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� à æ¨®­ «ì­ëå ¯à¨¡«¨¦¥­¨ïå

§­ ç¥­¨© ®¤­®£® ª« áá  æ¥«ëå äã­ªæ¨©

�®ª §ë¢ ¥âáï â®ç­ ï ®æ¥­ª  á­¨§ã ¤«ï ¬¥àë ¨àà æ¨®­ «ì­®áâ¨ §­ ç¥­¨©
QE-äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥Ä
­¨© ¯à®¨§¢®«ì­®£® ¯®àï¤ª , ¢ à æ¨®­ «ì­®© â®çª¥.

�¨¡«¨®£à ä¨ï: 15 ­ §¢ ­¨©.

�¢¥¤¥­¨¥

� 1929 £®¤ã �. �¨£¥«ì [1] ¯à¥¤«®¦¨« ¬¥â®¤ ®æ¥­ª¨ á­¨§ã «¨­¥©­ëå ä®à¬ ®â
§­ ç¥­¨© ¢ à æ¨®­ «ì­®© â®çª¥ æ¥«ëå äã­ªæ¨© ­¥ª®â®à®£® ª« áá , ­ §¢ ­­ëå ¨¬
E-äã­ªæ¨ï¬¨. � íâ®© à ¡®â¥ ãª §ë¢ «®áì (¡¥§ ¤®ª § â¥«ìáâ¢ ), çâ® ¤«ï §­ ç¥­¨©
äã­ªæ¨¨ �¥áá¥«ï

J0(z) =
∞∑
�=0

(−1)�

(�!)2

(z
2

)2�
¨ ¥¥ ¯à®¨§¢®¤­®© ¢ à æ¨®­ «ì­®© â®çª¥ � 6= 0 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

|h0 + h1J0(�) + h2J
′
0(�)| > CH−2−� ; � > 0;

hj ∈ Z; H = max
06j62

{
|hj |

}
> 0; C = C(�; �) > 0:

�¥â®¤ �¨£¥«ï ¡ë« áãé¥áâ¢¥­­® ®¡®¡é¥­ ¢ à ¡®â å �.�.�¨¤«®¢áª®£®. � ç áâ­®áÄ
â¨, ¢ 1967 £. ¢ áâ âì¥ [2] ¡ë« ¤®ª § ­ á«¥¤ãîé¨© à¥§ã«ìâ â:

�ãáâì á®¢®ªã¯­®áâì E-äã­ªæ¨© f1(z); : : : ; fm(z), m > 1, á à æ¨®­ «ì­ë¬¨
ª®íää¨æ¨¥­â ¬¨ àï¤®¢ �¥©«®à  «¨­¥©­® ­¥§ ¢¨á¨¬  ­ ¤ C(z) á ¥¤¨­¨æ¥© ¨
á®áâ ¢«ï¥â à¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

d

dz
yl = Ql0 +

m∑
j=1

Qljyj ; l = 1; : : : ;m;

Qlj = Qlj(z) ∈ C(z); l = 1; : : : ;m; j = 0; : : : ;m;

(0.1)

¨ � ∈ Q\{0} { ¯à®¨§¢®«ì­ ï ­¥®á®¡ ï â®çª  íâ®© á¨áâ¥¬ë. �®£¤  ¤«ï «î¡®£®
� > 0 áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï C = C(f1; : : : ; fm;�; �) > 0 â ª ï , çâ®

|h0+h1f1(�)+ · · ·+hmfm(�)| > CH−m−� ; hj ∈ Z; H = max
06j6m

{
|hj |

}
> 0:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áÄ
á«¥¤®¢ ­¨© (£à ­â ò 94-01-00739).

c© �.�. �ã¤¨«¨­ 2001
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� íâ®¬ ¦¥ £®¤ã ¢ § ¬¥âª¥ [3] ¡ë«¨  ­®­á¨à®¢ ­ë,   ¢ 1979 £. ¢ áâ âì¥ [4] ®¯ã¡Ä
«¨ª®¢ ­ë ¤®ª § â¥«ìáâ¢  ®æ¥­®ª, ãâ®ç­ïîé¨å ®áâ â®ç­ë© ç«¥­ ¢ ¯®ª § â¥«¥ ­¥Ä
à ¢¥­áâ¢ ,   ¨¬¥­­®, çâ® ¢ ãá«®¢¨ïå áä®à¬ã«¨à®¢ ­­®© â¥®à¥¬ë áãé¥áâ¢ã¥â ¯®Ä
áâ®ï­­ ï 
 = 
(f1; : : : ; fm;�) > 0 â ª ï , çâ® ¤«ï ¢á¥å H > H∗(f1; : : : ; fm;�)

|h0 + h1f1(�) + · · ·+ hmfm(�)| > H−m−
(ln lnH)
−1=2

: (0.2)

�à¨ íâ®¬ ¨á¯®«ì§®¢ «®áì á«¥¤ãîé¥¥ ¡®«¥¥ ®£à ­¨ç¨â¥«ì­®¥, ç¥¬ ¢ [1], ®¯à¥¤¥«¥Ä
­¨¥ E-äã­ªæ¨¨.

�¯à¥¤¥«¥­¨¥ (á¬. [5]). �ã­ªæ¨ï

f(z) =
∞∑
�=0

f�
�!
z� (0.3)

­ §ë¢ ¥âáï QE-äã­ªæ¨¥© , ¥á«¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) f� ∈ Q ¤«ï � ∈ Z+ = {0; 1; 2; : : : };
2) ¤«ï ­¥ª®â®à®© ¯®«®¦¨â¥«ì­®© ª®­áâ ­âë C á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
|f� | < C�+1 ¯à¨ � ∈ Z+;

3) áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì {'n}∞n=1 ⊂ N = Z
+ \ {0} â ª ï, çâ®

'nf� ∈ Z, � = 0; 1; : : : ; n, n ∈ N, ¨ 'n < Cn ¯à¨ n ∈ N.

�â¬¥â¨¬, çâ® ¢á¥ £¨¯¥à£¥®¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ á à æ¨®­ «ì­ë¬¨ ¯ à ¬¥âà ¬¨
ã¤®¢«¥â¢®àïîâ ¤ ­­®¬ã ®¯à¥¤¥«¥­¨î (á¬. [6, £«. 5 §1]).

�§ (0.2) ¢ëâ¥ª ¥â ®æ¥­ª  ¤«ï à æ¨®­ «ì­ëå ¯à¨¡«¨¦¥­¨© §­ ç¥­¨© «î¡®© ¨§
ãç áâ¢ãîé¨å QE-äã­ªæ¨©:∣∣∣∣fl(�)− p

q

∣∣∣∣ > |q|−m−1−
(ln ln |q|)−1=2 ; l = 1; : : : ;m; p; q ∈ Z;

|q| > q∗(f1; : : : ; fm;�); 
 = 
(f1; : : : ; fm;�):

(0.4)

� 1984 £®¤ã �.�. �ã¤­®¢áª¨© ¢ áâ âì¥ [7] ¯à¥¤«®¦¨« ®à¨£¨­ «ì­ãî ª®­áâàãªÄ
æ¨î, ¯®§¢®«ïîéãî ¯®«ãç âì ®æ¥­ª¨ á­¨§ã «¨­¥©­ëå ä®à¬ ®â §­ ç¥­¨© QE-äã­ª-
æ¨©, ª ¦¤ ï ¨§ ª®â®àëå ã¤®¢«¥â¢®àï¥â á¢®¥¬ã ®¤­®à®¤­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã
ãà ¢­¥­¨î ¯à®¨§¢®«ì­®£® ¯®àï¤ª . �à¨ íâ®¬ ­  á®¢®ªã¯­®áâì ãà ¢­¥­¨© ­ ª« Ä
¤ë¢ «®áì ®ç¥­ì ¦¥áâª®¥ ®£à ­¨ç¨â¥«ì­®¥ ãá«®¢¨¥. � ­ áâ®ïé¥© à ¡®â¥ ®­® § Ä
¬¥­¥­® ­  ¡®«¥¥ á« ¡®¥ ãá«®¢¨¥  «£¥¡à ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ à áá¬ âà¨¢ ¥¬ëå
äã­ªæ¨©. �¨¦¥ ¤®ª §ë¢ ¥âáï á«¥¤ãîé¥¥ ãá¨«¥­¨¥ ®æ¥­ª¨ (0.4).

�á­®¢­ ï â¥®à¥¬ . �ãáâì  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë¥ ­ ¤ C(z) QE-äã­ª-
æ¨¨ f1(z); : : : ; fm(z), m > 2, á®áâ ¢«ïîâ à¥è¥­¨¥ á¨áâ¥¬ë (0.1). �ãáâì ,
ªà®¬¥ â®£® , � ∈ Q \ {0} { ­¥®á®¡ ï â®çª  á¨áâ¥¬ë (0.1). �®£¤  áãé¥áâ¢ãÄ
¥â ¯®áâ®ï­­ ï 
 = 
(f1; : : : ; fm;�) > 0 â ª ï , çâ® ¤«ï ¢á¥å q ∈ Z, |q| >
q∗(f1; : : : ; fm;�), á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ ∣∣∣∣fl(�)− p

q

∣∣∣∣ > |q|−2−
(ln ln |q|)−1=(m+1)
; l = 1; : : : ;m;

ª ª®¢® ¡ë ­¨ ¡ë«® æ¥«®¥ p.
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�«¥¤áâ¢¨¥ 1. �ãáâì QE-äã­ªæ¨ï f(z) ã¤®¢«¥â¢®àï¥â «¨­¥©­®¬ã ¤¨ää¥Ä
à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î

Amy
(m) + · · ·+ A1y

′ + A0y = B; m > 2;

Aj = Aj(z) ∈ C[z]; j = 0; 1; : : : ;m; B = B(z) ∈ C[z];

¯®àï¤ª  m ¨  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬  ­ ¤ C(z) á® á¢®¨¬¨ ¯à®¨§¢®¤­ë¬¨
f ′(z); : : : ; f (m−1)(z). �ãáâì , ªà®¬¥ â®£® , � ∈ Q ¨ �Am(�) 6= 0. �®£¤  áãé¥áâÄ
¢ã¥â ¯®áâ®ï­­ ï 
 = 
(f ;�) > 0 â ª ï , çâ® ¤«ï ¢á¥å q ∈ Z, |q| > q∗(f ;�),
á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®∣∣∣∣f(�)− p

q

∣∣∣∣ > |q|−2−
(ln ln |q|)−1=(m+1)
;

ª ª®¢® ¡ë ­¨ ¡ë«® æ¥«®¥ p.

�®ª § â¥«ìáâ¢®. �®¢®ªã¯­®áâì m QE-äã­ªæ¨© fl(z) = f (l−1)(z), l =
1; : : : ;m, á®áâ ¢«ï¥â à¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
¯¥à¢®£® ¯®àï¤ª . �®íâ®¬ã ª ­¥© ¯à¨¬¥­¨¬  ®á­®¢­ ï â¥®à¥¬ , ¨§ ª®â®à®© ¨ ¢ëÄ
â¥ª ¥â âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢®.

�«¥¤áâ¢¨¥ 2. �ãáâì t, l { ­¥®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á«  , t ­¥ç¥â­® ,
t + l > 1, ¨ ¯ à ¬¥âàë �1; : : : ; �t+l; �1; : : : ; �l ∈ Q \ {−1;−2; : : : } äã­ªæ¨¨

f(z) =
∞∑
�=0

(�1)� : : : (�l)�
(�1 + 1)� : : : (�t+l + 1)�

(
z

t

)t�
;

£¤¥
(�)0 = 1; (�)� = �(� + 1) : : : (� + � − 1); � = 1; 2; : : : ;

ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬ :
1) �i − �j =∈ Z ¤«ï ¢á¥å i = 1; : : : ; t + l, j = 1; : : : ; l;
2) ­¥ áãé¥áâ¢ã¥â ®¡é¥£® ¤¥«¨â¥«ï d > 1 ç¨á¥« t, l â ª®£® , çâ®

(�1+1=d; : : : ; �t+l+1=d) ∼ (�1; : : : ; �t+l); (�1+1=d; : : : ; �l+1=d) ∼ (�1; : : : ; �l)

(§ ¯¨áì (�′1; : : : ; �
′
m) ∼ (�1; : : : ; �m) ®§­ ç ¥â , çâ® ¤«ï ­¥ª®â®à®© ¯¥à¥áâ Ä

­®¢ª¨ � : {1; : : : ;m} → {1; : : : ;m}, ®â«¨ç­®© ®â â®¦¤¥áâ¢¥­­®© , ¯à¨ ¢á¥å
j = 1; : : : ;m ¢ë¯®«­¥­® �′j − ��(j) ∈ Z).

�®£¤  ¤«ï «î¡®£® � ∈ Q \ {0} áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï


 = 
(�1; : : : ; �t+l; �1; : : : ; �l;�) > 0

â ª ï , çâ® ¤«ï ¢á¥å q ∈ Z, |q| > q∗(�1; : : : ; �t+l; �1; : : : ; �l;�), á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢® ∣∣∣∣f(�)− p

q

∣∣∣∣ > |q|−2−
(ln ln |q|)−1=(t+l+1) ;
ª ª®¢® ¡ë ­¨ ¡ë«® æ¥«®¥ p.
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�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï f(z) ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥Ä
­¨î((
z
d

dz
+t�1

)
: : :
(
z
d

dz
+t�t+l

)
−zt

(
z
d

dz
+t�1

)
: : :
(
z
d

dz
+t�l

))
y = tt+l�1 : : : �t+l;

   «£¥¡à ¨ç¥áª ï ­¥§ ¢¨á¨¬®áâì äã­ªæ¨© f(z); f ′(z); : : : ; f (t+l−1)(z) ¢ëâ¥ª ¥â ¨§
â¥®à¥¬ë 1.I à ¡®âë �.�. � «¨å®¢  [8].

� ¬¥ç ­¨¥. �á«¨ ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 1.II [8], â® ¬®¦­® ¯®«ãç¨âì  ­ Ä
«®£¨ç­ë© à¥§ã«ìâ â ¨ ¢ á«ãç ¥ ç¥â­®£® t.

� á«ãç ¥ l = 0 ãá«®¢¨ï á«¥¤áâ¢¨ï 2 ¬®¦­® ã¯à®áâ¨âì.

�«¥¤áâ¢¨¥ 3. �ãáâì æ¥«®¥ t > 1 ­¥ç¥â­® ¨«¨ t = 2, ¨ ¯ à ¬¥âàë �1; : : : ; �t
∈ Q \ {−1;−2; : : : } äã­ªæ¨¨

f(z) =
∞∑
�=0

1

(�1 + 1)� : : : (�t + 1)�

(
z

t

)t�
­¥ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¥¬ã ãá«®¢¨î : ç¨á«  t�1; : : : ; t�t ï¢«ïîâáï æ¥«ë¬¨
¨ ®¡à §ãîâ ¯®«­ãî á¨áâ¥¬ã ¢ëç¥â®¢ ¯® mod t.

�®£¤  ¤«ï «î¡®£® � ∈ Q\{0} áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï 
 = 
(�1; : : : ; �t;�) > 0
â ª ï , çâ® ¤«ï ¢á¥å q ∈ Z, |q| > q∗(�1; : : : ; �t;�), á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®∣∣∣∣f(�)− p

q

∣∣∣∣ > |q|−2−
(ln ln |q|)−1=(t+1) ;
ª ª®¢® ¡ë ­¨ ¡ë«® æ¥«®¥ p.

�®ª § â¥«ìáâ¢®  «£¥¡à ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ äã­ªæ¨© f(z); f ′(z); : : : ;
f (t−1)(z) ¢ á«ãç ¥ ­¥ç¥â­®£® t ¯®«ãç¥­® ¢ à ¡®â¥�.�.� «¨å®¢  [9] ¯à¨¤®ª § â¥«ìÄ
áâ¢¥ â¥®à¥¬ë 2; ¯à¨ t = 2 íâ®â à¥§ã«ìâ â ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 4 áâ âì¨ �.�. �«¥©Ä
­¨ª®¢  [10].

