundles OVXGQSL2 and Op(1) admit canonical SLs-linearisations and we can
consider the (semi)stable sets for the reductive group SLg in the sense of Mumford. In the
terminology of [7] Definition 5.2.5, the pair (P, Op(1)) is a fine reductive envelope for the linear
Gg,-action on V.

Definition 3.2 ([7], Definitions 5.1.6 and 5.2.11). For v € V', we make the following definitions.

(1) vis Mumford (semi)stable for the G,-action on V' if i(v) is SLo-(semi)stable in V' x g, SLo.
(2) v is completely (semi)stable for the G,-action on V if #/(v) is SLa-(semi)stable in P.

Let V™) and V(®)* denote the Mumford (semi)stable and completely (semi)stable sets.

Although the definition of the Mumford (semi)stable locus depends a priori on the choice of
an embedding of G, into a reductive group, it turns out that this notion is intrinsic to the G,
action (cf. [7] Proposition 5.1.9). The following theorem relates these concepts.

Theorem 3.3 ([7], Theorem 5.3.1). For G, acting linearly on V- =22 A", there is a commutative
diagram
V?( yms — [ymssC Vﬁ =V

| | |

VS Gyl V' |Gy V//G

where all horizontal maps are open inclusions, the two left most vertical maps are locally trivial
geometric quotients, and the right vertical map is the enveloping quotient.

The completely (semi)stable sets can be computed using the Hilbert—-Mumford criterion for
the SLo-action on P = P(A! x V' x A?). As the SLg-action on the line A! is trivial, we see that
i'(v) =[1:v:1:0]is always semistable and so V = V. Let T; C SLg be the diagonal torus;
then Ty acts with weight zero on A! and, as SLs acts on A2 by its standard representation, the
T, weights on A2 are (+1, —1). Hence, the T-weight set of i/ (v) already contains the weights 0
and 1. We state and prove a well-known result that describes the completely stable locus.

Proposition 3.4. Let G, act linearly on 'V 22 A™; then the complement to the completely stable
set is the non-negative weight space for the diagonal torus Ty C SLo acting on V.
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Proof. Tt is straight forward to verify that SLg-stability of i'(v) is equivalent to Ty-stability of
i'(v), because [0 : 0 : 1 : 0] has a negative and a positive weight for all tori T # T, which
are obtained by conjugating Ty by an element in the upper triangular Borel. By the Hilbert—
Mumford criterion, i'(v) is Ty-stable if and only if v € V has a negative Ty-weight, as i'(v)
already has a positive Ty-weight. O

3.2. The moment map for the cotangent lift. Let G, act linearly on V = A" over the
complex numbers; then this extends to a linear SLo-action p : SLe — GL(V). We can consider
the cotangent lifts of these actions and their associated moments maps, as well as the cotangent
lift of the SLo-action on W := V x A? using Lemma 2.1. All these moment maps can be
described using the moment map usr, v : TV — sl3 for the SLa-action on T*V'.

We identify T*V =V x V* and consider points x € V' as column vectors and points a € V'*
as row vectors. The algebraic moment map usr,,v : 7%V — sl3 is given by

(2) psiy,v (2, @) - B = a(p«(B)z)
where p, : sl5 — gl(V') denotes the derivative of the representation p. Let

1 0 0 1 00
a0 %) e=(00) #=(10)
denote the standard basis of sly and let H*, E*, F'* denote the dual basis of sl5. Then, using
this basis, we can write
psLyv(z, ) =Py, ) H* + ®p(z, a) E* + @p(z, a) F™

where &7, g, Pp are algebraic functions on T*V.

Remark 3.5. It is clear from the expression for the moment map (2) that if our SLo-representation
V decomposes as a sum of SLo-representations V = V' @ V", then the moment map on T*V is
the sum of the moment maps for each summand; that is, psr, v = psr,, v/ + UsL,, v -

In particular, it suffices to compute pgr, - for irreducible SLo-representations V.

Example 3.6. Let us consider the irreducible SLy-representation Vi := Sym”(C?) of dimen-
sion k 4+ 1. The G,-action on Vi1 is given by the representation G, — GL(Vj;11)

1 ( ’f) c (’5 ) & ...k
0 1 ( k;l ) c Ck—l
c— | 0 1 ' ;
: " 0 t.c
0o ... e 0 1
The derivative of the SLa-representation gives the infinitesimal action slo — gl
kh ke 0 ... 0
f (k—=2h (E—1e . :
h e ) )
f —h = 0 2f - - 0
e
0 e 0 kf —kh
We take coordinates = = (x1,...,7k11) on Viyg and @ = (au, ..., ag41) on Vj% ;| and identify

T* Vi1 = Vi x V2 1 Then the cotangent lift of the SLo-action on Vi1 has moment map
/’LSLQ,Vk+1 - (I)[—[I—[}!< + @EE* + q)FFM< : T*Vk+1 — 5[2

where

k
k
Dy (z, ) = Z — 2j)xjp10541,
J=0
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k k
dk (2, 0) Z k+1—j)rja; and ®h(z,a) = Zja:jaj+1
=& T*Viy1 — C.

and the Gg-action has moment map ug,,v;.,

Since the subgroup G, < SLs corresponds to the 1-dimensional Lie subalgebra of sl spanned
by the basis vector E, the algebraic moment map ug, v : T°V — (LieG,)* = C for the G,-
action on T*V is given by ®g.

Remark 3.7. Under the isomorphism C[T*V]® = C[T*V x A%SL2 = (C[T*V][u,v])52, we
note that the G -invariant function ®g corresponds to the SLo-invariant function
f= Wb — uwvdy — v Op.

Indeed, @ is obtained by evaluating f at (u,v) = (1,0) and the SLo-invariance of f follows
from the SLo-equivariance of sy, v.

As the SLy-representation W is the direct sum of V and the standard SLo-representation A2,
the moment map for the SLs-action on T*W is the sum of the moment maps for SLo-acting on
T*V and T*A2%. By Example 3.6, the moment map for the SLo-action on T*A? is given by

BSLy.a2 (U, v, A1) = (uX —vn)H* +vAE™ + unk™
where (u,v,\,n) € A% x A%)*. Hence, usp, w : T*W — sl} is given by
(8)  staw(57) = (@u(w,0) +ud — o) H* + (®p(z,0) + 0N E* + (Op(z,0) + un) F*,
where z = (7, (u,v)) € W =V x A2 and v = (a, (\,n)) € W* 2 V* x (A?)*,
Remark 3.8. Let ¢ : T*V < T*W be the G,-equivariant inclusion (z, o) — (z, (1,0), «, (0, 1)).
Then there is a commutative diagram

HGq,V
—_—

™V C

1]

T*W ——sl3

HSLoy,W
where s[5 — C = Lie (G,)* is the projection map induced by the inclusion G, < SLa.