� ¬¥ç ­¨¥. � á«ãç ¥ m = 2 ãá«®¢¨¥  «£¥¡à ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ ¢ ä®à¬ãÄ
«¨à®¢ª¥ ®á­®¢­®© â¥®à¥¬ë ¬®¦¥â ¡ëâì ®á« ¡«¥­® ¤® ãá«®¢¨ï «¨­¥©­®© ­¥§ ¢¨á¨Ä
¬®áâ¨ à áá¬ âà¨¢ ¥¬ëå äã­ªæ¨©. �â® ¯®§¢®«ï¥â ãâ®ç­¨âì ¢ë¯¨á ­­ë¥ á«¥¤áâ¢¨ï
(á¬. §4). �â¬¥â¨¬ â ª¦¥, çâ® ¢ á«ãç ¥ t = 2; �2 = 0 ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï 3
¡ë«® ¤®ª § ­® ¢ 1987 £. ¢ ¤¨¯«®¬­®© à ¡®â¥ �.�. �¨â¥­ª®.

�¡®§­ ç¨¬ ç¥à¥§ T = T (z) ∈ C[z] ¬­®£®ç«¥­, ï¢«ïîé¨©áï ­ ¨¬¥­ìè¨¬ ®¡Ä
é¨¬ §­ ¬¥­ â¥«¥¬ à æ¨®­ «ì­ëå äã­ªæ¨© Qlj , l = 1; : : : ;m, j = 0; 1; : : : ;m, ¢
ãá«®¢¨¨ ®á­®¢­®© â¥®à¥¬ë. � ª á«¥¤ã¥â ¨§ «¥¬¬ë 3 [6, £«. 3], ¬®¦­® áç¨â âì, çâ®
Qlj ∈ Q(z), l = 1; : : : ;m, j = 0; 1; : : : ;m, ¨ ¬­®£®ç«¥­ T ¢ë¡à ­ â ª¨¬, çâ®

T ∈ Z[z]; TQlj ∈ Z[z]; l = 1; : : : ;m; j = 0; : : : ;m: (0.5)

�à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ f(z) ¢ ¢¨¤¥ àï¤  (0.3) ¡ã¤¥¬ ­ §ë¢ âì ­®à¬ «ì­ë¬
à §«®¦¥­¨¥¬ äã­ªæ¨¨ ¢ áâ¥¯¥­­®© àï¤ (¨«¨ ¯à®áâ® ­®à¬ «ì­ë¬ à §«®¦¥­¨¥¬),  
ç¨á«  {f�}∞�=0 { ª®íää¨æ¨¥­â ¬¨ ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨. �à¨ íâ®¬ ¢ á«ãç ¥
f(z) ∈ C[z] ¡ã¤¥â áç¨â âìáï, çâ® f� = 0 ¤«ï � > deg f .

�®ª § â¥«ìáâ¢® ­¥à ¢¥­áâ¢  ®á­®¢­®© â¥®à¥¬ë ¡ã¤¥¬ ¯à®¢®¤¨âì ¤«ï ä¨ªá¨à®Ä
¢ ­­®£® l = l∗, 1 6 l∗ 6 m.
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§1. �®­áâàãªæ¨ï à æ¨®­ «ì­ëå ¯à¨¡«¨¦¥­¨© ª ç¨á«ã fl∗(�)

�«ï ¤®ª § â¥«ìáâ¢  ®á­®¢­®© â¥®à¥¬ë ¢®á¯®«ì§ã¥¬áï áå¥¬®© �.�. �ã¤­®¢áª®Ä
£® [7]. �¨áâ¥¬ë ¯à¨¡«¨¦ îé¨å «¨­¥©­ëå ä®à¬, áâà®ïé¨¥áï ­¨¦¥, ¡ã¤ãâ § ¢¨á¥âì
®â ­ âãà «ì­®£® ¯ à ¬¥âà  M . �®«®¦¨¬

N =
[
(lnM)1=(m+1)]; " =

1

3(N +m− 1)
; (1.1)

¯à¨ íâ®¬ ¡ã¤¥¬ áç¨â âì M ¤®áâ â®ç­® ¡®«ìè¨¬, â.¥. M > M∗(f1; : : : ; fm). �ãªÄ
¢ë C á ¨­¤¥ªá ¬¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤«ï ®¡®§­ ç¥­¨ï ¯®«®¦¨â¥«ì­ëå ª®­áâ ­â,
§ ¢¨áïé¨å ®â äã­ªæ¨© f1(z); : : : ; fm(z) ¨ ç¨á«  �. �ãáâì â ª¦¥ a = (a1; : : : ; am) {
¯¥à¥¬¥­­ë¥. � ¤ «ì­¥©è¥¬ ¡ã¤ãâ ¢áâà¥ç âìáï áã¬¬ë, á« £ ¥¬ë¥ ª®â®àëå ­ã¬¥àãÄ
îâáï ¬ã«ìâ¨¨­¤¥ªá ¬¨ κ = (κ1; : : : ;κm) ∈ Zm. �à¨ íâ®¬ ¥á«¨ ¢ ­¥ª®â®à®© áã¬¬¥
¯® κ ¢áâà¥â¨âáï á« £ ¥¬®¥ å®âï ¡ë á ®¤­®© ª®¬¯®­¥­â®© κj < 0, â® ¡ã¤¥¬ áç¨â âì
íâ® á« £ ¥¬®¥ ®âáãâáâ¢ãîé¨¬ (à ¢­ë¬ ­ã«î). �¥à¥§ ej ®¡®§­ ç¨¬ ¬ã«ìâ¨¨­¤¥ªá,
ã ª®â®à®£® ­  ¬¥áâ¥ á ­®¬¥à®¬ j áâ®¨â ¥¤¨­¨æ ,   ­  ®áâ «ì­ëå ¬¥áâ å { ­ã«¨. �«ï
íª®­®¬¨¨ ¬¥áâ  ¢ ä®à¬ã« å ¡ã¤¥¬ ¯¨á âì:

aκ =
m∏
j=1

a
κj
j ; |κ| =

m∑
j=1

κj :

�¢¥¤¥¬ ¬­®¦¥áâ¢  ¬ã«ìâ¨¨­¤¥ªá®¢


 = 
(m;N ) =
{
κ : |κ| ∈ {N − 1; N}

}
; � = �(m;N ) = {s : |s| = N};

! = Card
 =

(
N +m− 2

m− 1

)
+

(
N +m− 1

m− 1

)
; � = Card� =

(
N +m− 1

m− 1

)
:

� áá¬®âà¨¬ ä®à¬ë ®â ¯¥à¥¬¥­­ëå a1; : : : ; am á äã­ªæ¨®­ «ì­ë¬¨ ª®íää¨æ¨¥­Ä
â ¬¨ ¢¨¤ 

R(z; a) =
∑

κ:|κ|=N
aκPκ(z) +

∑
κ:|κ|=N−1

aκPκ(z)
m∑
j=1

ajfj(z); Pκ(z) ∈ C[z]:

(1.2)
�®áª®«ìªã â ª¨¥ ä®à¬ë ®¤­®à®¤­ë ¨ ¨¬¥îâ áâ¥¯¥­ì N , ¨å ¬®¦­® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥

R(z; a) =
∑
s∈�

asRs(z): (1.3)

�¯®àï¤®ç¨¬ í«¥¬¥­âë ¬­®¦¥áâ¢  
 ¨ � ¢ «¥ªá¨ª®£à ä¨ç¥áª®¬ ¯®àï¤ª¥, â.¥. ¡ãÄ
¤¥¬ £®¢®à¨âì, çâ® ¬ã«ìâ¨¨­¤¥ªá κ ¬¥­ìè¥ ¬ã«ìâ¨¨­¤¥ªá  κ′ (§ ¯¨áì κ ≺ κ′), ¥á«¨
κ1 = κ

′
1;κ2 = κ

′
2; : : : ;κj−1 = κ

′
j−1, ­® κj < κ

′
j ¤«ï ­¥ª®â®à®£® j, 1 6 j 6 m. �¥Ä

à¥§ �s′;s, s
′; s ∈ �, ®¡®§­ ç¨¬ \®¡®¡é¥­­ë©" á¨¬¢®« �à®­¥ª¥à  ¬­®¦¥áâ¢  �,  

¨¬¥­­®,

�s′;s =

{
1 ¯à¨ s′ = s,

0 ¨­ ç¥.
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�ëà §¨¬ â¥¯¥àì í«¥¬¥­âë áâà®ª¨ (Rs(z))s∈� ç¥à¥§ í«¥¬¥­âë áâà®ª¨ (Pκ(z))κ∈
.
�à ¢­¨¢ ï ¤«ï íâ®£® ª®íää¨æ¨¥­âë ¯à¨ as, s ∈ �, ¢ (1.2) ¨ (1.3), ¯®«ãç¨¬:

Rs(z) =
∑

κ:|κ|=N
Pκ(z)�κ;s +

∑
κ:|κ|=N−1

Pκ(z)
m∑
j=1

�κ+ej ;sfj(z); s ∈ �; (1.4)

¨«¨

Rs(z) = Ps(z) +
m∑
j=1

Ps−ej (z)fj(z); s ∈ �: (1.5)

�¥¬¬  1.1. �«ï ­ âãà «ì­®£® M > M∗ ¨ ¢ë¡à ­­ëå á®£« á­® (1.1) ç¨Ä
á¥« N ¨ " áãé¥áâ¢ãîâ ¬­®£®ç«¥­ë Pκ(z) ∈ Q[z], κ ∈ 
, ã¤®¢«¥â¢®àïîé¨¥
á«¥¤ãîé¨¬ ãá«®¢¨ï¬ :

1) ­¥ ¢á¥ ®­¨ â®¦¤¥áâ¢¥­­® à ¢­ë ­ã«î ;
2) deg Pκ < M ¤«ï ¢á¥å κ ∈ 
;
3) ª®íää¨æ¨¥­âë ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨ íâ¨å ¬­®£®ç«¥­®¢ ï¢«ïîâÄ

áï æ¥«ë¬¨ ç¨á« ¬¨ , ®£à ­¨ç¥­­ë¬¨ ¯® ¬®¤ã«î ¢¥«¨ç¨­®© C
!M="
0 ;

4) ¯®àï¤®ª ­ã«ï ¢ â®çª¥ z = 0 ª ¦¤®© ¨§ «¨­¥©­ëå äã­ªæ¨®­ «ì­ëå ä®à¬
(1.5) ­¥ ­¨¦¥

K =

[
(! − ")M

�

]
=

[(
2− m− 1

N +m− 1
− "

�

)
M

]
:

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬­®à¬ «ì­®¥ à §«®¦¥­¨¥ âà¥¡ã¥¬ëå¬­®£®ç«¥Ä
­®¢:

Pκ(z) =
M−1∑
�=0

Pκ;�
�!

z� ; κ ∈ 
; (1.6)

¨ ¡ã¤¥¬ ¨áª âì ­ã¦­ãî á®¢®ªã¯­®áâì æ¥«ëå ç¨á¥« Pκ;� ,κ ∈ 
, � = 0; 1; : : : ;M−1,
®¡é¥¥ ª®«¨ç¥áâ¢® ª®â®àëå 	 = !M .

�®«ì§ãïáì ®¯à¥¤¥«¥­¨¥¬ QE-äã­ªæ¨¨ ®¤­®¢à¥¬¥­­® ¤«ï äã­ªæ¨©

fj(z) =
∞∑
�=0

fj;�
�!

z� ; j = 1; : : : ;m;

¯®«ãç¨¬ ­¥ª®â®àãî ¯®«®¦¨â¥«ì­ãî ª®­áâ ­âã C ¨ ¯®á«¥¤®¢ â¥«ì­®áâì {'n}∞n=1
⊂ N â ª¨¥, çâ®

|'Kfj;� | < C2K ; 'Kfj;� ∈ Z; j = 1; : : : ;m; � = 0; 1; : : : ;K − 1: (1.7)

� ¯¨è¥¬ ¨áª®¬ë¥ ä®à¬ë ¢ ¢¨¤¥

Rs(z) =
∞∑
�=0

Rs;�
�!

z�; s ∈ �;



� ������������ �������� ������ ������ ����� ������� 95

£¤¥, á®£« á­® ä®à¬ã« ¬ (1.5),

Rs;� = Ps;� +
m∑
j=1

∑
06�6�
�−�<M

(
�

�

)
Ps−ej ;�−�fj;� ; � = 0; 1; : : : ;K − 1:

�®¬­®¦ ï ª ¦¤®¥ ¨§ íâ¨å à ¢¥­áâ¢ ­  'K , ¬ë ¯®«ãç¨¬, á®£« á­® ãá«®¢¨î

ord
z=0

Rs(z) > K; s ∈ �;

¢ â®ç­®áâ¨ � = �K 6 (! − ")M «¨­¥©­ëå ãà ¢­¥­¨©

'KRs;� = 0; s ∈ �; � = 0; 1; : : : ;K − 1;

®â­®á¨â¥«ì­® Pκ;� , κ ∈ 
, � = 0; 1; : : : ;M − 1, æ¥«ë¥ ª®íää¨æ¨¥­âë ª®â®àëå
®£à ­¨ç¥­ë ¯® ¬®¤ã«î ¢¥«¨ç¨­®© 2KC2K ¢ á¨«ã (1.7) ¨ â®£®, çâ®(

�

�

)
< 2K ; � = 0; 1; : : : ; �; � = 0; 1; : : : ;K − 1:

�áâ «®áì ¢®á¯®«ì§®¢ âìáï «¥¬¬®© �¨£¥«ï (á¬. [6, £«. 3, «¥¬¬  11]), á®£« á­® ª®â®Ä
à®© áãé¥áâ¢ã¥â ­¥âà¨¢¨ «ì­ë© ­ ¡®à ¬­®£®ç«¥­®¢ (1.6) á æ¥«ë¬¨ ª®íää¨æ¨¥­â Ä
¬¨ ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨, ®£à ­¨ç¥­­ë¬¨ ¯® ¬®¤ã«î ¢¥«¨ç¨­®©(

	2KC2K
)�=(	−�)

<
(
!M22MC4M

)!="
:

�ç¨âë¢ ï, çâ® ! < M , á®£« á­® (1.1), ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.

�¢¥¤¥¬ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

D =
@

@z
−

m∑
j=1

( m∑
l=1

Qlj(z)al

)
@

@aj
;

á¢ï§ ­­ë© á á¨áâ¥¬®© «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥­¨©, á®¯àï¦¥­­®© ª á¨áâ¥Ä
¬¥ (0.1). �®£¤ 

D
m∑
j=1

ajfj(z) =
m∑
j=1

aj
@fj
@z

(z)−
m∑
j=1

( m∑
l=1

Qlj(z)al

)
fj(z)

=
m∑
l=1

al
@fl
@z

(z)−
m∑
l=1

al

m∑
j=1

Qlj(z)fj(z)

=
m∑
l=1

al

(
f ′l (z)−

m∑
j=1

Qlj(z)fj(z)

)

=
m∑
l=1

alQl0(z):
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�®íâ®¬ã äã­ªæ¨®­ «ì­ë¥ ä®à¬ë ¢¨¤  (1.2) ¯®á«¥ ¯à¨¬¥­¥­¨ï ª ­¨¬ ®¯¥à Ä
â®à  D ¨ ã¬­®¦¥­¨ï ­  T (z) ¯¥à¥å®¤ïâ ¢ ä®à¬ë â®£® ¦¥ ¢¨¤  á ¤àã£¨¬¨
ª®íää¨æ¨¥­â ¬¨-¬­®£®ç«¥­ ¬¨ Pκ(z), κ ∈ 
.