3.3. The geometry of the level sets of the moment map. We continue to use the notation
above: we let V be a complex G,-representation and let W = V x A? be the associated SLo-
representation. As above, we write the moment map for the SLo-action on T*V as

psL,,v = pH* + PpE* + PpF*
and we write the moment map for the G,-action on T*V (resp. SLg-action on T*W) as
pg, : TV — C (resp. psr, : T*"W — sl3).

As every element £ € C = (LieG,)* is central, every level set Hy (&) := uéi({) is a Gg-
invariant closed subvariety of T*V. Henceforth, we exclude a degenerate case: if the G,-action
on V is trivial, then pg, = 0 and so the level sets are either empty (for £ # 0) or equal to the
whole cotangent bundle 7*V (for £ = 0).

We first describe the level sets for the G,-representations Vi1 = Sym” (C?).

Lemma 3.9. For k > 1, let Vj,41 := SymF(C?) be the irreducible SLa-representation of dimen-
sion k + 1 and consider the moment map ug, v,,, : T"Vit1 — C for the cotangent lift of the
Gg-action. For £ € C, the level set Hy(§) := ,u,éi’vkﬂ(f) is a quadric affine hypersurface in
T*Viy1. Moreover, these hypersurfaces have the following properties.

(1) H () is irreducible if and only if £ # 0 or k > 1. The hypersurface H1(0) has two

irreducible components, which are both isomorphic to A3.
(2) Hy(§) is non-singular if and only if £ # 0.
(8) For € =0, the singular locus is the G,-fived locus; that is, Sing Hy,(0) = (T*Vi41)%e.
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(4) Hy(0) is normal if and only if k > 1.

Proof. We use the explicit form of the moment map
k
PG Viss (T,0) =D (k= j + Daja;.
j=1
given by Example 3.6. As this is a homogeneous quadratic function, the corresponding level sets
are affine quadric hypersurfaces. We note that each monomial appearing in this hypersurface
equation involves distinct variables and, for £ > 1, we have more than one such monomial; thus,
for k > 1, the hypersurface Hj(§) is irreducible. If k = 1, then ug, v,(x,®) = x2a; and the
hypersurface Hj (&) is irreducible if and only if £ # 0.
The singular loci of these hypersurfaces are

Sing Hy (&) :={(z,a) € Hy(§) 122 =+ =ap41 =01 = -+ = ap = 0}.

In particular, Sing Hy (&) is empty for £ # 0. Conversely, for £ = 0, the singular locus of H(0)
is isomorphic to A? and coincides with the G,-fixed locus

(T*Viy1)® = {(z,0) 2y = -+ = 241 = a1 = -+~ = oy, = 0} = Sing Hy(0).

Since codim(Sing Hy(0), H,(0)) = 2k + 1 — 2 = 2k — 1, we see that Hy(0) is non-singular in
codimension 1 if and only if £ > 1. In particular, H;(0) is not normal, as it fails to be non-
singular in codimension 1. Since normality is equivalent to regular in codimension 1 and Serre’s
Sy condition, which automatically holds for irreducible affine hypersurfaces (for example, see
[16] III §8 Proposition 2), we conclude that, for k > 1, the hypersurfaces Hy(0) are normal. [J

We can then extend this to any G,-representation using Remark 3.5.

Proposition 3.10. Let V be a (non-trivial) G,-representation and let ug, : T*V — C denote
the moment map for the cotangent lift of this action. For § € C, the level set Hy (§) := ,uéi &)
is an affine quadric hypersurface in T*V with the following properties.
(1) Hy (&) is irreducible if and only if € # 0 or V # Sym!(C?) @ Sym®(C2)®", as an SLo-
representation, for some n > 0.
(2) Hy () is non-singular if and only if £ # 0.
(8) For € =0, the singular locus is the G,-fived locus; that is, Sing Hy (0) = (T*V)®a.
(4) Hy(0) is normal if and only if V # Sym?!(C?) @ Sym®(C2)®", as an SLy-representation,
for some n > 0.

Proof. We extend the Gg-action on V' to SLy and decompose V' as a sum of irreducible SLo-
representations
V = Sym" (C?) @ - - - @ SymF (C?).

On Sym*i (C?) (resp. Sym* (C?)*), we take coordinates xgj), e xlE:?H (resp. ozgj), . ’al(é)-‘rl)'
By Remark 3.5, we have
pe, (T,0) = pg, k, (@9, al)) = DD (ki +1- i)azgi)lagj).
j=1 j=1 i=1

Hence
Sing Hy (§) := {(z, ) € Hy (&) : xgi)l = oagj) =0 for 1 <j<m and 1<i<k;}
and we see that (1), (2) and (3) hold. We prove (4) as in Lemma 3.9: we have

m m
codim(Sing Hy (0), Hy (0)) = » 2(k;j+1) —1-2m=2> k;—1
j=1 j=1
where k; > 0, for j = 1,...,m, and, as we assumed the action was non-trivial, there is at

least one j such that k; > 0. Hence codim(Sing Hy (0), Hy(0)) > 1, with equality if and
only if there exists jo such that kj, = 1 and k; = 0 for all j # jo (that is, if and only if
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V = Sym!(C?) @ Sym®(C?)®™~1). In exactly the same way as in the proof of Lemma 3.9,
Hy (0) is normal if and only if V' # Sym!(C?) @ Sym®(C?)®" for some n > 0. O

3.4. (Semi)stability on the level sets of the moment map. Let (7*V)*® be the completely
stable set for the G4-action and write Hy (€)% := Hy (£) N (T*V)® (that is, the completely stable
set determined with respect to the ambient invariants on 7*V).

Lemma 3.11. Let V be a (non-trivial) G,-representation; then fiz an extension to SLa and
write V' as a sum of irreducible SLy-representations

V = Sym* (C?) @ --- @ Sym"" (C?)

and take coordinates xgj) ...,x,(i_)ﬂ (resp. agj) ...,ag)ﬂ) on Sym® (C2) (resp. Sym" (C2?)*).
Then the complement to the completely stable locus is given by

TV — (T*V)® = {(z,q) : o — xl(ejj)ﬁﬂ =0for 1<j<mand 1<i<[k;/2]}

)

Proof. This is a direct consequence of Proposition 3.4 and the fact that the weights for the
diagonal torus T; C SLg acting on Sym*(C?) are k,k — 2,...,—k + 2, —k and, dually, the
T,-weights on Sym*(C?)* are —k, —k+2,...,k — 2, k. O

An important consequence of this is the following result.
Corollary 3.12. Let V' be a G,-representation with moment map g, : T*V — C; then
pG, (T*V — (T*V)®) = 0.

In particular, if pg, (x, ) # 0 then (z, ) is completely stable and so, for & # 0, the hypersurfaces
Hy (&) = uéi(f) are completely stable everywhere; that is, Hy(€)* = Hy(§). Furthermore,

Hy (0)* € Hy(0) — Hy (0)%.

Proof. From the proof of Proposition 3.10, the moment map is given by

= (& D0, 0 )
ue, (T, ) = Z Z (kj +1— i)miilai] + Z (kj +1— i)xiilaij
=1\ =1 i=[k;/2]+1
On T*V — (T*V)3, the first part of this expression vanishes, as the agj )s are zero for 1 <1<
[k;/2], and the second part vanishes, as the :Ul(i)ls are zero for [k;/2] +1<i < k. O

3.5. Algebraic symplectic reduction at non-zero values. In this section, we construct
an algebraic symplectic reduction of the linear G,-action on T*V at £ € C* by taking the
Gq-quotient of the level set Hy (§) = uéi (&). We first describe this quotient.

Theorem 3.13. Let G, act linearly on an affine space V with moment map pg, : T*V — C.
For £ # 0, consider the hypersurface Hy (§) := ,ua (&). Then we have the following:

i) Hy(§)* = Hy(§)™* = Hy (§),

it) Hy (&) admits a locally trivial geometric quotient Hy (€)/Gq, which is a smooth,
i) Hy(€)/Gy is affine and so C[Hy (€))% is finitely generated,

) all invariants in C[Hy (€)]% are restrictions of invariants in C[T*V]%a,

v) Hy (&) — Hy(£)/Gy, is a trivial G4-torsor.

In particular, Hy(€)/G, = Hy(£)//G, := Spec C[Hy (€)]% and the non-reductive quotient
m: Hy(§) = Hy(£)//G, is surjective.

Proof. The first statement is Corollary 3.12 and it follows that there is a Zariski locally trivial
geometric quotient Hy(§) — Hy(§)/G,. By Proposition 3.10, Hy () is smooth and so the
quotient Hy (£)/G, is also smooth which gives ii). The quotient Hy (£)/G, is a priori only
quasi-affine; however, we will show that SLa Xg, Hy(£) is affine and deduce from this that the
quotient is affine. Consider the closure

SLa xg, Hy ()
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of SLy xg, Hy(€) in A2 x T*V. By Remark 3.7, this hypersurface is defined by the vanishing
of f — & where

f= Wdp — uwvdpy — 02 Pp.
The boundary, which is given by setting (u,v) = (0,0), is empty and so SLg X, Hy (&) is affine.
As the reductive GIT-quotient of an affine variety is affine, it follows that

Hy (§)/Ga = (SL2 xg, Hy (§))/SL2
is affine. Hence, Hy (§)/G, is affine and so has finitely generated coordinate ring
C[Hy (§)/Ga] = C[Hy (§)]°" = C[SLy xg, Hy (§)P.
Moreover, we have a surjection
CT"V]Ee 2 CIT*V x AP — C[SLy xg, Hy (€)]*" = C[Hy (§)]%

which completes the proof of iii-iv).

Finally, to show Hy () — Hy(£)/G, is isomorphic to the trivial G,-torsor, we show there
exists a function o € C[Hy (§)] whose derivation under the G,-action is 1, which gives a section
perpendicular to the Gg-action that enables us to define an isomorphism with the trivial G-
torsor over Hy (£)/G,. More precisely, we claim that there exists o’ such that ug, = D(o’),
from which it follows that o := ¢’/ has derivation 1 in C[Hy (§)]. It suffices to provide o’
for the irreducible SLo-representations V = Sym™ C?: if we take coordinates z;, o; on T*V as
above, then, for appropriate choices of constants )\;, the image of ¢’ := Z?:Jrll Aix;o; under the
derivation is pg, . O

The following theorem proves that the algebraic symplectic reductions Hy (§)/G, are alge-
braic symplectic manifolds, which fit together to give a 1-parameter family of algebraic sym-
plectic reductions. Moreover, the fibres of this 1-parameter family are isomorphic as algebraic
varieties, but not as algebraic symplectic varieties; instead, they are ‘scaled symplectomorphic’
to each other.

Theorem 3.14. For { # 0, the quotient X¢ := Hy (£)/Gq is an algebraic symplectic manifold
with symplectic form we induced by the Liouville form w, which form a 1-parameter family

XX

§ —

where Hy (C*) := uq_}i((c*) — X = Hy(C*) /G, is a trivial Go-torsor. Furthermore, for &1,& €
C*, there is an isomorphism

q)51,£2 : HV(fl)/Ga — Hy(£2)/Gq

of algebraic varieties which scales the symplectic forms as follows: §owe, = §1<I>21 £,Wes -

Proof. By Theorem 3.13, the quotient Hy (£)/G, is a smooth affine variety for £ # 0 and,
moreover, it has an algebraic symplectic form w¢ induced by the Liouville form w on TV by
Lemma 2.1.

The linear action of G, on the affine space T*V has finitely generated ring of invariants and so
we can consider the non-reductive enveloping quotient 7 : T*V — T*V//G, := Spec C[T*V]C«,
which restricts to a Zariski locally trivial geometric quotient on the completely stable locus. By
Corollary 3.12,

Hy (C*) := pg(C*) C (T*V)®
and so we have a Zariski locally trivial geometric quotient Hy (C*) — Hy (C*)/G,. The mor-
phism X := Hy(C*)/G, — C* defining this 1-parameter family is given by the Gg-invariant
function pg, and restricts to the quotient Hy (£)/G, at € € C*, as every G,-invariant function
on Hy () extends to Gg-invariants on T*V. Moreover, Hy (C*) — Hy (C*)/G, is a trivial G,-
torsor, as the derivation of the function o’/ug, € C[Hy (C*)] = C[T*V],, is 1, where o’ is the
function appearing in the proof of Theorem 3.14.
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Let ¢ : T*V — T*V be the map given by multiplication by C' = £3/&; on V and the identity
map on V*; this map restricts to a G,-equivariant isomorphism

¢: Hy (1) = Hy(&2)

and induces an isomorphism of quotients

®: Hy(&1)/Ga — Hv(§2)/Ga.

The pullback of the Liouville form w on T*V via ¢ : T*V — T*V satisfies ¢*w = Cw. Let
me : Hy(§) = Hy (€£)/Gq be the quotient map and i¢ : Hy (§) < TV be the inclusion; then

e, @ (We) = 97mg, (e, ) = 0T, (W) = i, @7 (w) = 1, (Cw) = O, (we),
and, as mg, is surjective, it follows that ®*(we,) = Cuwg,. O

Following the proof of this result, we are able to describe the central fibre of this 1-parameter
family.

Corollary 3.15. The central fibre of the 1-parameter family X = Hy (C*)/G, constructed above
from the algebraic symplectic reductions of the Gg-action on T*V at non-zero values is the zero
fibre of the morphism g, : T*V//Goa — C. More precisely, there is a Gg-invariant morphism

Hy (0) — Xo = Spec C[T*V]® /(ug,)
constructed using the extrinsic Gq-invariant functions on the ambient space T*V .