�®«®¦¨¬

P
[0]
κ
(z) = Pκ(z); κ ∈ 
;

R
[0]
s (z) = Rs(z); s ∈ �;

£¤¥ Pκ(z), κ ∈ 
, ¨ Rs(z), s ∈ �, { ¯®áâà®¥­­ë¥ ¢ «¥¬¬¥ 1.1 ¬­®£®ç«¥­ë ¨ ®â¢¥ç Ä
îé¨¥ ¨¬ «¨­¥©­ë¥ ä®à¬ë (1.5);

R[0](z; a) =
∑
s∈�

asR
[0]
s (z):

�®£¤  äã­ªæ¨®­ «ì­ë¥ ä®à¬ë

R[n](z; a) =
(
T (z)D

)n
R[0](z; a); n > 0;

¡ã¤ãâ ¨¬¥âì ¢¨¤

R[n](z; a) =
∑

κ:|κ|=N
aκP

[n]
κ

(z) +
∑

κ:|κ|=N−1
aκP

[n]
κ

(z)
m∑
j=1

ajfj(z); n > 0;

¨ ¢å®¤ïé¨¥ ¢ ­¨å ¬­®£®ç«¥­ë ®â z ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ à¥ªãàà¥­â­ë¬ á®Ä
®â­®è¥­¨ï¬:

P
[n+1]
κ

(z) = T (z)

(
d

dz
P
[n]
κ

(z)−
m∑

l;j=1
(κj − �lj + 1)Qlj(z)P

[n]
κ−el+ej (z)

+
(
|κ| −N + 1

) m∑
l=1

Ql0(z)P
[n]
κ−el(z)

)
; κ ∈ 
; n > 0: (1.8)

�­ «®£¨ç­ë¬ á®®â­®è¥­¨ï¬ ã¤®¢«¥â¢®àïîâ ¨ ®â¢¥ç îé¨¥ ª ¦¤®© äã­ªæ¨®­ «ìÄ
­®© ä®à¬¥

R[n](z; a) =
∑
s∈�

asR
[n]
s (z); n > 0;

«¨­¥©­ë¥ ä®à¬ë R
[n]
s (z), s ∈ �, n > 0, ®â äã­ªæ¨© f1(z); : : : ; fm(z):

R
[n+1]
s (z) = T (z)

(
d

dz
R
[n]
s (z)−

m∑
l;j=1

(sj − �lj + 1)Qlj(z)R
[n]
s−el+ej (z)

)
;

s ∈ �; n > 0:

(1.9)

�á«¨ ¢¢¥áâ¨ ®¡®§­ ç¥­¨¥

t = max
{
deg T; max

16l;j6m
{deg TQlj}

}
;
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â® ¨§ «¥¬¬ë 1.1 ¨ á®®â­®è¥­¨© (1.8), (1.9) ¤«ï n > 0 ¨¬¥¥¬:

deg P
[n]
κ

< M + tn; κ ∈ 
;

ord
z=0

R
[n]
s > K − n; s ∈ �:

(1.10)

�«ï ¬­®£®ç«¥­ 
g(z) =

∑
�

g�
�!
z� ; g� ∈ C;

¯®«®¦¨¬
‖g(z)‖ = max

�
{|g� |}:

�¥¬¬  1.2. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢  :

 ) ‖g′(z)‖ 6 ‖g(z)‖;
¡) ‖g1(z) + g2(z)‖ 6 ‖g1(z)‖+ ‖g2(z)‖;
¢) ‖g1(z)g2(z)‖ 6

(deg g1(z)+deg g2(z)
deg g1(z)

)
‖g1(z)‖ · ‖g2(z)‖.

�®ª § â¥«ìáâ¢® á¢®©áâ¢  ) ¨ ¡) âà¨¢¨ «ì­®.
¢) �ãáâì

gi(z) =

ni∑
�=0

gi;�
�!

z� ; i = 1; 2; h(z) = g1(z)g2(z) =

n1+n2∑
�=0

h�
�!
z�:

�®£¤ 

h(z) =

n1∑
�=0

n2∑
�=0

g1;�
�!

g2;�
�!

z�+� =

n1+n2∑
�=0

∑
(�;�)∈S�

(
�

�

)
g1;�g2;�

z�

�!
;

S� =
{
(�; �) : 0 6 � 6 n1; 0 6 � 6 n2; � + � = �

}
; � = 0; 1; : : : ; n1 + n2;

®âªã¤ 

|h�| =
∣∣∣∣ ∑
(�;�)∈S�

(
�

�

)
g1;�g2;�

∣∣∣∣ 6 ‖g1(z)‖ · ‖g2(z)‖ ∑
(�;�)∈S�

(
�

�

)
;

� = 0; 1; : : : ; n1 + n2:

(1.11)

�¬¥¥¬:

∑
(�;�)∈S�

(
�

�

)
6

∑
(�;�)∈S�

(
n1 + n2 − �
n1 − �

)(
�

�

)

=
(n1 + n2 − �)!�!

n1!n2!

∑
(�;�)∈S�

(
n1
�

)(
n2
�

)
; (1.12)

� = 0; 1; : : : ; n1 + n2:

4 � â¥¬ â¨ç¥áª¨© á¡®à­¨ª, â. 186, ò4
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�®á¯®«ì§ã¥¬áï ä®à¬ã«®© ¤«ï ¡¨­®¬  �ìîâ®­ :

(1 + z)n1 =

n1∑
�=0

(
n1
�

)
z� ; (1 + z)n2 =

n2∑
�=0

(
n2
�

)
z�;

®âªã¤ 

(1 + z)n1+n2 =

n1∑
�=0

(
n1
�

)
z�

n2∑
�=0

(
n2
�

)
z� =

n1+n2∑
�=0

∑
(�;�)∈S�

(
n1
�

)(
n2
�

)
z�; (1.13)

  á ¤àã£®© áâ®à®­ë,

(1 + z)n1+n2 =

n1+n2∑
�=0

(
n1 + n2

�

)
z�: (1.14)

�à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ z�; � = 0; 1; : : : ; n1 + n2, ¢ á®®â­®è¥­¨ïå (1.13)
¨ (1.14), § ª«îç ¥¬:

∑
(�;�)∈S�

(
n1
�

)(
n2
�

)
=

(
n1 + n2

�

)
; � = 0; 1; : : : ; n1 + n2: (1.15)

�áâ «®áì ¯®¤áâ ¢¨âì ¯®«ãç¥­­®¥ â®¦¤¥áâ¢® (1.15) ¢ ­¥à ¢¥­áâ¢® (1.12) ¨ ¯à®¤®«Ä
¦¨âì ®æ¥­ªã (1.11):

|h�| 6 ‖g1(z)‖ · ‖g2(z)‖
(n1 + n2 − �)!�!

n1!n2!

(
n1 + n2

�

)
= ‖g1(z)‖ · ‖g2(z)‖

(
n1 + n2
n1

)
; � = 0; 1; : : : ; n1 + n2;

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�¥¬¬  1.3.  ) �®íää¨æ¨¥­âë ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨ ¬­®£®ç«¥­®¢

P
[n]
κ

(z), κ ∈ 
, n > 0, ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨ , ¨ ¯à¨ n < C1"M ¨¬¥¥â
¬¥áâ® ®æ¥­ª 

max
κ∈


{
‖P [n]
κ

(z)‖
}
< C

!M="
0 MC2"M : (1.16)

¡) �à¨ n < C1"M á¯à ¢¥¤«¨¢  ®æ¥­ª 

∣∣R[n]s∗ (�)
∣∣ < C

!M="
0 MC2"MCM3 M−K ; s∗ = Nel∗ : (1.17)
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�®ª § â¥«ìáâ¢®.  ) �¥à¢ ï ç áâì ãâ¢¥à¦¤¥­¨ï ¢ëâ¥ª ¥â ¨§ á®®â­®è¥Ä
­¨© (1.8) ¨ ¢ë¡®à  (0.5) ¬­®£®ç«¥­  T (z). �®«®¦¨¬

C4 = max
{
‖T‖; max

16l;j6m

{
‖TQlj‖

}}
¨ ¢®á¯®«ì§ã¥¬áï à¥ªãàà¥­â­ë¬¨ á®®â­®è¥­¨ï¬¨ (1.8) ¨ ­¥à ¢¥­áâ¢ ¬¨ «¥¬Ä
¬ë 1.2:

max
κ∈


{
‖P [n]
κ

(z)‖
}
6 (m2+m+1)N

(
M + tn − 1

t

)
·C4 ·max

κ∈


{
‖P [n−1]
κ

(z)‖
}
; n > 1;

®âªã¤  á ¯®¬®éìî ¯à®áâ®© ¨­¤ãªæ¨¨ ¯® n ¯®«ãç ¥¬:

max
κ∈


{
‖P [n]
κ

(z)‖
}

6
(
(m2 +m + 1)N

)n · ( 1

t!

)n (M + tn − 1)!

(M − 1)!
· Cn4 ·max

κ∈


{
‖P [0]
κ
(z)‖

}
<

(
C4(m

2 +m + 1)N

t!

)n
(2M)tnC

!M="
0 ; n > 0:

�áâ «®áì ¢á¯®¬­¨âì, çâ® n < C1"M .

¡) �ãáâì P
[n]
s∗;� , P

[n]
s∗−el∗ ;�

, � ∈ Z+, { ª®íää¨æ¨¥­âë ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨

¬­®£®ç«¥­®¢ P
[n]
s∗ (z), P

[n]
s∗−el∗

(z), n > 0, á®®â¢¥âáâ¢¥­­®; R
[n]
s∗;�, � ∈ Z

+, { ª®íää¨Ä

æ¨¥­âë ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨ «¨­¥©­ëå ä®à¬ R
[n]
s∗ (z), n > 0. �®£¤ , á®£« á­®

ä®à¬ã«¥ (1.5),

R
[n]
s∗ (z) = P

[n]
s∗ (z) + P

[n]
s∗−el∗

(z)fl∗(z); n > 0; (1.18)

¨, §­ ç¨â,

R
[n]
s∗;� = P

[n]
s∗;� +

�∑
�=0

(
�

�

)
P
[n]
s∗−el∗ ;�

fl∗;�−� ; � ∈ Z+; n > 0: (1.19)

�à¨ íâ®¬

R
[n]
s∗;� = 0; � < K − n; n < C1"M:

�®íâ®¬ã, ¥á«¨ ¢ á®®â­®è¥­¨¨ (1.19) ¢®á¯®«ì§®¢ âìáï ®æ¥­ª®© (1.16) ¨ ®¯à¥¤¥«¥­¨Ä
¥¬ QE-äã­ªæ¨¨ ¤«ï fl∗(z), â® ¬ë ¯®«ãç¨¬ (¤«ï � > K − n):

∣∣R[n]s∗;�
∣∣ 6 2

�∑
�=0

(
�

�

)
max
κ∈


{
‖P [n]
κ

(z)‖
}
C�+1 < (2C)�+1C

!M="
0 MC2"M ;

®âªã¤ 

∣∣R[n]s∗ (�)
∣∣ = ∣∣∣∣ ∑

�>K−n

R
[n]
s∗;�
�!

��
∣∣∣∣ < C

!M="
0 MC2"M

∑
�>K−n

|�|�

�!
(2C)�+1:

4*
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�®«ì§ãïáì ­¥à ¢¥­áâ¢®¬

∑
�>K−n

|�|�

�!
(2C)�+1 6

|�|K−n(2C)K−n+1

(K − n)!
∑

�>K−n

(
2C|�|

)�−K+n

(�−K + n)!

=
|�|K−n(2C)K−n+1

(K − n)!
e2C|�|

<
(
2C|�|

)2M( e

K − n

)K−n
e2C|�|

<
(
2C|�|

)2M( e

M

)K
e2C|�|

< e2C|�|
(
2C|�|e

)2M
M−K ;

¨ ãç¨âë¢ ï, çâ® M < K − n 6 K < 2M , ¯®«ãç ¥¬:∣∣R[n]s∗ (�)
∣∣ < C

!M="
0 MC2"Me2C|�|(2C|�|e)2MM−K ;

®âªã¤  á«¥¤ã¥â (1.17).

�¥¬¬  1.3 ¨ à ¢¥­áâ¢® (1.18) ®§­ ç îâ, çâ® à æ¨®­ «ì­®¥ ç¨á«®

−P [n]s∗ (�)=P
[n]
s∗−el∗

(�)

¤«ï «î¡®£® ­¥ á«¨èª®¬ ¡®«ìè®£® n ¡ã¤¥â ¤®áâ â®ç­® å®à®è¨¬ ¯à¨¡«¨¦¥­¨¥¬ ª
ç¨á«ã fl∗(�).

§2. �«£¥¡à ¨ç¥áª ï ¯à¨à®¤  ¯¥à¥å®¤­®© ¬ âà¨æë

� áá¬®âà¨¬ ¬ âà¨æã (
xκ;s

)
κ∈
;s∈�; (2.1)

£¤¥
xκ;s = �κ;s; ¥á«¨ |κ| = N;

xκ;s =
m∑
j=1

�κ+ej ;syj ; ¥á«¨ |κ| = N − 1;
(2.2)

s ∈ �, ¯¥à¥¬¥­­ë¥ y1; y2; : : : ; ym ­¥§ ¢¨á¨¬ë. �à¨ ¯®¤áâ ­®¢ª¥ yj = fj(z), j =
1; : : : ;m, ¬ âà¨æ  (2.1), á®£« á­® ä®à¬ã«¥ (1.4), ï¢«ï¥âáï ¬ âà¨æ¥© ¯¥à¥å®¤  ®â
áâà®ª¨

(
Pκ(z)

)
κ∈
 ª áâà®ª¥

(
Rs(z)

)
s∈�.

�ãáâì § ¤ ­® ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® 
̃ ⊂ 
 ¨ äã­ªæ¨¨

Dκ;κ′(z) ∈ C(z);
Dκ;κ′(z) ≡ 0; κ

′ ≺ κ;
(2.3)

κ ∈ 
̃, κ′ ∈ 
 \ 
̃, ®¯à¥¤¥«ïîâ í«¥¬¥­âë ¬ âà¨æë(
x̃κ;s

)
κ∈
̃;s∈� (2.4)
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¯® ä®à¬ã«¥

x̃κ;s = xκ;s +
∑

κ
′∈
\
̃

Dκ;κ′xκ′;s

= xκ;s +
∑

κ
′∈
\
̃;κ′�κ

Dκ;κ′xκ′;s; κ ∈ 
̃; s ∈ �: (2.5)

�¥«ìî íâ®£® ¯ à £à ä  ¡ã¤¥â ¤®ª § â¥«ìáâ¢® ®æ¥­ª¨ á­¨§ã à ­£  ¬ âà¨æë (2.4),
á®¤¥à¦ é¥©áï ¢ á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥­¨¨.

�à¥¤«®¦¥­¨¥ 2.1. �«ï «î¡®£® ­¥¯ãáâ®£® ¬­®¦¥áâ¢  
̃ ⊂ 
, Card 
̃ = !̃,
áãé¥áâ¢ãîâ ¬­®¦¥áâ¢  
1 ⊂ 
̃ ¨ �1 ⊂ �, Card
1 = Card�1 = �̃, § ¢¨áïé¨¥
â®«ìª® ®â ¬­®¦¥áâ¢  
̃ ¨ ­¥ § ¢¨áïé¨¥ ®â à æ¨®­ «ì­ëå äã­ªæ¨© (2.3),
â ª¨¥ , çâ® ¬¨­®à det

(
x̃κ;s

)
κ∈
1;s∈�1

¬ âà¨æë (2.4) ®â«¨ç¥­ ®â ­ã«ï , ¨
!̃

�̃
6
!

�
− 1

(N +m− 1)�
; ¥á«¨ 
̃ 6= 
;

!̃

�̃
=
!

�
; ¥á«¨ 
̃ = 
:

�¥¬¬  2.2. �ãáâì ¯à®¨§¢®«ì­ë¥ ¯®¤¬­®¦¥áâ¢  
1 ⊂ 
 ¨ �1 ⊂ � ¢ë¡à Ä
­ë â ª , çâ® Card
1 = Card�1. �®£¤  ®¯à¥¤¥«¨â¥«ì

det(xκ;s)κ∈
1;s∈�1

ª ª ¬­®£®ç«¥­ ®â ¯¥à¥¬¥­­ëå y1; : : : ; ym ï¢«ï¥âáï ¬®­®¬®¬ ¬ã«ìâ¨áâ¥¯¥­¨

r = r(
1;�1) =
∑
s∈�1

s−
∑
κ∈
1

κ

¨«¨ à ¢¥­ ­ã«î.