At this point, we should emphasise that in general, the hypersurface Hy (0) C T*V admits G,-
invariant functions which do not extend to 7"V and so there is a non-surjective homomorphism

C[T*V]®/(ue,) — C[Hy(0)]%
and, if the latter is finitely generated, then we have a morphism of affine varieties

Hy(0)//G, := Spec C[Hy (0)]% — Xp.

3.6. Constructing the algebraic symplectic analogue. The non-reductive quotient V//G,
will often be singular, as not all points in V" are stable (for example, the origin has full stabiliser
group, so is not stable). Therefore, we can only expect to provide an algebraic symplectic
analogue of an open subset of this quotient.

Proposition 3.16. Let V' be a G,-representation. Then the open set U := V*/G, C V//G,
has an algebraic symplectic analogue U’ := Hy (0)% /Gy ; that is, we have the following.

(i) There is a closed immersion U < U’.
(i1) U’ is an algebraic symplectic manifold, with algebraic symplectic form ' induced by the
Liouville form w on T*V .
(111) U C U’ is a Lagrangian subvariety.
(iv) T*U is an open subset of U which is dense if non-empty.
(v) U’ is an open subset of the central fibre Xy of the 1-parameter family X.

Proof. As V¥ C V is open and the quotient V° — U := V3 /G, is a Zariski locally trivial geo-
metric quotient, U C V//G, is a smooth open subvariety. The hypersurface Hy (0) is singular,
but the completely stable locus avoids the singularities:

Hy(0)° € Hy(0) — Hy(0)%* = Hy (0)seg

by Proposition 3.10 and Corollary 3.12. Hence, as Hy (0)° — Hy(0)°/G, =: U’ is a Zariski
locally trivial geometric quotient, U’ is also smooth. Since the completely stable locus is de-
termined by the extrinsic invariants on T*V, it follows that V' N Hy (0)®* = V° and we have a
pullback square

H

TH Vi(o)sv
V——=Hy(0)
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such that both horizontal morphisms are closed immersions. It follows that the induced map
on G,-quotients U — U’ is also a closed immersion.

The algebraic symplectic structure on U’ is a consequence of the algebraic version of the
Marsden-Weinstein-Meyer Theorem and the fact that U C U’ is a Lagrangian subvariety follows
from the fact that V' C T*V is a Lagrangian subvariety. The proof of the final statement follows
exactly as in the proof of Proposition 2.7.

For v), we recall that the central fibre X of the 1-parameter family X is the G,-quotient
of Hy(0) obtained using only the G,-invariant functions on 7*V. Since the completely stable
locus Hy (0)® is determined using invariant functions on 7*V, the Zariski locally trivial geometric
quotient Hy (0)* — U’ is obtained by restricting Hy (0) — X and so, in particular, U’ is an
open subset of Xj. O

The completely stable set Hy (0)° is determined using only the ambient G,-invariants on the
affine space T*V. However, there may be additional intrinsic G,-invariants on Hy (0) which do
not extend to invariants on 7*V, as the homomorphism

C[T*V]® — C[Hy (0)]%=

is not surjective in general. Since the G,-action on Hy (0) does not extend to SLy, we cannot
conclude that C[Hy(0)]% is finitely generated (see §3.7 below).

The additional intrinsic invariants can be used to construct a potentially larger open subset
which admits a Zariski locally trivial geometric quotient, referred to as the ‘locally trivial sta-
ble set’ in [7]. The G,-quotient of this locally trivial stable set Hy (0)"* would also admit the
structure of a smooth algebraic symplectic variety. However, as there is no Hilbert—Mumford
style criteria to compute the locally trivial stable set, we would need to compute the invariant
ring, which is impractical and thus justifies our use of the potentially smaller, but easily un-
derstandable, subset of completely stable points. Furthermore, the following lemma shows that
these subsets can differ in at most a codimension 2 subset.

Lemma 3.17. The complement of Hy(0)° C Hy (0)"** has codimension > 2.

Proof. The codimension of Hy (0)° C Hy (0)"* is greater than or equal to the codimension of
Hy(0)* C Hy(0), which we can explicitly compute using Lemma 3.11. If we write V as a sum
of irreducible SLy-representations V = Sym*1(C?) @ - - - @ Sym”" (C?), then the codimension of
H\/(O)g C Hv(O) is

m

2 Y Iki/21 | -1,

j=1
which is greater than or equal to 2, unless V' = Sym!(C?) or V = Sym?(C?). If V = Sym?!(C?),
then Hy (0) is 3 dimensional and Hy (0)° = Hy(0)"%, as the complement to the completely
stable locus is the G,-fixed locus (see Proposition 5.1 below). If V' = Sym?(C?), then we also
have Hy (0)° = Hy (0)"* (essentially, as on the complement of the completely stable locus the
action is not separated, see §6.2). U

3.7. Finite generation of the invariant ring of Hy (0). In the simplest example V =
Sym?(C?), the ring C[Hy (0)]% is non-finitely generated.

Example 3.18. Consider the 2-dimensional G,-representation V = Sym!(C?). If we take
coordinates x1,z9 on V and a1, as on V*, then the action of s € G, on T*V 2V x V* is

S (.Z'l,.’,UQ,Oél,OéQ) - (wl + sXr2,T2,01,02 — 8041).

By Example 3.6, the moment map ug, : TV — C is given by ug, (z,«) = x2a;. The ring of
Gg-invariant functions on the cotangent space is finitely generated

C[T*V]G“ = C[Q?Q, a1, r1000 + 1'2042],
but the ring of G,-invariant functions on the hypersurface Hy (0) := ,u((_}i(O) is not: for n > 0,

zta; and  zoad
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are Gg-invariant functions on ua(O), but the functions 1 and s are not G,-invariant. We
see that taking G,-invariants is not exact: there are G,-invariant functions z7; and z20 on
uéi (0) which do not extend to G,-invariant functions on the ambient affine space T*V'.

There is an immediate extension of this example: we can add on copies of the trivial repre-
sentation.

Corollary 3.19. For the G,-representation V = Sym!(C?) @ Sym®(C?)®", the ring of G,-
invariant functions on Hy (0) = ,u([_;i (0) is non-finitely generated.

However, this seemingly negative result is not as discouraging as one may think: by Propo-
sition 3.10, this representation V is the only case for which the hypersurfaces Hy (0) are
not normal. If we consider the induced G,-action on the normalisation of Hy (0) for V =
Sym!(C?) @ Sym®(C?)®", then we see that the ring of G,-invariants is finitely generated.

Lemma 3.20. Let V = Sym'(C2) @ Sym®(C2)®" and Hy (0) — Hy (0) be the normalisation of
the zero level set of the moment map. Then C[Hy(0)]®e is finitely generated.