�®ª § â¥«ìáâ¢®. �à¥¡ã¥¬ë© ®¯à¥¤¥«¨â¥«ì ¯à¥¤áâ ¢«ï¥â á®¡®© áã¬¬ã ¢á¥Ä
¢®§¬®¦­ëå ¯à®¨§¢¥¤¥­¨© ¢¨¤  ±

∏
κ∈
1 xκ;�(κ), £¤¥ � { ¯à®¨§¢®«ì­®¥ ¡¨¥ªâ¨¢­®¥

®â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢  
 1 ­  ¬­®¦¥áâ¢® �1. �®íâ®¬ã ¤®áâ â®ç­® ¯®ª § âì, çâ®
ª ¦¤®¥ â ª®¥ ­¥­ã«¥¢®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ â®ç­®áâ¨ à ¢­® ±yr. �§ ®¯à¥¤¥«¥­¨ï (2.2)
í«¥¬¥­â®¢ ¬ âà¨æë (2.1) á«¥¤ã¥â, çâ® ¥á«¨ xκ;�(κ) 6= 0 ¤«ï ¢á¥å κ ∈ 
1, â® ¤«ï
ª ¦¤®£® κ ∈ 
1 «¨¡® �(κ) = κ (¨ â®£¤  xκ;�(κ) = 1, |κ| = N ), «¨¡® áãé¥áâÄ
¢ã¥â j = j(κ; �); 1 6 j 6 m, â ª®©, çâ® �(κ) = κ + ej (¨ â®£¤  xκ;�(κ) = yj ,
|κ| = N − 1). �®íâ®¬ã∏

κ∈
1

xκ;�(κ) =
∏

κ∈
1;|κ|=N−1
yj(κ;�); (2.6)

£¤¥ ¯à®¨§¢¥¤¥­¨¥ ¢ ¯à ¢®© ç áâ¨ ¢ á«ãç ¥ 
 1 ⊂ � áç¨â ¥¬ à ¢­ë¬ 1. �«®¦¨¬
à ¢¥­áâ¢ 

�(κ) =

{
κ; ¥á«¨ |κ| = N;

κ + ej(κ;�); ¥á«¨ |κ| = N − 1;
κ ∈ 
1; (2.7)
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¯® ¢á¥¢®§¬®¦­ë¬ κ ∈ 
1 ¨ ¢®á¯®«ì§ã¥¬áï â¥¬, çâ® � : 
1 → �1 ¥áâì ¡¨¥ªæ¨ï:∑
κ∈
1;|κ|=N−1

ej(κ;�) =
∑
κ∈
1

�(κ)−
∑
κ∈
1

κ =
∑
s∈�1

s−
∑
κ∈
1

κ = r;

  íâ® ®§­ ç ¥â, çâ® ∏
κ∈
1;|κ|=N−1

yj(κ;�) =
∏

κ∈
1;|κ|=N−1
yej(κ;�) = yr:

�®¯®áâ ¢«ïï íâ® à ¢¥­áâ¢® á (2.6), ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

� ¬¥ç ­¨¥. �§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2.2 á«¥¤ã¥â, çâ® ¢¥«¨ç¨­ 

Card
{
κ ∈ 
1 : �(κ) = κ + ej

}
= rj

§ ¢¨á¨â â®«ìª® ®â ¬­®¦¥áâ¢ 
 1, �1, ¨ ­¥ § ¢¨á¨â ®â ¡¨¥ªâ¨¢­®£® ®â®¡à ¦¥­¨ï
� : 
1 → �1 ¢¨¤  (2.7).

�¥¬¬  2.3. �ãáâì § ¤ ­ë ¬­®¦¥áâ¢® 
̃ ⊂ 
, à æ¨®­ «ì­ë¥ äã­ªæ¨¨ (2.3);
¯à®¨§¢®«ì­ë¥ ¬­®¦¥áâ¢  
1 ⊂ 
̃ ¨ �1 ⊂ � â ª®¢ë , çâ® Card
1 = Card�1.
�®£¤  ¥á«¨ det(xκ;s)κ∈
1;s∈�1 6≡ 0, â® ¨ det(x̃κ;s)κ∈
1;s∈�1 6≡ 0.

�®ª § â¥«ìáâ¢®. �¥à¥¯¨è¥¬ á®®â­®è¥­¨¥ (2.5) ¢ ¢¨¤¥(
x̃κ;s

)
κ∈
̃;s∈� =

(
D̃κ;κ′

)
κ∈
̃;κ′∈


(
xκ′;s

)
κ
′∈
;s∈�;

£¤¥

D̃κ;κ′ =

{
�κ;κ′ ; ¥á«¨ κ′ ∈ 
̃;

Dκ;κ′ ; ¥á«¨ κ′ ∈ 
 \ 
̃;
κ ∈ 
̃; (2.8)

¨ ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®© �¨­¥{�®è¨ [11, á. 17]:

det
(
x̃κ;s

)
κ∈
1;s∈�1

=
∑


′⊂
:Card
′=Card
1

det
(
D̃κ;κ′

)
κ∈
1;κ′∈
′

det
(
xκ′;s

)
κ
′∈
′;s∈�1

: (2.9)

�®£« á­® «¥¬¬¥ 2.2 ª ¦¤ë© ®â«¨ç­ë© ®â ­ã«ï ®¯à¥¤¥«¨â¥«ì det
(
xκ′;s

)
κ
′∈
′;s∈�1

ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ áâ¥¯¥­¥© ¯¥à¥¬¥­­ëå y1; : : : ; ym. �®ª ¦¥¬, çâ® ®¯à¥¤¥«¨Ä
â¥«ì, ®â¢¥ç îé¨© ¬­®¦¥áâ¢ã 
 ′ = 
1 (®â«¨ç­ë© ®â ­ã«ï ¯® ãá«®¢¨î), ¨¬¥¥â ­ ¨Ä
¡®«ìèãî ¬ã«ìâ¨áâ¥¯¥­ì áà¥¤¨ ¢á¥å ¤àã£¨å ­¥­ã«¥¢ëå ®¯à¥¤¥«¨â¥«¥© â ª®£® ¢¨¤ ,
  ª®íää¨æ¨¥­â ¯à¨ ­¥¬ ¢ áã¬¬¥ (2.9) à ¢¥­ 1. �âáî¤  ¨ ¡ã¤¥â á«¥¤®¢ âì ãâ¢¥à¦Ä
¤¥­¨¥ «¥¬¬ë 2.3.

� áá¬®âà¨¬ ª ¦¤®¥ ­¥­ã«¥¢®¥ á« £ ¥¬®¥ áã¬¬ë (2.9). �ãáâì 
 ′ { ¯à®¨§¢®«ì­®¥
¯®¤¬­®¦¥áâ¢® 
 ; Card
′ = Card
1, â ª®¥, çâ® det

(
D̃κ;κ′

)
κ∈
1;κ′∈
′

6= 0.

�á«¨ 
′ = 
1, â®

det
(
D̃κ;κ′

)
κ∈
1;κ′∈
′

= det
(
�κ;κ′

)
κ∈
1;κ′∈
1

= 1:
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�á«¨ ¦¥ 
′ 6= 
1, â® 
̃
′ = 
′ ∩ 
̃ ⊂ 
1. �¥©áâ¢¨â¥«ì­®, ¢ ¯à®â¨¢­®¬ á«ãç ¥

áãé¥áâ¢ã¥â ¬ã«ìâ¨¨­¤¥ªá κ′ ∈ 
̃′ ⊂ 
̃ â ª®©, çâ® κ′ =∈ 
1. �®£¤  ¤«ï «î¡®£®
κ ∈ 
1 ¨¬¥¥¬ D̃κ;κ′ = �κ;κ′ = 0, ¨ §­ ç¨â, det

(
D̃κ;κ′

)
κ∈
1;κ′∈
′

= 0. �â ª,


̃′ ⊂ 
1.
�®á«¥¤®¢ â¥«ì­® à áª« ¤ë¢ ï ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ( D̃κ;κ′)κ∈
1;κ′∈
′ ¯®

áâà®ª ¬ á ­®¬¥à ¬¨ κ ∈ 
̃′ ⊂ 
̃, á®£« á­® (2.8) ¯®«ãç¨¬ á â®ç­®áâìî ¤® §­ ª 
®¯à¥¤¥«¨â¥«ì

det
(
D̃κ;κ′

)
κ∈
1\
̃′;κ′∈
′\
̃′

= det
(
Dκ;κ′

)
κ∈
1\
̃′;κ′∈
′\
̃′

:

�®áª®«ìªã 
′ 6= 
1, â® � = Card(
1 \ 
̃′) = Card(
′ \ 
̃′) > 1. �¯®àï¤®ç¨¬
í«¥¬¥­âë ¬­®¦¥áâ¢ ¢ «¥ªá¨ª®£à ä¨ç¥áª®¬ ¯®àï¤ª¥:


1 \ 
̃′ = {κ(1); : : : ;κ(�)}; κ
(1) ≺ · · · ≺ κ(�);


′ \ 
̃′ = {r(1); : : : ; r(�)}; r(1) ≺ · · · ≺ r(�):

�á«¨ ¤«ï ­¥ª®â®à®£® �; 1 6 � 6 �, ¢ë¯®«­¥­® r(�) ≺ κ(�), â® á®£« á­® (2.3)

Dκ;κ′ = 0; κ ∈ {κ(�); : : : ;κ(�)}; κ
′ ∈ {r(1); : : : ; r(�)}:

�â® ®§­ ç ¥â, çâ® ¯¥à¢ë¥ � áâ®«¡æ®¢ ¬ âà¨æë
(
Dκ;κ′

)
κ∈
1\
̃′;κ′∈
′\
̃′

«¨­¥©­®
§ ¢¨á¨¬ë, çâ® ­¥¢®§¬®¦­® ¢¢¨¤ã ãá«®¢¨ï

det
(
Dκ;κ′

)
κ∈
1\
̃′;κ′∈
′\
̃′

= ± det
(
D̃κ;κ′

)
κ∈
1;κ′∈
′

6= 0:

�®íâ®¬ã r(�) � κ(�) ¤«ï ¢á¥å � = 1; : : : ; �, ¨, ¢ ç áâ­®áâ¨,

�∑
�=1

r(�) �
�∑

�=1
κ
(�)

¨«¨ ∑
κ∈
′\
̃′

κ �
∑

κ∈
1\
̃′
κ:

� ª¨¬ ®¡à §®¬, «î¡®¬ã ­¥­ã«¥¢®¬ã á« £ ¥¬®¬ã ¢ áã¬¬¥ (2.9), á®®â¢¥âáâ¢ã¥â
«¨¡® ¬­®¦¥áâ¢® 
 ′ = 
1 «¨¡® ¬­®¦¥áâ¢® 


′, ¤«ï ª®â®à®£®∑
κ∈
′

κ �
∑
κ∈
1

κ:

�® ¯®á«¥¤­¥¥ ãá«®¢¨¥ á®£« á­® «¥¬¬¥ 2.2 ®§­ ç ¥â, çâ® ¬ã«ìâ¨áâ¥¯¥­ì á®®â¢¥âÄ
áâ¢ãîé¥£® ¬­®¦¥áâ¢ ¬ 
 ′, �1 ¬®­®¬  ¬« ¤è¥ ¬ã«ìâ¨áâ¥¯¥­¨ ¬®­®¬ , á®®â¢¥âÄ
áâ¢ãîé¥£® ¬­®¦¥áâ¢ ¬ 
 1, �1. �«¥¤®¢ â¥«ì­®, ¢ ¬­®£®ç«¥­¥ det( x̃κ;s)κ∈
1;s∈�1
®â ¯¥à¥¬¥­­ëå y1; : : : ; ym ¯à¨áãâáâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥ ®¤¨­ ¬®­®¬ á ­¥­ã«¥¢ë¬
ª®íää¨æ¨¥­â®¬. �â® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

� áá¬®âà¨¬ ¯ àë (
1; �), £¤¥ 
1 ⊂ 
̃ ¨ � : 
1 → �, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîÄ
é¨¬ ãá«®¢¨ï¬:

1) Card �(
1) = Card
1, â.¥. � { ¡¨¥ªæ¨ï ¬­®¦¥áâ¢ 
 1 ¨ �(
1),
2) ®â®¡à ¦¥­¨¥ � : 
1 → � ¨¬¥¥â ¢¨¤ (2.7),
3) ¥á«¨ κ ∈ 
1 ¨ κ + ej ≺ �(κ), â® κ + ej ∈ �(
1) ¨ �−1(κ + ej) � κ.
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�¥¬¬  2.4. �á«¨ 
̃ 6= ∅, â® ¯ àë (
1; �), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬
1){3), áãé¥áâ¢ãîâ.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®â¤¥«ì­® á«ãç ¨, ª®£¤  
̃ ∩ � 6= ∅ ¨ ª®£¤ 

̃∩� = ∅. � ¯¥à¢®¬ á«ãç ¥ ¢®§ì¬¥¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â κ ∈ 
̃∩� ¨ ¯®«®¦¨¬
�(κ) = κ, ¢® ¢â®à®¬ { ¯à®¨§¢®«ì­ë© í«¥¬¥­â κ ∈ 
̃ ¨ ¯®«®¦¨¬ �(κ) = κ+em ∈ �.
�®£¤  ¯ à  ({κ}; �), ®ç¥¢¨¤­®, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1) ¨ 2). �à®¬¥ â®£®, ­¥
áãé¥áâ¢ã¥â j, 1 6 j 6 m, â ª®£®, çâ® κ + ej ≺ �(κ). �®íâ®¬ã ãá«®¢¨¥ 3) â ª¦¥
¢ë¯®«­¥­® ¤«ï ãª § ­­®© ¯ àë.

�¥¬¬  2.5. �ãáâì ¬­®¦¥áâ¢® 
1 ⊂ 
̃ ¨ ®â®¡à ¦¥­¨¥ � : 
1 → � ã¤®¢Ä
«¥â¢®àïîâ ãá«®¢¨ï¬ 1){3). �®£¤  «î¡®¥ ¡¨¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ¬­®¦¥áÄ
â¢  
1 ¢ �(
1) ¢¨¤  (2.7) á®¢¯ ¤ ¥â á �.

�®ª § â¥«ìáâ¢®. �ãáâì �′ { ¯à®¨§¢®«ì­ ï ¡¨¥ªæ¨ï ¬­®¦¥áâ¢  
 1 ¢ �1 =
�(
1) ¢¨¤  (2.7). �®£¤  ¥á«¨ κ ∈ 
1 ∩ �, â® �′(κ) = κ = �(κ). �®íâ®¬ã, ¥á«¨
�′(κ) 6= �(κ), â®κ ∈ 
1\�. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ í«¥¬¥­âë κ ∈ 
1, ¤«ï
ª®â®àëå �′(κ) 6= �(κ). �ãáâì j′, 1 6 j′ 6 m, { ­ ¨¡®«ìè¨© ­®¬¥à, ¤«ï ª®â®à®£®
áãé¥áâ¢ã¥â κ′ ∈ 
1 á ãá«®¢¨¥¬ �′(κ′) = κ

′ + ej′ 6= �(κ′). � ª ¡ë«® ®â¬¥ç¥­® ¢
§ ¬¥ç ­¨¨ ª «¥¬¬¥ 2.2,

Card{κ ∈ 
1 : �′(κ) = κ + ej} = Card{κ ∈ 
1 : �(κ) = κ + ej}:

�§ ãá«®¢¨ï �′(κ) = κ + ej , j
′ < j 6 m, ¢ á¨«ã ¢ë¡®à  j′ ¢ëâ¥ª ¥â, çâ® �′(κ) =

�(κ). � ª çâ® ¬­®¦¥áâ¢  {κ ∈ 
1 : �
′(κ) = κ + ej} ¨ {κ ∈ 
1 : �(κ) = κ + ej},

j′ < j 6 m, á®¢¯ ¤ îâ, ¨ §­ ç¨â, ¥á«¨ �(κ) = κ + ej ¯à¨ j
′ < j 6 m, â®

�(κ) = �′(κ). �®íâ®¬ã ¨§ ãá«®¢¨ï �′(κ′) = κ
′ + ej′ 6= �(κ′) = κ

′ + ej1 ¢ëâ¥Ä
ª ¥â, çâ® j1 < j′. �à®¬¥ â®£®, ¥á«¨ r ∈ 
1 â ª®¢®, çâ® �

′(κ′) = �(r) = r + ej2 , â®
j2 < j′. � ¯à®â¨¢­®¬ á«ãç ¥ �(r) = �′(r) ¨ ¯®áª®«ìªã �′ { ¡¨¥ªæ¨ï, ¨¬¥¥¬ κ′ = r ¨
�′(κ′) = �(κ′), çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã í«¥¬¥­â  κ′ ∈ 
1. �®á¯®«ì§ã¥¬áï â¥¬,
çâ® ej′ ≺ ej1 ¨ ej′ ≺ ej2 :

κ
′ + ej′ ≺ κ′ + ej1 = �(κ′);

�−1(κ + ej′) = �−1(�′(κ′)) = r = �′(κ′)− ej2 = κ
′ + ej′ − ej2 ≺ κ

′;

  íâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î 3), á¯à ¢¥¤«¨¢®¬ã ¤«ï ¯ àë (
 1; �) ¯à¨ κ = κ′. �®Ä
«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® �′(κ) = �(κ) ¤«ï ¢á¥å κ ∈ 
1.

�ãáâì
�̃ = max

(
1;�)
{Card
1};

£¤¥ ¬ ªá¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦­ë¬ ¯ à ¬ (
 1; �), 
1 ⊂ 
̃, ã¤®¢«¥â¢®àïîÄ
é¨¬ ãá«®¢¨ï¬ 1){3). �à¥¤¨ ¢á¥å â ª¨å ¯ à (
 1; �), Card
1 = �̃, ¢ë¡¥à¥¬ âã, ¤«ï
ª®â®à®© ¢¥«¨ç¨­  ∑

κ∈
1

(
�(κ)− κ

)
¬¨­¨¬ «ì­  (¢ á¬ëá«¥ «¥ªá¨ª®£à ä¨ç¥áª®£® ¯®àï¤ª ), ¨ § ä¨ªá¨àã¥¬ ¥¥. �«ï ¢ëÄ
¡à ­­®© â ª¨¬ ®¡à §®¬ ¯ àë (
 1; �) ¯®«®¦¨¬ �1 = �(
1), 
2 = 
̃ \ 
1.
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�¥¬¬  2.6. �¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ :

m⋃
j=1

(
2 + ej) ⊂ �1:

(�¤¥áì ¬ë ¯®« £ ¥¬ 
 2 + ej = {κ + ej : κ ∈ 
2}, j = 1; : : : ;m.)

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ¤®ª ¦¥¬, çâ® 
 2 ∩ � = ∅, â®ç­¥¥, çâ® ¥á«¨
κ ∈ 
̃ ∩�, â® κ ∈ 
1. �á«¨ íâ® ­¥ ¢ë¯®«­¥­®, â.¥. ­¥ª®â®àë© í«¥¬¥­â κ∗ ∈ 
̃ ∩�
­¥ «¥¦¨â ¢ 
1, â® áãé¥áâ¢ã¥â ¯ à  (


∗
1 ; �
∗), £¤¥ 
∗1 = 
1 ∪ {κ∗},

�∗(κ) =

{
�(κ); ¥á«¨ κ ∈ 
1,
κ
∗; ¥á«¨ κ = κ∗,

ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ 1){3), ­® Card
 ∗1 > Card
1. �â® ¯à®â¨¢®à¥ç¨â ¢ëÄ
¡®àã ¯ àë (
1; �). �®íâ®¬ã 
2 ∩� = ∅ ¨, §­ ç¨â,

m⋃
j=1

(
2 + ej) ⊂ �:

�à¥¤¯®«®¦¨¬ â¥¯¥àì áãé¥áâ¢®¢ ­¨¥ j, 1 6 j 6 m, â ª®£®, çâ® 
2 + ej 6⊂ �1,
¨ áà¥¤¨ ¢á¥å â ª¨å j ¢ë¡¥à¥¬ ¬ ªá¨¬ «ì­®¥ j∗. �â® ®§­ ç ¥â, çâ® ¤«ï ­¥ª®â®à®£®
κ
∗ ∈ 
2 ¢ë¯®«­¥­® κ

∗ + ej∗ =∈ �1. �à®¬¥ â®£®, κ∗ + ej ∈ �1 = �(
1) ¤«ï
¢á¥å j, j∗ < j 6 m, â.¥. ¤«ï â ª¨å j, çâ® κ∗ + ej ≺ κ

∗ + ej∗ . �®ª ¦¥¬, çâ®
�−1(κ∗ + ej) � κ∗ ¤«ï ¢á¥å â ª¨å j.

�á«¨ íâ® ­¥ â ª, â® ¢ë¡¥à¥¬ ¬ ªá¨¬ «ì­®¥ j â ª®¥, çâ® κ∗ + ej ≺ κ∗ + ej∗ ¨
κ
′ = �−1(κ∗ + ej) ≺ κ∗. �á«¨ �(κ′) = κ′ + ej′ , â®

κ
∗ + ej − ej′ = κ′ = �−1(κ∗ + ej) ≺ κ∗;

®âªã¤  ej ≺ ej′ . � áá¬®âà¨¬ ¯ àã (
∗1 ; �∗), £¤¥ 
∗1 = (
1 \ {κ′}) ∪ {κ∗} ¨

�∗(κ) =

{
�(κ); ¥á«¨ κ ∈ 
1 \ {κ′} = 
∗1 \ {κ∗},
κ
∗ + ej = �(κ′); ¥á«¨ κ = κ∗.

�«ï ­¥¥, ®ç¥¢¨¤­®, á¯à ¢¥¤«¨¢ë ãá«®¢¨ï 1), 2). � á¨«ã ¢ë¡®à  j ãá«®¢¨¥ 3) ¢ë¯®«Ä
­¥­® ¯à¨ κ∗ ∈ 
∗1 . �®áª®«ìªã �(
1) = �∗(
∗1) ¨

(�∗)−1(κ∗ + ej) = κ
∗ � κ′ = �−1(κ∗ + ej) = �−1(κ′ + ej′);

â® ãá«®¢¨¥ 3) á¯à ¢¥¤«¨¢® ¨ ¯à¨ «î¡®¬ κ ∈ 
∗1 \ {κ∗} = 
1 \ {κ′}. �â ª, ¯ à 
(
∗1 ; �

∗) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1){3) ¨∑
κ∈
∗1

(
�∗(κ)− κ

)
=

∑
κ∈
∗1\{κ∗}

(
�∗(κ)− κ

)
+
(
�∗(κ∗)− κ∗

)
=

∑
κ∈
1\{κ′}

(
�(κ)− κ

)
+ ej

≺
∑

κ∈
1\{κ′}

(
�(κ)− κ

)
+ ej′

=
∑
κ∈
1

(
�(κ)− κ

)
;
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  íâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã ¯ àë (
 1; �).
� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨, çâ® κ∗ =∈ 
1, κ∗ + ej∗ =∈ �(
1) ¨ ¥á«¨ κ∗ + ej ≺

κ
∗ + ej∗ , â® κ

∗ + ej ∈ �(
1) ¨ �
−1(κ∗ + ej) � κ∗. �®íâ®¬ã ¯ à  (
∗1 ; �∗), £¤¥


∗1 = 
1 ∪ {κ∗},

�∗(κ) =

{
�(κ); ¥á«¨ κ ∈ 
1,
κ
∗ + ej∗ ; ¥á«¨ κ = κ∗,

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1){3), ¢ â® ¢à¥¬ï ª ª Card
 ∗1 > Card
1. �â® ¯à®â¨¢®Ä
à¥ç¨â ¢ë¡®àã ¯ àë (
1; �). �«¥¤®¢ â¥«ì­®, 
2 + ej ⊂ �1 ¤«ï ¢á¥å j, 1 6 j 6 m,
çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�¥¬¬  2.7. �«ï ¯à®¨§¢®«ì­ëå ¬­®¦¥áâ¢ A, B ¨ «î¡®£® ¢¥é¥áâ¢¥­­®£® �,
0 < � < 1, ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

Card(A ∪B) > � CardA+ (1 − �) CardB;

®­® ¯à¥¢à é ¥âáï ¢ à ¢¥­áâ¢® â®£¤  ¨ â®«ìª® â®£¤  , ª®£¤  ¬­®¦¥áâ¢  A
¨ B á®¢¯ ¤ îâ.

�®ª § â¥«ìáâ¢®. �á«¨ ã¬­®¦¨âì ¯¥à¢®¥ ¨§ ®ç¥¢¨¤­ëå ­¥à ¢¥­áâ¢

Card(A ∪B) > CardA; Card(A ∪B) > CardB; (2.10)

­  �,   ¢â®à®¥ { ­  (1 − �) ¨ á«®¦¨âì, â® ¯®«ãç¨¬ âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢®. �¥à Ä
¢¥­áâ¢  (2.10) ¯à¥¢à é îâáï ¢ à ¢¥­áâ¢  â®«ìª® ¢ á«ãç ¥ A∪B = A ¨A∪B = B.

�¥¬¬  2.8. �«ï ­ âãà «ì­ëå ç¨á¥« m > 1, N > 1 ¯ãáâì 
2 { ¯à®¨§¢®«ì­®¥
¯®¤¬­®¦¥áâ¢® {κ : κ1 + · · ·+ κm = N − 1} ¨

�2 =
m⋃
j=1

(
2 + ej) ⊂ {κ : κ1 + · · ·+ κm = N}:

�®£¤ 

Card�2 >
N +m− 1

N
Card
2; (2.11)

¯à¨ç¥¬ à ¢¥­áâ¢® ¨¬¥¥â ¬¥áâ® «¨èì ¢ ®¤­®¬ ¨§ âà¥å á«ãç ¥¢ : m = 1,

2 = ∅ ¨«¨ 
2 = {κ : κ1 + · · ·+ κm = N − 1}.

�®ª § â¥«ìáâ¢®. � á«ãç ¥ m = 1 ¨¬¥¥¬ ®ç¥¢¨¤­®¥ à ¢¥­áâ¢® Card� 2 =
Card
2. �®íâ®¬ã ¯ãáâì m > 2 ¨ ¤«ï m − 1 ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ¤®ª § ­®. � §®Ä
¡ì¥¬ ¬­®¦¥áâ¢® 
 2 (¤ ¦¥ ¥á«¨ ®­® ¯ãáâ®¥) ­  ­¥¯¥à¥á¥ª îé¨¥áï ¯®¤¬­®¦¥áâ¢ 



(�)
2 = {κ ∈ 
2 : κ1 + · · ·+ κm−1 = �}; � = 0; 1; : : : ; N − 1; (2.12)

¨ ¯®«®¦¨¬

�
(�)
2 =

m−1⋃
j=1

(

(�)
2 + ej); � = 0; 1; : : : ; N − 1: (2.13)
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�®£¤ 

�2 =
m⋃
j=1

(
2 + ej) =
m⋃
j=1

N−1⋃
�=0

(

(�)
2 + ej) =

N−1⋃
�=0

(
�
(�)
2 ∪ (
(�)2 + em)

)
=
[


(0)
2 + em

]
∪
N−1⋃
�=1

[
�
(�−1)
2 ∪ (
(�)2 + em)

]
∪
[
�
(N−1)
2

]
:

�­®¦¥áâ¢  ¢ ª¢ ¤à â­ëå áª®¡ª å ­¥ ¯¥à¥á¥ª îâáï, â ª ª ª ª ¦¤®¥ ¨§ ­¨å å à ªÄ
â¥à¨§ã¥âáï á¢®¥© áã¬¬®© ¯¥à¢ëå m − 1 ª®®à¤¨­ â ¢å®¤ïé¨å ¬ã«ìâ¨¨­¤¥ªá®¢. �®Ä
íâ®¬ã

Card�2 = Card

(0)
2 +

N−1∑
�=1

Card
(
�
(�−1)
2 ∪ (
(�)2 + em)

)
+Card�

(N−1)
2 : (2.14)

�®£« á­® «¥¬¬¥ 2.7 ¨¬¥¥¬:

Card
(
�
(�−1)
2 ∪ (
(�)2 + em)

)
>

�

N
Card�

(�−1)
2 +

N − �
N

Card

(�)
2 ;

� = 0; 1; : : : ; N − 1;
(2.15)

çâ® ¤ ¥â ¢®§¬®¦­®áâì ¯¥à¥¯¨á âì (2.14) ¢ ¢¨¤¥

Card�2 > Card

(0)
2 +

N−1∑
�=1

(
�

N
Card�

(�−1)
2 +

N − �
N

Card

(�)
2

)
+Card�

(N−1)
2

=
N−1∑
�=0

(
� + 1

N
Card�

(�)
2 +

N − �
N

Card

(�)
2

)
: (2.16)

�áâ «®áì ¢®á¯®«ì§®¢ âìáï ¯à¥¤¯®«®¦¥­¨¥¬ ¨­¤ãªæ¨¨ ¤«ï ¬­®¦¥áâ¢ (2.12){(2.13):

Card�
(�)
2 >

� +m− 1

� + 1
Card


(�)
2 ; � = 0; 1; : : : ; N − 1;

¨ ­¥à ¢¥­áâ¢® (2.16) ¯à¨¬¥â âà¥¡ã¥¬ë© ¢¨¤:

Card�2 >
N−1∑
�=0

(
� + 1

N
· � +m− 1

� + 1
Card


(�)
2 +

N − �
N

Card

(�)
2

)

=
N +m− 1

N

N−1∑
�=0

Card

(�)
2 =

N +m− 1

N
Card
2:

�â® ­¥à ¢¥­áâ¢® áâ ­®¢¨âáï à ¢¥­áâ¢®¬, ¥á«¨ ª ¦¤®¥ ¨§ ­¥à ¢¥­áâ¢ (2.15) ¯à¥¢à Ä
é ¥âáï ¢ à ¢¥­áâ¢®, â.¥. ¥á«¨



(�)
2 + em = �

(�−1)
2 =

m−1⋃
j=1

(

(�−1)
2 + ej); � = 1; : : : ; N − 1: (2.17)

�á«¨ 

(0)
2 6= ∅, â.¥. 


(0)
2 = {(0; : : : ; 0; N − 1)}, â® ¨­¤ãªæ¨¥© ¯® � = 1; : : : ; N − 1

á ¯®¬®éìî (2.17) «¥£ª® ãáâ ­ ¢«¨¢ ¥¬, çâ® 

(�)
2 = {κ : κ1 + · · · + κm−1 = �}.

�á«¨ ¦¥ 

(0)
2 = ∅, â® ¨­¤ãªæ¨¥© ¯® � = 1; : : : ; N − 1 á ¯®¬®éìî (2.17) ãáâ ­ Ä

¢«¨¢ ¥¬, çâ® 

(�)
2 = ∅. �®íâ®¬ã (2.11) áâ ­®¢¨âáï ¯à¨ m > 2 à ¢¥­áâ¢®¬ â®«ìª®

¢ á«ãç ¥, ª®£¤  
2, ï¢«ïîé¥¥áï ®¡ê¥¤¨­¥­¨¥¬ ¬­®¦¥áâ¢ (2.12), «¨¡® á®¢¯ ¤ ¥â c
{κ : κ1 + · · ·+ κm = N − 1}, «¨¡® ¯ãáâ®.
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�®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥­¨ï 2.1. �ë¡¥à¥¬ ¬­®¦¥áâ¢® 
 1 ⊂ 
̃ ¨ ®â®¡à Ä
¦¥­¨¥ � : 
1 → �, ª ª íâ® ¡ë«® ¯à®¤¥« ­® ¯¥à¥¤ «¥¬¬®© 2.6, ¨ ¯®«®¦¨¬

�1 = �(
1); 
2 = 
̃ \ 
1; �2 =
m⋃
j=1

(
2 + ej):

�®áª®«ìªã � : 
1 → �1 { ¥¤¨­áâ¢¥­­®¥ ¡¨¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ¬­®¦¥áâ¢  
 1 ¢®
¬­®¦¥áâ¢® �1, â®

det
(
xκ;s

)
κ∈
1;s∈�1

6≡ 0;

®âªã¤  ¨ ¨§ «¥¬¬ë 2.3

det
(
x̃κ;s

)
κ∈
1;s∈�1

6≡ 0:

�á«¨ 
2 = ∅ ¨«¨ 
1 = 
̃, â®

!̃

�̃
=

Card 
̃

Card�1
=

Card
1
Card�1

= 1 < 1 +
N

N +m− 1
:

�á«¨ ¦¥ 
2 6= ∅, â® �2 6= ∅, ¨ §­ ç¨â, Card�2 > 0. � á¨«ã «¥¬¬ë 2.6 ¨¬¥¥¬
�2 ⊂ �1, ®âªã¤  Card�2 6 Card�1. �®£« á­® «¥¬¬¥ 2.8 ¯®«ãç ¥¬:

!̃

�̃
=

Card 
̃

Card�1
=

Card
1 +Card 
̃ \ 
1
Card�1

=
Card
1
Card�1

+
Card 
̃ \ 
1
Card�1

= 1 +
Card
2
Card�1

6 1 +
Card
2
Card�2

6 1 +
N

N +m− 1
;

¯à¨ç¥¬
!̃

�̃
= 1 +

N

N +m− 1
=
!