Proof. As the non-normal hypersurface Hy (0) has two irreducible components, its normalisation
is the disjoint union of the normalisation of each of these irreducible components. However, the
irreducible components are both affine spaces of dimension 3+ 2n and so are already normal. As
the G,-action on both these affine spaces is linear, the ring of G,-invariants on the normalisation
is finitely generated. O

The next smallest example is given by V' = Sym?(C?), which we study in §6.2 and show that
the ring of G-invariants on Hy (0) is finitely generated. If C[Hy (0)]® is finitely generated,
then we can define

Hy(0)//G, := Spec C[Hy (0)]%,
which contains Hy (0)¥/G, as an open subset. In this case, as the composition
V— Hy0) =>TV -V

is the identity, we have a commutative diagram

C[Hy (0)]G«—~C[V]Ce .

T &

CIT*V]Se<——C[V]Ce

Hence ¢ is surjective and corresponds to a closed immersion V//G, — Hy(0)//G,.

As we can only expect to have an algebraic symplectic structure on an open subset of the G-
quotient of Hy(0), the question of whether C[Hy (0)]% is finitely generated is not particularly
pertinent. However, we note that the zero level set of the moment map Hy (0) is the only level
set which is preserved by the action of the upper triangular Borel B in SLy. For representations
V which are not equal to a sum of trivial representations with one copy of Sym!(C?), the
hypersurface Hy (0) is normal and irreducible. It would be interesting to study the ring of
B-invariants on Hy (0) from the point of view of [1], which in particular gives a geometrically
useful finitely generated subring that should still have the desired separation properties.

4. COMPARISONS OF THE HOLOMORPHIC SYMPLECTIC QUOTIENTS

Let G, act linearly on an affine space V' = A" over the complex numbers; then
V//Ga = W//SLy

where W := V x A2. In the previous section, we studied algebraic symplectic reductions of
the Gg-action on T*V. We can alternatively consider algebraic symplectic reductions of the
SLy-action on T*W. As SLs is semisimple, it has trivial character group and, as only 0 € s[5 is
coadjoint fixed, there is only one algebraic symplectic reduction

pst, (0)//SLy
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where pgr, @ T*W — sl; denotes the algebraic moment map for the SLg-action on T*W.
Although G, also has trivial character group, every element in its co-Lie algebra is coadjoint
fixed and we have a 1-parameter family of algebraic symplectic reductions by Theorem 3.14. In
many ways, this reflects the fact that the representation theory of the reductive group SLo is
discrete, whereas the representation theory for the non-reductive group G, it is not.

In this section, we compare the non-reductive algebraic symplectic quotients uéi(ﬁ) //Gq
with the reductive algebraic symplectic quotient ,uS_Ll2(0) //SLa. We continue to assume the
Gg-representation V' is non-trivial.

4.1. Equivariant morphisms between the level sets. In order to relate the non-reductive
holomorphic symplectic quotients with the reductive holomorphic symplectic quotient, we want
to construct a G4-equivariant morphism ua(ﬁ ) — ,ung2 (0). In this section, we assume that as
an SLo-representation

V # Sym!(C?) @ Sym?(C?)®",
so that the hypersurface Hy (0) is normal. The non-normal case will be studied separately in
§6.1.

We recall that Ns_ng (0) is the closed subvariety of T*W defined by the equations
Cp(r,a) +ur—vn=0

Op(x, o) +vA =0

Op(x, o) +un=0.
where g, v = ®gH* + PpE* + ®pF* : TV — sl5 is the moment map for the SLo-action on
T*V and (z, ) are coordinates on T*V and (u,v, A, n) are coordinates on T*AZ.
Remark 4.1. There are families of natural G,-equivariant inclusions V < W =V x A? (resp.
V¥ s W* = V* x (A%)* given by = — (z,a,0) (resp. a +— (,0,b)) for constants a,b € C,
which give rise to inclusions ¢4 : T*V — T*W. However, La7b(,u((_;i(f)) C /@I}Q(O) if and only if
Oy =¢=0and &p = —ab. As the functions @y and ®p are not constant (cf. Example 3.6),
these natural families of G,-equivariant maps ¢4, do not map one level set to the other.

Fortunately, there are G4-equivariant inclusions “«_}i &) — ,u§I}2 (0) when ¢ = 0.

Proposition 4.2. Let f : T*V — T*W be a morphism that extends the identity map on T*V .
Then f restricts to a Gg-equivariant morphism f : ,uéi &) — ungQ (0) only if € =0. For{ =0,
the Gg-equivariant morphisms f : ,uéi(()) — u§ﬁ2 (0) are given by two 1-parameter families of
morphisms {iq}ax0 and {jp}o2o, where, for (z,a) € uéi(O),

ia(x, Oé) = ({L’, (a, ())’ a, _‘I)H(-’E,C!)’ _@F(m,a)>

a a

and
ol 0) = (i, - 2Efpe), 214220 0, (0,0))

Proof. Such an extension f is given by functions fy, fu, fx, f, € C[T*V]. Iff(,ua &) C us}i (0),
then, on u@i (&), we have

@+ fulx— fofy =&+ fofa=Pr + fufy = 0.
If moreover f : ,u(_;i &) — uS_Ll2(O) is Gg-equivariant, then f,, f) € C[uéi (€))% and f,, [ satisfy
fule- (2, ) =fu(z, @) + cfoz, @)
fole- (z,0)) =fy(z,0) — cfa(z, @)
for c € G4 and (z,a) € ,ua(O).
First suppose that & # 0. Since pug, = & = —fuf\ on ,uéi (&) and the equation pug, is
irreducible (here we use the assumption that V # Sym!(C?) @ Sym(C?)®"; see also Example

3.6), it follows that both f, and f) are non-zero constant functions. However, in this case, there
are no functions f, and f; which transform under G, as above.
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Hence let £ = 0. As f, fx = 0 on the irreducible hypersurface ua (0), it follows that either
fo=0o0r fy =0 on ua (0). We will show that the first case gives rise to the family i,; then,
similarly, the second case gives rise to the family j,. If f, = 0, it follows that f, € C[uéi(O)]G“.
Since @ is irreducible but not G,-invariant (cf. Example 3.6) and ® g + f,f = 0 on Ma (0),
we conclude that f, = a for some non-zero constant a. It then follows that f = i,.

The Gg-equivariance of i, and j; on ,u(}i (0) can be verified using the following transformation
properties of g, Pr and Py:

Spy(c: (r,) =Py(z,a) + 2¢Pp(x, o)
Pr(c (z,0)) = Pp(z,a) — cPy(z,a) — 2Pp(x,a),

for ¢ € G, (which follow from the SLy-equivariance of ugy, v : T*V — sl3). O

Henceforth, for notational simplicity, we consider only the morphism ¢ := i1, and we note
that the same results hold, with only minor modifications to the proofs, for i, and jp.

Lemma 4.3. The morphism i : ,ua(O) — “S_IEQ (0) has the following properties.