�

â®«ìª® ¢ á«ãç ¥ 
̃ \ 
1 = 
2 = {κ : |κ| = N − 1}, â.¥. 
1 = �1 = �2 = � ¨«¨

̃ = 
 = {κ : |κ| ∈ {N − 1; N}}.

� ª¨¬ ®¡à §®¬, ¥á«¨ 
̃ 6= 
, â®

!̃

�̃
< 1 +

N

N +m− 1
=

2N +m− 1

N +m− 1
=
!

�
:

�®á«¥¤­¥¥ ®§­ ç ¥â, çâ® (2N + m − 1)�̃ − (N + m − 1)!̃ > 1, ¨, ¯®áª®«ìªã
�̃ 6 Card� = �, ¨¬¥¥¬:

!

�
− !̃

�̃
=

(2N +m− 1)�̃ − (N +m− 1)!̃

(N +m− 1)�̃
>

1

(N +m− 1)�
:

�à¥¤«®¦¥­¨¥ 2.1 ¤®ª § ­® ¯®«­®áâìî.
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§3. �®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë

�ãáâì a1; : : : ; am { ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë

d

dz
aj = −

m∑
l=1

Qljal; j = 1; : : : ;m; (3.1)

y1; : : : ; ym { ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (0.1). �®£¤  ­ ¡®à äã­ªæ¨©

xκ = aκ(1 + a1y1 + · · ·+ amym)
N−|κ|; κ ∈ 
;

ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

d

dz
xκ = −

m∑
l;j=1

κjQljxκ−ej+el +
(
N − |κ|

) m∑
l=1

Ql0xκ+el ; κ ∈ 
; (3.2)

¯®àï¤ª  !. �¥à¥§ � ∈ C ®¡®§­ ç¨¬ â®çªã, ®â«¨ç­ãî ®â ¯®«îá®¢ à æ¨®­ «ì­ëå
äã­ªæ¨© Qlj , l = 1; : : : ;m, j = 0; 1; : : : ;m (¯®áª®«ìªã Qlj ∈ Q(z), l = 1; : : : ;m,
j = 0; 1; : : : ;m, ¢ ª ç¥áâ¢¥ � ¬®¦­® ¢§ïâì «î¡®¥ âà ­áæ¥­¤¥­â­®¥ ç¨á«®, ­ ¯à¨¬¥à,
� = e). �®£« á­® â¥®à¥¬¥ áãé¥áâ¢®¢ ­¨ï ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ­ ©Ä
¤¥âáï äã­¤ ¬¥­â «ì­ ï¬ âà¨æ  à¥è¥­¨© ( 'lj)l;j=1;:::;m ®¤­®à®¤­®© á¨áâ¥¬ë (3.1)
¨ ç áâ­®¥ à¥è¥­¨¥ (
l)l=1;:::;m ­¥®¤­®à®¤­®© á¨áâ¥¬ë (0.1) â ª¨¥, çâ®

'lj
∣∣
z=� = �lj ; 
l

∣∣
z=� = 1; l; j = 1; : : : ;m:

�®«®¦¨¬, ªà®¬¥ â®£®,

 j =
m∑
l=1

'lj
l; j = 1; : : : ;m:

�®£¤ 

 j
∣∣
z=� =

m∑
l=1

'lj
∣∣
z=� · 
l

∣∣
z=� = 1; j = 1; : : : ;m:

�¥¬¬  3.1. �«¥¬¥­âë ¯à®¨§¢®«ì­®© äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨©
á¨áâ¥¬ë (3.2) ï¢«ïîâáï ¬­®£®ç«¥­ ¬¨ ®â

'lj ;  j ; l; j = 1; : : : ;m; (3.3)

áâ¥¯¥­¨ ­¥ ¢ëè¥ N á ª®íää¨æ¨¥­â ¬¨ ¨§ C.



110 �.�. �������

�®ª § â¥«ìáâ¢® ¤®áâ â®ç­® ¯à®¢¥áâ¨ ¤«ï ®¤­®© äã­¤ ¬¥­â «ì­®© ¬ âà¨æë
à¥è¥­¨©, â ª ª ª «î¡ ï ¤àã£ ï ¢ëà ¦ ¥âáï ç¥à¥§ ­¥¥ ã¬­®¦¥­¨¥¬ ­  ¬ âà¨æã á
í«¥¬¥­â ¬¨ ¨§ C.

�¡é¥¥ à¥è¥­¨¥ a = (a1; : : : ; am) á¨áâ¥¬ë (3.1) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

al = �1'l1 + · · ·+ �m'lm; l = 1; : : : ;m;

£¤¥ �1; : : : ; �m { ¯à®¨§¢®«ì­ë¥ ç¨á«  ¨§ C. �®£¤ 

a1
1 + · · ·+ am
m =
m∑

l;j=1
�j'lj
l = �1 1 + · · ·+ �m m;

¨ ­ ¡®à äã­ªæ¨©

aκ(1 + a1
1 + · · ·+ am
m)
N−|κ|

=
m∏
l=1

(�1'l1 + · · ·+ �m'lm)
κl(1 + �1 1 + · · ·+ �m m)

N−|κ|

=
∑
r∈


��ruκ;r; κ ∈ 
;

¯à¨ «î¡ëå §­ ç¥­¨ïå �1; : : : ; �m á®áâ ¢«ï¥â à¥è¥­¨¥ á¨áâ¥¬ë (3.2). �â® ®§­ ç ¥â,
çâ® ¤«ï ª ¦¤®£® r ∈ 
 ¢¥ªâ®à (uκ;r)κ∈
 à §¬¥à­®áâ¨ ! ã¤®¢«¥â¢®àï¥â á¨áâ¥Ä
¬¥ (3.2). �¥¬ á ¬ë¬ ¬ë ¯®«ãç¨«¨ ! à¥è¥­¨© íâ®© á¨áâ¥¬ë.

�®ª ¦¥¬, çâ® det(uκ;r)κ;r∈
 6≡ 0. �«ï íâ®£® ¯®áç¨â ¥¬ §­ ç¥­¨¥ íâ®£® ®¯à¥Ä
¤¥«¨â¥«ï ¢ â®çª¥ z = �. �¬¥¥¬:∑

r∈

��ruκ;r

∣∣
z=� =

m∏
l=1

(
�1'l1

∣∣
z=� + · · ·+ �m'lm

∣∣
z=�

)
κl

×
(
1 + �1 1

∣∣
z=� + · · ·+ �m m

∣∣
z=�

)N−|κ|
= ��κ(1 + �1 + · · ·+ �m)

N−|κ|; κ ∈ 
:
�®íâ®¬ã ¤«ï ¢á¥å r ≺ κ ¢ë¯®«­¥­® uκ;r

∣∣
z=� = 0,  , ªà®¬¥ â®£®, uκ;κ

∣∣
z=� = 1,

κ ∈ 
. � ª¨¬ ®¡à §®¬, ç¨á«®¢ ï ¬ âà¨æ  ( uκ;r
∣∣
z=�)κ;r∈
 ¨¬¥¥â âà¥ã£®«ì­ë©

¢¨¤, ¯à¨ç¥¬ ­  ¥¥ ¤¨ £®­ «¨ áâ®ïâ ¥¤¨­¨æë. �«¥¤®¢ â¥«ì­®, ¥¥ ®¯à¥¤¥«¨â¥«ì
det(uκ;r)κ;r∈


∣∣
z=� = 1. �® ®âáî¤  ¢ëâ¥ª ¥â, çâ® ¬ âà¨æ  ( uκ;r)κ;r∈
 ï¢«ï¥âáï

äã­¤ ¬¥­â «ì­®© ¬ âà¨æ¥© à¥è¥­¨© á¨áâ¥¬ë (3.2). �¥ í«¥¬¥­âë uκ;r, κ; r ∈ 
,
ï¢«ïîâáï ¬­®£®ç«¥­ ¬¨ ®â äã­ªæ¨© (3.3) áâ¥¯¥­¨ ­¥ ¢ëè¥ N á ª®íää¨æ¨¥­â ¬¨
¨§ C. �¥¬¬  ¤®ª § ­ .

�¥¬¬  3.2. �ãáâì '1(z); : : : ; 'W (z) { á®¢®ªã¯­®áâì äã­ªæ¨© ,  ­ «¨â¨ç¥áÄ
ª¨å ¢ ­¥ª®â®à®© ®¡« áâ¨ ; äã­ªæ¨¨ �0(z) 6≡ 0; �1(z); : : : ; �L(z) ï¢«ïîâáï ¬­®Ä
£®ç«¥­ ¬¨ ®â '1; : : : ; 'W áâ¥¯¥­¨ ­¥ ¢ëè¥ n á ª®íää¨æ¨¥­â ¬¨ ¨§ C, ¯à¨ç¥¬

Dl(z) =
�l(z)

�0(z)
∈ C(z); l = 1; : : : ; L: (3.4)

�®£¤  ¤«ï à æ¨®­ «ì­ëå äã­ªæ¨© (3.4) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

Dl(z) =
Bl(z)

B0(z)
; l = 1; : : : ; L; Bl ∈ C[z]; degBl 6 C5n; l = 0; 1; : : : ; L;

£¤¥ ¯®áâ®ï­­ ï C5 § ¢¨á¨â â®«ìª® ®â äã­ªæ¨© '1; : : : ; 'W .
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ª®«ìæ® C(z)['1; : : : ; 'W ] ¨ ¢ë¡¥à¥¬ ¢ ­¥¬ ¬ ªÄ
á¨¬ «ì­®¥ ª®«¨ç¥áâ¢®  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ëå ­ ¤ C(z) í«¥¬¥­â®¢ �1; : : : ; �w
¨ ®¡®§­ ç¨¬ ¡ãª¢®© d áâ¥¯¥­ì  «£¥¡à ¨ç¥áª®£® à áè¨à¥­¨ï C(z; '1; : : : ; 'W ) ⊃
C(z; �1; : : : ; �w). �¥à¥§ �1; : : : ; �d ®¡®§­ ç¨¬ ¡ §¨á ¯®«ï C(z; '1; : : : ; 'W ) ­ ¤
C(z; �1; : : : ; �w). �®¢â®àïï à ááã¦¤¥­¨ï à ¡®âë [12, á. 274{275], ¯à¥¤áâ ¢¨¬ äã­ªÄ
æ¨¨ �0; �1; : : : ; �L ¢ ¢¨¤¥

�l =

d∑
i=1

bli�i

an
;

bli ∈ C[z; �1; : : : ; �w]; degz bli 6 C5n; i = 1; : : : ; d; l = 0; 1; : : : ; L;

£¤¥ ¬­®£®ç«¥­ a ∈ C[z; �1; : : : ; �w] ¨ ¯®áâ®ï­­ ï C5 § ¢¨áïâ â®«ìª® ®â äã­ªæ¨©
'1; : : : ; 'W . �®£¤ 

Dl =
an�l
an�0

=

d∑
i=1

bli�i

d∑
i=1

b0i�i

; l = 1; : : : ; L;

®âªã¤ 
d∑
i=1

�i(Dlb0i − bli) = 0; l = 1; : : : ; L;

¨«¨

Dlb0i − bli = 0; i = 1; : : : ; d; l = 1; : : : ; L;

¢¢¨¤ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ �1; : : : ; �d ­ ¤ C(z; �1; : : : ; �w). �®áª®«ìªã �0 6= 0,
¤«ï ­¥ª®â®à®£® i, 1 6 i 6 d, ¢ë¯®«­¥­® b0i 6= 0. �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨ ¬®¦­®
áç¨â âì, çâ® b01 6= 0. � ª ¢ëâ¥ª ¥â ¨§ ¯®á«¥¤­¥£® à ¢¥­áâ¢ ,

Dl =
bl1
b01

; l = 1; : : : ; L:

�­®£®ç«¥­ë bl1, l = 0; 1; : : : ; L, ï¢«ïîâáï «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ¯à®¨§¢¥Ä
¤¥­¨© áâ¥¯¥­¥© �1; : : : ; �w á ª®íää¨æ¨¥­â ¬¨ ¨§ C[z] ¨, ¯®áª®«ìªã �1; : : : ; �w
 «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë ­ ¤ C(z),   D1; : : : ; DL ∈ C(z), äã­ªæ¨¨ (3.4) § ¯¨Ä
èãâáï ¢ âà¥¡ã¥¬®¬ ¢¨¤¥

Dl =
Bl
B0

; l = 1; : : : ; L;

£¤¥ Bl ∈ C[z] { ­¥ª®â®àë¥ ª®íää¨æ¨¥­âë ¬­®£®ç«¥­®¢ bl1, l = 0; 1; : : : ; L, ¨ §­ ç¨â,

degBl 6 degz bl1 6 C5n; l = 0; 1; : : : ; L;

çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.
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�¥¬¬  3.3. �¯à¥¤¥«¨â¥«ì

det
(
P
[n]
κ

(z)
)
n=0;1;:::;!−1;κ∈


(3.5)

®â«¨ç¥­ ®â ­ã«ï.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® ®¯à¥¤¥«¨â¥«ì (3.5) â®¦¤¥áâ¢¥­­® à ¢¥­
­ã«î, ¨ §­ ç¨â, à ­£ á®¢®ªã¯­®áâ¨ ä®à¬ R[0](z; a); R[1](z; a); R[2](z; a); : : : à ¢¥­ !̃,
£¤¥ !̃ < !. � ª ª ª R[0](z; a) 6≡ 0, â® !̃ > 1. �® «¥¬¬¥ 6 [6, £«. 3] äã­ªæ¨®­ «ì­ë¥
ä®à¬ë

R[n](z; a) =
∑

κ:|κ|=N
aκP

[n]
κ

(z) +
∑

κ:|κ|=N−1
aκP

[n]
κ

(z)
m∑
j=1

ajfj(z);

n = 0; 1; : : : ; !̃ − 1;

«¨­¥©­® ­¥§ ¢¨á¨¬ë. �®íâ®¬ã à ­£ ¬ âà¨æë(
P
[n]
κ

(z)
)
n=0;1;:::;!̃−1;κ∈


à ¢¥­ !̃, ¨ ¢ ­¥© ¬®¦­® ¢ë¡à âì !̃ «¨­¥©­® ­¥§ ¢¨á¨¬ëå áâ®«¡æ®¢. �ã¤¥¬ ¤¥« âì
â ª®© ¢ë¡®à \á«¥¢  ­ ¯à ¢®", â.¥. áâ®«¡¥æ á ­®¬¥à®¬ κ ∈ 
 ¢ë¡¨à ¥âáï ¢ â®¬ ¨
â®«ìª® â®¬ á«ãç ¥, ª®£¤  ®­ «¨­¥©­® ­¥ ¢ëà ¦ ¥âáï ç¥à¥§ áâ®«¡æë á ­®¬¥à ¬¨,
¬¥­ìè¨¬¨ κ. �®£¤  ¡ §¨á­ë¥ áâ®«¡æë ¡ã¤ãâ ¨¬¥âì ­®¬¥à  ¨§ ­¥ª®â®à®£® ¬­®¦¥áÄ
â¢  
̃ ⊂ 
, ¯à¨ç¥¬ á ­¥ª®â®àë¬¨ à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨ (2.3) ¡ã¤ãâ á¯à ¢¥¤Ä
«¨¢ë à ¢¥­áâ¢ 

P
[n]
κ
′ (z) =

∑
κ∈
̃

P
[n]
κ

(z)Dκ;κ′(z) =
∑
κ∈
̃
κ≺κ′

P
[n]
κ

(z)Dκ;κ′(z);

n = 0; 1; : : : ; !̃ − 1; κ
′ ∈ 
 \ 
̃:

� ª¨¬ ®¡à §®¬,

� = �(z) = det
(
P
[n]
κ

(z)
)
n=0;1;:::;!̃−1;κ∈
̃

6≡ 0;

¨, á®£« á­® ®æ¥­ª ¬ (1.10), ­ å®¤¨¬, çâ®

deg� < !̃M +
!̃(!̃ + 1)

2
t < !̃M + !2t:

�«ï ¯à®¨§¢®«ì­®£® à¥è¥­¨ï a1; : : : ; am á¨áâ¥¬ë (3.1) ­ ¡®à äã­ªæ¨©

xκ =

{
aκ ; ¥á«¨ |κ| = N ,

aκ(a1f1 + · · ·+ amfm); ¥á«¨ |κ| = N − 1,
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¤®áâ ¢«ï¥â à¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
(3.2) ¯®àï¤ª  !. � ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 8 [6, £«. 3 c.102{103] à æ¨®­ «ì­ë¥ äã­ªÄ
æ¨¨ Dκ;κ′ , κ ∈ 
̃, κ′ ∈ 
 \ 
̃, ¡ë«¨ ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥

Dκ;κ′ = −
�κ;κ′

�
; � 6≡ 0; κ ∈ 
̃; κ

′ ∈ 
 \ 
̃; (3.6)

£¤¥ � ¨�κ;κ′ { ¬¨­®àë ¯®àï¤ª  (!−!̃) ­¥ª®â®à®© äã­¤ ¬¥­â «ì­®©¬ âà¨æëà¥è¥Ä
­¨© á¨áâ¥¬ë (3.2). �® «¥¬¬¥ 3.1 í«¥¬¥­âë íâ®© äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥Ä
­¨© ¥áâì ¬­®£®ç«¥­ë ®â äã­ªæ¨© (3.3) áâ¥¯¥­¨ ­¥ ¢ëè¥ N á ª®íää¨æ¨¥­â ¬¨ ¨§ C.
�®íâ®¬ã ¬¨­®àë �; �κ;κ′ , κ ∈ 
̃, κ′ ∈ 
 \ 
̃, ¯®àï¤ª  (!− !̃) ï¢«ïîâáï ¬­®£®ç«¥Ä
­ ¬¨ ®âäã­ªæ¨© (3.3) áâ¥¯¥­¨ ­¥ ¢ëè¥ ( !−!̃)N 6 !N á ª®íää¨æ¨¥­â ¬¨ ¨§ C. � ª
á«¥¤ã¥â ¨§ «¥¬¬ë 3.2, ¤«ï à æ¨®­ «ì­ëå äã­ªæ¨© (3.6) áãé¥áâ¢ã¥â ¯à¥¤áâ ¢«¥­¨¥

Dκ;κ′(z) =
Bκ;κ′(z)

B(z)
; B;Bκ;κ′ ∈ C[z]; B 6≡ 0;

degB 6 C5!N; degBκ;κ′ 6 C5!N; κ ∈ 
̃; κ
′ ∈ 
 \ 
̃;

(3.7)

£¤¥ ¯®áâ®ï­­ ï C5 § ¢¨á¨â â®«ìª® ®â á®¢®ªã¯­®áâ¨ äã­ªæ¨© (3.3), ª®â®àë¥, ¢ á¢®î
®ç¥à¥¤ì, ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï á¨áâ¥¬®© (0.1) (â®çª  � ­¥ § ¢¨á¨â ­¨ ®â ç¥Ä
£®). �® ¨§ «¥¬¬ë 3 [6, £«. 3] á«¥¤ã¥â, çâ® á¨áâ¥¬  (0.1) ¯®«­®áâìî § ¤ ¥âáï ­ Ä
¡®à®¬ «¨­¥©­® ­¥§ ¢¨á¨¬ëå ­ ¤ C(z) äã­ªæ¨© 1; f1(z); : : : ; fm(z). �®íâ®¬ã C5 =
C5(f1; : : : ; fm).

�«ï ¯à®¨§¢®«ì­®£® ¬­®£®ç«¥­  v ∈ C(z)[y1; : : : ; ym] ç¥à¥§ v(f) ®¡®§­ ç¨¬ à¥Ä
§ã«ìâ â ¯®¤áâ ­®¢ª¨ ¢ ­¥£® äã­ªæ¨© f1(z); : : : ; fm(z) ¢¬¥áâ® ¯¥à¥¬¥­­ëå y1; : : : ; ym
á®®â¢¥âáâ¢¥­­®. �®£¤  ¯®¤®¡­® (1.4)

R
[n]
s (z) =

∑
κ∈


P
[n]
κ

(z)xκ;s(f); n = 0; 1; : : : ; !̃ − 1; s ∈ �;

¨

R
[n]
s (z) =

∑
κ∈
̃

P
[n]
κ

(z)xκ;s(f) +
∑

κ
′∈
\
̃

P
[n]
κ
′ (z)xκ′;s(f)

=
∑
κ∈
̃

P
[n]
κ

(z)
(
xκ;s(f) +

∑
κ
′∈
\
̃

Dκ;κ′(z)xκ′;s(f)
)

=
∑
κ∈
̃

P
[n]
κ

(z)x̃κ;s(f); n = 0; 1; : : : ; !̃ − 1; s ∈ �; (3.8)

£¤¥ ¬­®£®ç«¥­ë xκ;s ∈ C[y1; : : : ; ym], κ ∈ 
, x̃κ;s ∈ C(z)[y1; : : : ; ym], κ ∈ 
̃,
s ∈ �, ®¯à¥¤¥«ïîâáï á®£« á­® ä®à¬ã« ¬ (2.2) ¨ (2.5).

�ë¡¥à¥¬ ¯® § ¤ ­­®¬ã ¬­®¦¥áâ¢ã 
̃ ⊂ 
 ¢ á®®â¢¥âáâ¢¨¨ á ¯à¥¤«®¦¥­¨¥¬ 2.1
¬­®¦¥áâ¢  
1 ⊂ 
̃ ¨ �1 ⊂ �̃, Card
1 = Card�1 = �̃. �®£¤  ®¯à¥¤¥«¨â¥«ì
� = �(z) ¬ âà¨æë (

B(z)x̃κ;s(f) | �κ;r
)
κ∈
̃;s∈�1;r∈
̃\
1

; (3.9)
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á â®ç­®áâìî ¤® §­ ª  à ¢­ë©

B�̃ · det
(
x̃κ;s(f)

)
κ∈
1;s∈�1

;

ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­ë¬¬­®£®ç«¥­®¬®âäã­ªæ¨© f1(z); : : : ; fm(z) ¨ ­¥ à ¢¥­ â®¦Ä
¤¥áâ¢¥­­® ­ã«î ¢¢¨¤ã ¨å  «£¥¡à ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨. � ¤àã£®© áâ®à®­ë,

B(z)x̃κ;s(f); κ ∈ 
̃; s ∈ �1;

¥áâì ­¥ª®â®àë¥ «¨­¥©­ë¥ ä®à¬ë ®â äã­ªæ¨© 1 ; f1(z); : : : ; fm(z) á ª®íää¨æ¨¥­â ¬¨
¨§ C[z] ¨ ®æ¥­ª®© C5!N ­  áâ¥¯¥­¨ íâ¨å ª®íää¨æ¨¥­â®¢ á®£« á­® (3.7). �®íâ®¬ã
� ª ª ¬­®£®ç«¥­ ®â z; f1; : : : ; fm ¨¬¥¥â áâ¥¯¥­ì ­¥ ¢ëè¥ �̃ · C5!N ¯® z ¨ ­¥ ¢ëè¥ �̃
¯® £àã¯¯¥ f1; : : : ; fm. �® â¥®à¥¬¥ 1 [13] ¯®àï¤®ª ­ã«ï íâ®£® ®¯à¥¤¥«¨â¥«ï ¢ â®çª¥
z = 0 ­¥ ¯à¥¢®áå®¤¨â

C6(C5�̃!N + 1)�̃m < 2C5C6�
m+1!N;

£¤¥ C6 = C6(f1; : : : ; fm).
�á«¨ ã¬­®¦¨âì ¬ âà¨æã(

P
[n]
κ

(z)
)
n=0;1;:::;!̃−1;κ∈
̃

;

®¯à¥¤¥«¨â¥«ì ª®â®à®© à ¢¥­ �, á¯à ¢  ­  ¬ âà¨æã (3.9), â®, á®£« á­® á®®â­®è¥­¨Ä
ï¬ (3.8), ¯®«ãç¨¬ ¬ âà¨æã(

B(z)R
[n]
s (z)

∣∣ P [n]r (z)
)
n=0;1;:::;!̃−1;s∈�1;r∈
̃\
1

:

�¥ ®¯à¥¤¥«¨â¥«ì à ¢¥­�� 6≡ 0. � ¯¥à¢ëå �̃ áâ®«¡æ å íâ®©¬ âà¨æë áâ®ïâ «¨­¥©­ë¥
äã­ªæ¨®­ «ì­ë¥ ä®à¬ë, ¯®àï¤®ª ­ã«ï ª®â®àëå ¢ â®çª¥ z = 0 ¢ á®®â¢¥âáâ¢¨¨ á
®æ¥­ª ¬¨ (1.10) ­¥ ­¨¦¥ K − !̃. �®íâ®¬ã

ord
z=0

�� > �̃(K − !̃) > �̃K − �!:

� ¤àã£®© áâ®à®­ë,

ord
z=0

�� = ord
z=0

�+ ord
z=0

� 6 ord
z=0

�+ 2C5C6�
m+1!N;

®âªã¤ 
ord
z=0

� > �̃K − �! − 2C5C6�
m+1!N;

¨, §­ ç¨â,

0 6 deg� − ord
z=0

� < !̃M − �̃K + !2t + �! + 2C5C6�
m+1!N: (3.10)

�ë¡¨à ¥¬M∗ =M∗(f1; : : : ; fm) â ª, çâ®¡ë ¤«ï ¢á¥å M > M∗ ¢ë¯®«­ï«®áì

!2t + �! + 2C5C6�
m+1!N <

"

�
M; (3.11)
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¨ â®£¤ 

K <
( !̃
�̃
+

"

��̃

)
M 6

( !̃
�̃
+
"

�

)
M:

�áâ «®áì ¢®á¯®«ì§®¢ âìáï ®æ¥­ª®© ¯à¥¤«®¦¥­¨ï 2.1:

!̃

�̃
6
!

�
− 1

(N +m− 1)�
=
! − 3"

�
;

®âªã¤ 

K <
! − 2"

�
M;

çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã K ¢ ãá«®¢¨¨ «¥¬¬ë 1.1. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®Ä
ª §ë¢ ¥â «¥¬¬ã.

�¥¬¬  3.4. �¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

�(z) = det
(
P
[n]
κ

(z)
)
n=0;1;:::;!−1;κ∈


= zordz=0��0(z);

£¤¥ �0(z) { ¬­®£®ç«¥­ , �0 6≡ 0 ¨ deg�0 < 2"M .

�®ª § â¥«ìáâ¢®. �®£« á­® ®æ¥­ª¥ (3.10) á !̃ = ! ¨ �̃ = � ¨¬¥¥¬:

deg� − ord
z=0

� < !M − �K + !2t + �! + 2C5C6�
m+1!N < 2"M;

çâ® ¨ âà¥¡®¢ «®áì.

�¥¯¥àì, ¯®á«¥ ¯à®¢¥¤¥­­®© ¯®¤£®â®¢¨â¥«ì­®© à ¡®âë, ¬ë ¬®¦¥¬ ¯¥à¥©â¨ ª ç¨Ä
á«®¢ë¬ «¨­¥©­ë¬ ä®à¬ ¬.

�¥¬¬  3.5. � ­£ ç¨á«®¢®© ¬ âà¨æë

(
P
[n]
κ

(�)
)
n=0;1;:::;!+[2"M ];κ∈


à ¢¥­ ¢ â®ç­®áâ¨ !.

�®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ¨á¯®«ì§ã¥â áâ ¢è¨¥ ã¦¥ áâ ­¤ àâ­ë¬¨ à ááã¦Ä
¤¥­¨ï �¨£¥«ï,  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 10 [6, £«. 3], ¨
®¯¨à ¥âáï ­  à¥§ã«ìâ â «¥¬¬ë 3.4.

�¥¬¬  3.6. � ­£ ç¨á«®¢®© ¬ âà¨æë

(
P
[n]
s∗ (�) P

[n]
s∗−el∗

(�)
)
n=0;1;:::;!+[2"M ]

à ¢¥­ ¤¢ã¬.
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�®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë. �«ï ¯à®¨§¢®«ì­®£® M > M∗, £¤¥
M∗ ®¯à¥¤¥«ï¥âáï á®£« á­® ­¥à ¢¥­áâ¢ã (3.11), ¢®á¯®«ì§ã¥¬áï à¥§ã«ìâ â®¬ «¥¬Ä
¬ë 3.6 ¨ ¢ë¡¥à¥¬ æ¥«ë¥ ç¨á«  n1; n2, 0 6 n1 < n2 6 ! + 2"M < 3"M , â ª¨¥,
çâ® ç¨á«®¢ ï ¬ âà¨æ  (

P
[n1]
s∗ (�) P

[n1]
s∗−el∗

(�)

P
[n2]
s∗ (�) P

[n2]
s∗−el∗

(�)

)
(3.12)

­¥¢ëà®¦¤¥­ . �ãáâì � = a=b, £¤¥ a ∈ Z, b ∈ N. �®«®¦¨¬ ¤«ï j = 1; 2

qj = bM+tnj (M + tnj)!P
[nj ]
s∗−el∗

(�) ∈ Z;

pj = −bM+tnj (M + tnj)!P
[nj ]
s∗ (�) ∈ Z;

rj = bM+tnj (M + tnj)!R
[nj ]
s∗ (�) = qjfl∗(�)− pj :

�®áª®«ìªã nj < 3"M , ¬®¦­® ¢®á¯®«ì§®¢ âìáï ®æ¥­ª ¬¨ «¥¬¬ë 1.3 ¤«ï æ¥«ëå ç¨Ä
á¥« qj ¨ «¨­¥©­ëå ä®à¬ rj , j = 1; 2:

|qj | < bM+tnj (M + tnj)!

M+tnj∑
�=0

C
!M="
0 MC2"M

�!
��

6 C!M="
0 MM+C7"M 6MMC

M(lnM)m=(m+1)
8 ;

|rj | < bM+tnj (M + tnj)!C
!M="
0 MC2"MCM3 M−K

6M−M+C9"M+M(m−1)=(N+m−1)C
!M="
0 6M−MC

M(lnM)m=(m+1)
10 :

(3.13)

�ë¡¥à¥¬ q∗ = 1
2M

M∗
∗ C

−M∗(lnM∗)m=(m+1)
10 , ¨ ¯ãáâì p; q { ¯à®¨§¢®«ì­ë¥ æ¥«ë¥

ç¨á« , |q| > q∗. �®§ì¬¥¬ ­ ¨¬¥­ìè¥¥ æ¥«®¥ M â ª®¥, çâ®

M−MC
M(lnM)m=(m+1)
10 6 1

2 |q|
−1; (3.14)

¯à¨ íâ®¬M > M∗. �®£¤ 

MMC
M(lnM)m=(m+1)
8 6 (M − 1)M−1(2C8)

M(lnM)m=(m+1)

6 2|q|(2C8)M(lnM)m=(m+1)

6 1
2 |q|(4C8)

M(lnM)m=(m+1)
: (3.15)

�§ ¢ë¡®à  (3.14) ¢ëâ¥ª ¥â, çâ®

C11 lnM < ln ln |q| < C12 lnM;

¨, á«¥¤®¢ â¥«ì­®,

(4C8)
M(lnM)m=(m+1)

6 (MM )C13(lnM)−1=(m+1)

6 |q|
(ln ln |q|)
−1=(m+1)

; 
 > 0: (3.16)
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�æ¥­ª¨ (3.13) á®£« á­® ­¥à ¢¥­áâ¢ ¬ (3.15), (3.16) ¨ (3.14) á®®â¢¥âáâ¢¥­­® ¯¥à¥¯¨Ä
èãâáï ¢ ¢¨¤¥:

|qj | < 1
2 |q|

1+
(ln ln |q|)−1=(m+1)
; |rj | < 1

2 |q|
−1; j = 1; 2:

� âà¨æ  (
q1 p1
q2 p2

)
­¥¢ëà®¦¤¥­  ¢ á¨«ã ­¥¢ëà®¦¤¥­­®áâ¨ (3.12). �®íâ®¬ã, ¯® ªà ©­¥© ¬¥à¥, ®¤­  ¨§
«¨­¥©­® ­¥§ ¢¨á¨¬ëå ­ ¤ C «¨­¥©­ëå ä®à¬ r1, r2 ¤®«¦­  ¡ëâì «¨­¥©­® ­¥§ ¢¨á¨Ä
¬®© á r = qfl∗(�)− p. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ íâ® ¡ã¤¥â ä®à¬  r1, â.¥.