(i) The stabiliser groups are preserved by i.
(ii) Let p,p' € uéi (0); then i(p) and i(p') lie in the same SLo-orbit if and only if p and p’ lie
in the same G, -orbit.
(i1i) Forp € ,u((_;i(O), we have {g € SLy : g -i(p) € z(ua(O))} =G,

Proof. For (i) suppose p € ,u(_;i (0) has G,-stabiliser subgroup H. If g € SLg fixes i(p), then

o (0)=(0)

and thus g € G, C SLs. By equivariance of G, it follows that i(p) has SLe-stabiliser group H.
For (ii), if i(p) and i(p’) lie in the same SLy-orbit , then g - i(p) = i(p’) for some g € SLs.
However, the same argument as above shows that g € G, and so i(g - p) = i(p’), but as i is
injective, we conclude g - p = p’. The converse direction is trivial.
For (iii), the inclusion “C” follows by the argument used in (i), and the opposite inclusion
follows by Gg-equivariance of 1. O

Theorem 4.4. Let V be a Gu-representation and let W = V x A? be the associated SLo-
representation; then the non-reductive and reductive algebraic symplectic analogues are bira-
tionally symplectomorphic. More precisely, the equivariant inclusion i : uéi(O) — ugﬁz(O)
induces a morphism

1 (0)°/Ga — g1, (0)//SLa
which is an isomorphism on open subsets and, moreover, this isomorphism respects the induced
symplectic forms.

Proof. Let U = ua(O)gﬂ i_l(ugiZ(O)SLQ_S); then U C ,ua(O) is a Gg-invariant open subset.
Let U’ = SLg - i(U); that is, U’ is the image of the morphism U xg, SL2 — uS_LlQ (0) given by
[u,g] = g -i(u). By construction, U' C ,ugﬁQ (0)SL2=% is an SLg-invariant open subset on which
SLo acts with trivial stabilisers by Lemma 4.3 (i); therefore, U’ is smooth by Lemma 2.4 (iii).
It follows from Lemma 4.3 (iii) that the morphism U xg, SLa — U’ is bijective and, moreover,
is an isomorphism as U’ is smooth.

The Gg-action on U C ,u(ai(O)g admits a Zariski locally trivial geometric quotient and the
SLy-action on U’ C ,u§i2 (0)ST2~% admits a geometric quotient, which is a principal SLa-bundle.
Moreover, we have isomorphisms

U/Ga = (U XGq SLQ)/SLQ = U//SLQ

which proves the desired birationality statement.
The Liouville form wy on T*V (resp. wy on T*W) induces algebraic symplectic forms wg,
(resp. wsr,) on U/G, (resp. U’'/SLa) by Proposition 3.16 (resp. Lemma 2.5). We consider the
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commutative square

v——t sy
TGq TSLy
U/Gy—U"/SLs.

From the explicit definition of ¢ : T*V — T*W, we see that i*wy = wy. Therefore
6, (We,) = wy = i (ww) = "7y, (Wst,) = TG, (WsL,)-
Since 7g, : U — U/G, is surjective, it follows that wg, = E*wSLT O

For the reductive algebraic symplectic analogue, we can use the Kempf-Ness Theorem for SLo,
which gives a homeomorphism between the algebraic symplectic analogue and the hyperkahler
analogue. Then using the above birational symplectomorphism we obtain the following corollary.

Corollary 4.5. The additive algebraic symplectic analogue uéi(O)g/Ga of V¥/G, admits a
hyperkdahler structure on a dense open subset. Furthermore, assuming a bounded number of
trivial representations in V', then for all but finitely many cases, this is a codimension at least
2 complement in “(I_}i (0)// Gg.

Proof. Everything has been established except the codimension at least two condition. This
follows from a dimension count. The non-stable locus for such a representation is high codi-
mension, but ,uS_Ll2(0) is always codimension at most 3, and the image of uéi (0) under the
inclusion is codimension at most 5, in 7*W. Thus U in the proof of the theorem is high codi-
mension complement both in ,u((_}i(O) and in ,uS_L12(O) for all but finitely many cases. By upper
semi-continuity, the codimension of the complement can only increase in the quotients and
analogues. U

Remark 4.6. In fact, the proof can easily be refined to handle all the cases with a computation.
It is likely that the codimension at least 2 complement result always holds. One can refine the
statement further to get explicit comparisons between the high codimension loci for the SLg
quotient analogues and the G, quotient analogues.

5. GEOMETRIC APPLICATIONS

In [6], an algebraic uniformisation for an iterated blow up X of a projective space along a
collection of linear subspaces is provided by a description of X as a non-reductive GIT quotient
of an affine space V by a solvable group G = G, x G, where s is the Picard rank of X and
t > 0. One can consider the cotangent lift of this action to T*V and take an algebraic symplectic
reduction by G, by extending the ideas of §3, to construct an algebraic symplectic analogue of
X. However, the construction of [6], often involves several copies of G, (that is, t > 2) or a
non-linearisable action of G, (which is the case, for example, if X = Mo,n and n > 6).

The simplest geometric example covered by [6], which we can directly apply the techniques
of §3, is X = B1,P" 2, which is a non-reductive GIT quotient of V = A?" by a linear action of
Ga ¥ (G)" L. Let us briefly explain how this construction works. Let X’ := Bl,P"~!, which
is toric, as we can choose the n points to be the n coordinate points in P*~!. The Cox ring of
X' is given by

Cox(X') = Cly1, 1, - - -, Yn, ),
where y1,...,yn are the homogeneous coordinates on P"~! before blowing up and z; rep-
resent the exceptional divisors of each point being blown up. Then X’ is a GIT quotient
of A?" = Spec Cox(X’) by its Picard torus Ty = Tyx = G%'', which acts as follows: for
t= (to,tl,...,tn) e Tx

t- (yi, l’z) = (to H t;lyi, tzl‘l)

J#i

To relate X’ and X, consider the linear projection P"~! --s» P"~2 sending the n coordinate
points in P"! to the given n points in P*~2; this induces a rational map X’ --» X, which
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is a Zariski-locally trivial A'-bundle over its image. Moreover, this lifts to a G,-action on
A" = Spec Cox(X') given by, for ¢ € G,
e (yi,zi) = (yi + cxi, i),
which is normalised by the torus action. By [6] Theorem 1.1, X = A"//,G, x (Gp,)" ! for
x € Hom(Tx,G,,) = Pic(X) an ample divisor class.
In this class of examples, the G4-action on V = A?" is linear and, as an SLa-representation

we have V = Sym!(C?)®". In the next subsection, we study these representations and the
algebraic symplectic analogues of V//G, in greater depth.

5.1. Representation of the form V = Sym!(C?)®". Consider the G,-representation V =
Sym? (C%)®" and its cotangent lift to T*V. More precisely, if we write
C[V] = Clyi, wili<i<n and C[IT™V] = Cly;, x4, Bi, ai]1<i<n,
then ¢ € G, acts by
¢ (Yis iy Biy i) = (yi + cxy, @i, Biy i — ¢By).
Hence, the G,-moment map p: T*V — C is given by 2721 Bjx;.

Proposition 5.1. Let V = Sym!(C?)®" be as above. Then

i e complement to the completely stable locus for the G,-action on is the Gg-fize

(i) Th plement to th pletely stable locus for the Gy-acti 11g(0) is the Gq-fived
locus. In particular, the completely stable locus is the largest possible stable set.

(ii) The Gg-invariants on T*V give a separating set of invariants for the Gq-action on ,uéi(O)
and, moreover, the nullcone of these invariants is the Gy-fixed locus.

Proof. For (i), by Lemma 3.11,

M@i(o) - M(E,i(o)g = {(Yi, ©i, Bi, i) 1<i<n txi =i =0 for i=1,...,n},
which is precisely the G,-fixed locus.
For (ii), we let N(T*V) (resp. N (,u((_;i(O))) denote the nullcone, which is the common zero

set of all non-constant homogeneous G,-invariant functions on 7*V (resp. ,ua (0)). For T*V,
the ring of G,-invariant functions is finitely generated:

Clas, Bi, xay; — x4, Bicj — Bjov, mioyj + yiBj] — C[T*V]C
and N(T*V) = {(yi,xi,ﬁi,ai)lgign LIy = /81 =0 fori = 1, ce ,n} = Méi(O)Ga. As there may
be additional invariants on ,u((_}i (0), which do not extend to 7"V, we have N(ua (0)) Cc N(T*V).
However, we claim in this case, that these nullcones coincide, from which Statement (ii) follows.
We argue by contradiction: suppose f € (C[,u(gi (0)]® and f is not identically zero on Np«y.
We can lift f to a (no longer invariant) function on 7%V, whose derivation under the G,-action

must lie in the ideal I := (3" ; ;/;). Since f is not identically zero on Np-y, it must contain

a monomial of the form m =[], y;'a;*. Then the derivation of m is given by

7
n

D(m) = Z Hy;jajj (Tz‘l’iy:i_lafi - Siyfiafi_lﬁi) :
i=1 j£i
However, each monomial in D(m) is not divisible by any of the monomials z;3; in the equation
defining I and can only be ‘integrated’ in one way (as only x; = D(y;) and §; = D(—q;) lie in
the image of D). Hence, no such f can exist with D(f) € I. O

This proposition justifies the following definition.
Definition 5.2. For G, acting on ,ua (0), we define the non-reductive quotient
q: pgh(0) = pg (0)//Gy = Spec(C[T*V]% /1)
where [ is the ideal defining ,ua (0) cT*V.

Remark 5.3. Using this definition, we have ,ua(O) //Gq = Xy, where Aj is the central fibre of
the 1-parameter family of algebraic symplectic reductions given by Corollary 3.15.
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By Proposition 5.1, we have ¢~1(0) = u@i(O)G“ = ,ua(O) — u@i(O)s and q(,ua(O)s) =
uéi(())S /G, has the structure of a smooth algebraic symplectic variety by Proposition 3.16.

Let W = V x A%, which as an SLy-representation, we have W = Sym!(C?)®"*1  Let
M§I}2(0) C T*W be the zero level set for the SLy-moment map on 7*W and recall that there is
a Gq-equivariant closed immersion i : ua (0) — ,ugIL (0) given by Proposition 4.2.

Proposition 5.4. Let V and W be as above. Then

(i) i(ng, (0)*) C ngp, (05727,
(1) ,ua(O)s/Ga has a hyperkdhler structure.

Proof. For (i), if p € “Q_Ei (0)*, then there exists f € C[T*V]% such that f(p) # 0 by Proposition
5.1. Let h be the image of f under the homomorphisms

C[T*V]C =~ C[T*V x A% — C[T*W]3"2,

where the final homomorphism is induced by an SLg-equivariant projection 7 : T*W — T*V x A2
such that moi : T*V — T*V x A? is given by the identity map on T*V and the point (1,0) € A2
Then h(i(p)) = f(p) # 0. Since T*W = Sym!(C?)®2»+1) the stable set (T*W)5L2% is the
union of all open subsets given by the non-vanishing locus of an SLo-invariant. Hence i(p) is
SLo-stable and has trivial stabiliser group by Lemma 4.3.

For (ii), let U = ,ua(O)s and U’ = SLy -4(U); then by the argument used in Theorem 4.4, we
have

U/G, = U'/SLy

and, moreover, as SLo acts freely on U’ C ugﬁQ(O)SLTS, its SLo-quotient has a hyperkéhler

structure coming from the hyperkéhler reduction of 7*W by SU(2) via the Kempf-Ness home-
omorphism. O

5.2. The blow up of n points on P""2. Let us return to Bl,(P"2) = V//,G, x T, where
V = A? and T = G, In the previous section, we described the moment map and algebraic
symplectic reduction for the Gg-action on T*V. In this section, we also take into account the
torus action. The following lemma gives the equations for the zero level set of the algebraic
moment map for the torus action.

Lemma 5.5. For T = G acting on T*V as above, the algebraic moment map pr : T*V —
CnHl s given by

n
pr (i, @i, Bir i)1<i<n) = (O @i, Brr — > s, cooey Brn — D ).

i=1 J#1 j#n

Hence u;l(O) is defined by the ideal

n
I= (Zaiyi,ajyj-i-ﬂjxj 1<y STI) .

i=1

The construction in [6] as applied to this example tells us three facts we will now use. The
first is that the rational quotient map from V to Bl,(P"~2) is surjective. The second is that
the action of G, x T is scheme-theoretically free on an open subset U of V' that surjects onto
Bl,(P"~2) under the quotient map. The third is that this open subset U is exactly the stable
locus for the torus action.

These facts allow us to describe a hyperkihler structure on 7*Bl, (P"~2) by taking a quotient
in two stages: first by the G,-action and then by the torus action. Observe that ua (0) is closed
under the torus action and there is an induced torus action on the quotient ,ua (0)//Gq. We
know by Proposition 5.1 and the explicit form of the fixed point locus, that the open subset
“K_}i (0)*, which is the complement of the fixed point locus, must also be closed under the torus

action. Furthermore, the complement of ,u(ETi(O)S in ua (0), that is, the non-stable points for
the G4-action, are contained in the unstable points for the torus action.
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Lemma 5.6. The complement C of the G,-stable points in T*V is a subset of the unstable points
for the torus action. Furthermore, the image of C under the G,-quotient map is contained in
the unstable points for the induced torus action on N({Ei(o)//Gw

Proof. By Proposition 5.1, the complement C is the nullcone of the G,-action. Therefore any
homogeneous function on the quotient of T*V pulls-back to a G4-invariant function that vanishes
on C. In particular, if f is a homogeneous semi-invariant function for the torus action on the
quotient, then the pull-back must vanish on C, and f itself must vanish on the image of C. [

By Proposition 5.4 there is a hyperkéhler structure on “K_}i (0)°/G4. By the above lemma,
the GIT torus quotient of ,ua(O) //Gy is equal to the GIT torus quotient of uéi (0)°/G,. By
direct observation, the solvable group acts freely on “ﬁ_}i (0)® and hence the torus acts freely on
ua (0)*/G,. Therefore one can now apply the standard torus hyperkéhler quotient construction
to uéi (0)// G,. By our above facts, this gives us a hyperkihler structure on T*BL,(P"~2) by
restriction to an open set: first, Proposition 3.16 tells us 7%(V*/G,) is an open subset of
ua (0)°/Gg; then, the further torus quotient analogue must contain 7*(V*/(G, x T'), which
equals T*Bl, (P"~2), as an open subset.

Proposition 5.7. The cotangent bundle T* Bl,(P"~2) has a hyperkdhler structure realised as
an open subset of an algebraic symplectic analogue of a quotient of affine space by a solvable
group action.

6. EXAMPLES

We can explicitly study some examples, using an algorithm of van den Essen [20] and Derksen
[5] to compute rings of G,-invariants on the zero level set of the moment map. Let us quickly
explain the algorithm.

For a G,-action on an affine variety, the algorithm produces a list of generators for C[X]®,
which terminates if and only if the ring is finitely generated. The first step is to choose f €
C[X]® such that on X; the Gg-action becomes a trivial G,-torsor (the existence of such an
f is a consequence of the derivation of the G,-action being locally nilpotent). Then, as taking
Gg-invariants is left exact, there is an inclusion

C[X]% — C[X]}
and C[X]% = C[X]NC[X ]?a. The algorithm gives generators for this intersection using colon

ideals and can be performed using a computer algebra package, which is adept at computing
Groebner bases; for details see [5] Algorithms 2.6 and 2.7.

6.1. The 2 dimensional irreducible SLy-representation. Let V = Sym!(C?) = A? with

Gg-action given by c- (z1,x2) = (21 + cxa,x2), for ¢ € G,. We have GIT quotient 7y : V —

V//G4 = Spec C[xa] =2 Al which restricts to a geometric quotient on V* = {(z1,x2) : z2 # 0}.
The moment map for the cotangent lift of the SLa-action to T*V is given by

psLy v (2, @) = (z101 — zaa2) H* + (x200) E* 4 (z100) F*

and the G,-moment map is given by ug,(z,a) = z2aq. By Example 3.18, (C[u(_;i(O)]Ga is
non-finitely generated and so we instead work with the normalisation

1g(0) = pg! (0) ) |_| 1g.(0)(2)

where ,ua(())(l) = SpecClzy, a1, ag] has GIT quotient u@i(O)(l)//Ga = SpecClzy, 1] and

u@i(O)(z) = Spec C[z1, x2, ag] has GIT quotient ua (0)(2)//Ga = Spec Clza, , az], and

M(E,i(o)%) ={(z1,01,2) : 1 #0} and ,ua(())?l) = {(z1, T2, 2) : x5 # 0}.

Let W =V x A? and write C[T*W] = C[T*V][u,v, \,n]. Then for the SLy-action on T*W,
the zero level set MS_LIQ(O) C T*W is defined by the ideal

(r101 — T2002 + AU — NV, T2011 + AV, T1A2 + NU)
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and C[T*W]SI‘Q = (C[hl, te ,hG]/(h1h4 — h2h5 + h3h6) where

h1 = TU — 1V hg = 1U + Qv h3 =T101 + To0o
hy = a1 — g\ hs = z1 A + x2m he = uX + vn.

We have ugﬁz(O)SLQ_S = U?:1u§1}2 (0)p,-

7

The G,-equivariant closed embedding 7 : uéi 0) — ,I,Lgﬁ2 (0) induces

i) g (0)()//Ga = pgr, (0)//SLa

where
i) (z1, 1) =(0, a1, a121,0, —oz?, —oq ),
i(2)(z2, ) =(2,0, z200, —2903,0, T203).
We have i(j)(uq_}i 0)¢)) C MS_I}Q (0)§L275 and the morphisms i) induce birational symplecto-

morphisms between the reductive and non-reductive algebraic symplectic analogue. Further-
more, for V//G, = Al =2 W//G,, we see that the non-reductive algebraic symplectic analogue
ua(())@) //G4 = A? provides a better algebraic symplectic analogue that the reductive algebraic

symplectic analogue MS_I}Q(O) //SLg, which is a singular subvariety of AS.

6.2. The 3 dimensional irreducible SLy-representation. Let V = Sym?(C?) = A3 with
Gg-action given by c- (21, 2, x3) = (v1 + 2cw2 + 223, 9 + cx3, 13), for ¢ € G,, and SLp-action

b P’ 2p¢ ¢
( s ) — pr ps—+qr qs
r2 2rs 52

The non-reductive quotient V' — V//G, = Spec Clxs, 173 — 23] = A? restricts to a geometric
quotient on V*® = {(x1, x2,z3) : x3 # 0}.
The algebraic moment map for SLs acting on 7"V is given by the holomorphic functions

Oz, a) =2r100 — 223003 Pp(x, @) = g, (¢, ) = 2901 + avxs Pp(x, o) = 1000 + 20329
For the G,-action on ,u(éi(O), we have
1, (0) = g, (0)° = {(w, a) € g, (0) : 23 = a1 = 0}
which strictly contains
151 (0)6 = Sing i) (0) = {(wa) € ug}(0) : w2 — w5 — ay = az — O},

By the algorithm of van den Essen and Derksen, C[uéi (0)]%e is finitely generated by

f1=x3, fa = x101 + 1209 + X303, fr= 4.7]3(1% + 2x9a0a3 — 4x10103 + wlag.
_ 2 _ 2 _ 2 2

fo=z123 — 25, fs = 4a1a3 — a3, fs = 2x3z103 — 22503 — 22741 — T12202.

f3 =ai, fo = x1a1 — w303.

The invariants fg, fr and fg are intrinsic to the hypersurface, but one easily checks that these
do not give any additional separation or increase the stable locus; i.e., the locally trivial stable
set coincides with the completely stable set in this example.

For the SLy-action on T*W, the zero level set us_ﬁ2 (0) C T*W is defined by the ideal

(2z100 — 223003 + Au — N, 2T2001 + Qa3 + AV, T102 + 20312 + )

and C[/@I}Q(O)]SL? is generated by

hi = 102 — 2z9uv + x3u2 ho = T1x3 — 1:%

hs = a1u2 + aouv + 0631)2 hy = T1000 + 22009 + T3003
hs = 4oy — a3 he = u\ + vn

hr = a1n? — aan) + ag\? hs = 1A% + 2zanA + x30°

hg = 10\ — x2(u\ — vn) — x3UN hio = 2aqun — as(uX — vn) — 2azAv.
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The birational symplectomorphism i : ua 0)//Gq — ,u§L12 (0)//SLg given by Theorem 4.4 can

be explicitly determined:

(Y1, y8) = (Y1, Y2, Y3, Y4, Ys, —2Y6, —Y6Y7, —2Y6Ys, 0, 0).
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