� = det

(
q p
q1 p1

)
= det

(
q −r
q1 −r1

)
6= 0:

�®áª®«ìªã ¢á¥ ¢å®¤ïé¨¥ ¢ «¥¢ë© ®¯à¥¤¥«¨â¥«ì ç¨á«  ï¢«ïîâáï æ¥«ë¬¨, â® ¨ � ∈ Z,
¨­ë¬¨ á«®¢ ¬¨, |�| > 1. � ª¨¬ ®¡à §®¬,

1 6 |�| = |rq1 − qr1| 6 |r| · |q1|+ |q| · |r1| < 1
2 |r| · |q|

1+
(ln ln |q|)−1=(m+1)
+ 1

2 ;

®âªã¤ 

|r| > |q|−1−
(ln ln |q|)
−1=(m+1)

;

çâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë.

§4. �â®ç­¥­¨¥ ®á­®¢­®© â¥®à¥¬ë ¢ á«ãç ¥ m = 2

�§«®¦¥­­ ï ¢ëè¥ ª®­áâàãªæ¨ï áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥â ãá«®¢¨¥  «£¥¡à ¨ç¥áÄ
ª®© ­¥§ ¢¨á¨¬®áâ¨ ­ ¤ C(z) à áá¬ âà¨¢ ¥¬ëå QE-äã­ªæ¨©. �¤­ ª® ¢ á«ãç ¥
m = 2 ã¤ ¥âáï ãâ®ç­¨âì ¯à¥¤«®¦¥­¨¥ 2.1 ¨ â¥¬ á ¬ë¬ ®á« ¡¨âì íâ® ãá«®¢¨¥.

�¥®à¥¬  4.1. �ãáâì QE-äã­ªæ¨¨ f1(z), f2(z) á®áâ ¢«ïîâ à¥è¥­¨¥ á¨áâ¥Ä
¬ë

d

dz
yl = Ql0 +Ql1y1 +Ql2y2; l = 1; 2;

Qlj = Qlj(z) ∈ C(z); l = 1; 2; j = 0; 1; 2;
(4.1)

¨ «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(z) á ¥¤¨­¨æ¥© ; � ∈ Q \ {0} { ­¥®á®¡ ï â®çª 
á¨áâ¥¬ë (4.1). �®£¤  áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï 
 = 
(f1; f2;�) > 0 â ª ï ,
çâ® ¤«ï ¢á¥å q ∈ Z, |q| > q∗(f1; f2;�), á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ ∣∣∣∣fl(�)− p

q

∣∣∣∣ > |q|−2−
(ln ln |q|)−1=3 ; l = 1; 2;

ª ª®¢® ¡ë ­¨ ¡ë«® æ¥«®¥ p.

� á«ãç ¥ m = 2 á¯à ¢¥¤«¨¢  ­ «®£ á«¥¤áâ¢¨ï 1 ¨§ ®á­®¢­®© â¥®à¥¬ë, ¢ ª®â®à®¬
¯®«­®áâìî ®âáãâáâ¢ã¥â ãá«®¢¨¥ ­¥§ ¢¨á¨¬®áâ¨ äã­ªæ¨¨ f(z) ¨ ¥¥ ¯à®¨§¢®¤­®©.
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�«¥¤áâ¢¨¥ 1. �ãáâì QE-äã­ªæ¨ï f(z) ï¢«ï¥âáï à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ìÄ
­®£® ãà ¢­¥­¨ï

A2(z)y
′′ + A1(z)y

′ + A0(z)y = B(z); A2; A1; A0; B ∈ C[z];

¨ � ∈ Q; �A2(�) 6= 0. �®£¤  áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï 
 = 
(f ;�) > 0 â ª ï ,
çâ® ¤«ï «î¡ëå æ¥«ëå p, q, |q| > q∗(f ;�), «¨¡® f(�) = p=q, «¨¡®∣∣∣∣f(�)− p

q

∣∣∣∣ > |q|−2−
(ln ln |q|)−1=3 : (4.2)

�®ª § â¥«ìáâ¢®. �á«¨ äã­ªæ¨¨ 1 ; f (z); f ′(z) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(z),
â® á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢  (4.2) ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 4.1. � ¯à®â¨¢­®¬ á«ãÄ
ç ¥, äã­ªæ¨ï f(z) «¨¡® «¨­¥©­® § ¢¨á¨¬  á ¥¤¨­¨æ¥© ¨, ª ª æ¥« ï äã­ªæ¨ï, ï¢Ä
«ï¥âáï ¬­®£®ç«¥­®¬, «¨¡® ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¯¥à¢®£®
¯®àï¤ª 

E1(z)y
′ + E0(z)y = F (z); E1; E0; F ∈ C[z];

¢ ª®â®à®¬ ¬­®£®ç«¥­ë E1, E0, F ¢§ ¨¬­® ¯à®áâë,   ªà®¬¥ â®£®, E1; E0; F ∈ Q[z]
á®£« á­® «¥¬¬¥ 3 [6, £«. 3]. � ¯¥à¢®¬ á«ãç ¥, f(�) ï¢«ï¥âáï à æ¨®­ «ì­ë¬ ç¨á«®¬,
¯®áª®«ìªã f(z) ∈ Q[z]. �® ¢â®à®¬ á«ãç ¥, ¥á«¨ E1(�) 6= 0, â® á¯à ¢¥¤«¨¢®áâì ­¥Ä
à ¢¥­áâ¢  (4.2) á«¥¤ã¥â ¨§ à¥§ã«ìâ â  (0.4) �.�.�¨¤«®¢áª®£® ¯à¨ m = 1. �á«¨¦¥
E1(�) = 0, â® E0(�)f(�) = F (�), ®âªã¤  f(�) = F (�)=E0(�) ∈ Q, â ª ª ª à ¢¥­Ä
áâ¢® E0(�) = 0 ­¥¢®§¬®¦­® ¢¢¨¤ã ¢§ ¨¬­®© ¯à®áâ®âë ¬­®£®ç«¥­®¢ E1,E0, F . �¥¬
á ¬ë¬ ¬ë ¤®ª § «¨ (4.2) ¢ á«ãç ¥, ª®£¤  f(�) ­¥ ï¢«ï¥âáï à æ¨®­ «ì­ë¬ ç¨á«®¬.
�á«¨ f(�) = a=b ∈ Q, â® ¤«ï ¢á¥å p; q ∈ Z, |q| > |b|, «¨¡® f(�) = p=q, «¨¡®∣∣∣∣f(�)− p

q

∣∣∣∣ = |aq − bp||bq|
>

1

|bq|
>

1

q2
;

®âªã¤  á«¥¤ã¥â ­¥à ¢¥­áâ¢® (4.2). �â¢¥à¦¤¥­¨¥ ¤®ª § ­® ¯®«­®áâìî.

�«¥¤áâ¢¨¥ 2. �ãáâì

K�;�(z) =
∞∑
�=0

(−1)�

(�+ 1)�(�+ 1)�

(
z

2

)2�
; �; � ∈ Q \ {−1;−2; : : : };

¨ � ∈ Q \ {0}. �®£¤  áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï 
 = 
(�; �;�) > 0 â ª ï , çâ®
¤«ï ¢á¥å q ∈ Z, |q| > q∗(�; �;�), á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®∣∣∣∣K�;�(�)−

p

q

∣∣∣∣ > |q|−2−
(ln ln |q|)−1=3 ;
ª ª®¢® ¡ë ­¨ ¡ë«® æ¥«®¥ p.
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�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¯à¨ «î¡ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ �; � ∈
Q\{−1;−2; : : : } äã­ªæ¨¨ 1, K�;�(z),K

′
�;�(z) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(z). �à¥¤Ä

¯®«®¦¨¬, çâ® íâ® ­¥ â ª, ¨ ¤«ï ­¥ª®â®à®© ¯ àë �; � íâ¨ äã­ªæ¨¨ á¢ï§ ­ë ãà ¢­¥Ä
­¨¥¬

P0(z) + P1(z)K�;�(z) + P2(z)K
′
�;�(z) = 0; P0; P1; P2 ∈ C[z]; (4.3)

£¤¥ P0(z) + P1(z)y1 + P2(z)y2 ∈ C[z; y1; y2] { ­¥¯à¨¢®¤¨¬ë© ¬­®£®ç«¥­. � ¬¥­ïï
¢ ãà ¢­¥­¨¨ (4.3) z ­  −z, ¨ ¯®«ì§ãïáì â¥¬, çâ® K�;�(z) ¨K

′
�;�(z) ï¢«ïîâáï á®®âÄ

¢¥âáâ¢¥­­® ç¥â­®© ¨ ­¥ç¥â­®© äã­ªæ¨ï¬¨, ¯®«ãç¨¬

P0(−z) + P1(−z)K�;�(z)− P2(−z)K′�;�(z) = 0:

�®áª®«ìªã äã­ªæ¨ï K�;�(z) «¨­¥©­® ­¥§ ¢¨á¨¬  ­ ¤ C(z) á ¥¤¨­¨æ¥©, ¬­®£®ç«¥­
P0(−z) + P1(−z)y1 − P2(−z)y2 ¤¥«¨âáï ­  ¬­®£®ç«¥­ P0(z) + P1(z)y1 + P2(z)y2 ¢
ª®«ìæ¥ C[z; y1; y2]. �â® ¢®§¬®¦­® «¨èì ¢ ®¤­®¬ ¨§ ¤¢ãå á«ãç ¥¢:

P0(−z) ≡ P0(z); P1(−z) ≡ P1(z); P2(−z) ≡ −P2(z);

¨«¨
P0(−z) ≡ −P0(z); P1(−z) ≡ −P1(z); P2(−z) ≡ P2(z):

�«¥¤®¢ â¥«ì­®, äã­ªæ¨¨ 1 ;K�;�(z);K
′
�;�(z)=z á¢ï§ ­ë«¨­¥©­ë¬ãà ¢­¥­¨¥¬ á ª®Ä

íää¨æ¨¥­â ¬¨ ¨§ C[z2]. � ¯¥à¢®¬ á«ãç ¥ íâ® ãà ¢­¥­¨¥

P0(z) + P1(z)K�;�(z) +
(
zP2(z)

)K′�;�(z)
z

= 0;

¢® ¢â®à®¬ {
P0(z)

z
+
P1(z)

z
K�;�(z) + P2(z)

K′�;�(z)

z
= 0:

�®íâ®¬ã äã­ªæ¨¨ 1,  (z),  ′(z), £¤¥

K�;�(z) =  (z2); K ′�;�(z) = 2z ′(z2);

«¨­¥©­® § ¢¨á¨¬ë ­ ¤ C(z). � ¤àã£®© áâ®à®­ë,

 (z) = 1 +
∞∑
�=1

z�
�∏

x=1

1

b(x)
; b(x) = −4(x+ �)(x+ �);

¨ ¯® â¥®à¥¬¥ 2 à ¡®âë �.�. � «®çª¨­  [14] äã­ªæ¨¨ 1,  (z),  ′(z) «¨­¥©­® ­¥Ä
§ ¢¨á¨¬ë ­ ¤ C(z). �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â «¨­¥©­ãî ­¥§ ¢¨á¨Ä
¬®áâì ­ ¤ C(z) äã­ªæ¨© 1, K�;�(z), K

′
�;�(z) ¯à¨ «î¡ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢

�; � ∈ Q \ {−1;−2; : : : }. �ã­ªæ¨ï K�;�(z) ï¢«ï¥âáï à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï

y′′ +
2�+ 2�+ 1

z
y′ +

(
1 +

4��

z2

)
y =

4��

z2
:

�áâ «®áì ¢®á¯®«ì§®¢ âìáï ãâ¢¥à¦¤¥­¨¥¬ â¥®à¥¬ë 4.1.
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�«¥¤áâ¢¨¥ 3. �ãáâì

A�;�;� (z) =
∞∑
�=0

(� + 1)�
(�+ 1)�(�+ 1)�

z� ;

�; �; � ∈ Q \ {−1;−2; : : : }; � − �; � − � =∈ N;

¨ � ∈ Q\{0}. �®£¤  áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï 
 = 
(�; �; �;�) > 0 â ª ï , çâ®
¤«ï ¢á¥å q ∈ Z, |q| > q∗(�; �; �;�), á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®∣∣∣∣A�;�;� (�)− p

q

∣∣∣∣ > |q|−2−
(ln ln |q|)−1=3 ;
ª ª®¢® ¡ë ­¨ ¡ë«® æ¥«®¥ p.

�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï A�;�;� (z) ï¢«ï¥âáï à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®Ä
£® ãà ¢­¥­¨ï

y′′ +

(
�+ �+ 1

z
− 1

)
y′ +

��− (� + 1)z

z2
y =

��

z2

¨ ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

A�;�;� (z) = 1 +
∞∑
�=1

z�
�∏

x=1

a(x)

b(x)
; a(x) = x+ �; b(x) = (x+ �)(x+ �):

�®£« á­® â¥®à¥¬¥ 2 [14] ¯à¨«î¡ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ �; �; � ∈ Q\{−1;−2; : : : }
â ª¨å, çâ® � − �; � −� =∈ N∪{0}, äã­ªæ¨¨ 1, A�;�;� (z), A′�;�;� (z) «¨­¥©­® ­¥§ ¢¨Ä
á¨¬ë ­ ¤ C(z) ¨ ¯®íâ®¬ã ¬®¦­® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 4.1. �á«¨ � − � = 0, â®
äã­ªæ¨ï A�;�;� (z) ï¢«ï¥âáï à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

y′ +

(
�

z
− 1

)
y =

�

z
;

¨ ¤«ï ­¥¥ ¬®¦­® ¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â®¬ (0.4) ¯à¨ m = 1. �­ «®£¨ç­® à áÄ
á¬ âà¨¢ ¥âáï á«ãç © � − � = 0. �â¢¥à¦¤¥­¨¥ ¤®ª § ­® ¯®«­®áâìî.

� ¬¥ç ­¨¥. �á«¨ � − � ∈ N, â® ¤«ï ­¥ª®â®àëå � ∈ Q \ {0} ç¨á«® A�;�;� (�)
¬®¦¥â ¡ëâì à æ¨®­ «ì­ë¬. � ª, ­ ¯à¨¬¥à,

A�;�;�+1(�− �− 1) =
�

�+ 1
:

�¥à¥©¤¥¬ â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4.1. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ¯®§Ä
¢®«ï¥â ãâ®ç­¨âì à¥§ã«ìâ â ¯à¥¤«®¦¥­¨ï 2.1 ¢ á«ãç ¥ m = 2.

�¥¬¬  4.2. �ãáâì ¬­®¦¥áâ¢® 
1 ⊂ 
̃ ¨ ®â®¡à ¦¥­¨¥ � : 
1 → � ã¤®¢Ä
«¥â¢®àïîâ á¢®©áâ¢ ¬ 1){3), ®¯¨á ­­ë¬ ¯¥à¥¤ «¥¬¬®© 2.4. �®£¤  ¬¨­®à
det(x̃κ;s)κ∈
1;s∈�1 , �1 = �(
1), ¬ âà¨æë (2.4) à ¢¥­

±
∏

κ∈
1:�(κ)=κ+e2

x̃κ;κ+e2 ·
∏

κ∈
1:κ−e2∈
1

det

(
x̃κ−e2;κ−e2+e1 x̃κ−e2;κ
x̃κ;κ−e2+e1 1

)
:

(4.4)
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�®ª § â¥«ìáâ¢®. �¥à¥áâ ¢¨¬ ¢ ¬ âà¨æ¥ ( x̃κ;s)κ∈
1;s∈�1 áâ®«¡æë â ª¨¬ ®¡Ä
à §®¬, çâ®¡ë ­  £« ¢­®© ¤¨ £®­ «¨ ¯®«ãç¨¢è¥©áï ¬ âà¨æë X áâ®ï«¨ í«¥¬¥­âë
x̃κ;�(κ), κ ∈ 
1, ¨ ¯®ª ¦¥¬, çâ® ¬ âà¨æ  X ¨¬¥¥â \¯®çâ¨ âà¥ã£®«ì­ë©" ¢¨¤.

�à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ®

s ≺ κ; s ∈ �; κ ∈ 
̃ =⇒ x̃κ;s = 0 (4.5)

á®£« á­® ®¯à¥¤¥«¥­¨î (2.5), â ª ª ª ¢ íâ®¬ á«ãç ¥ s ≺ κ, s− e2 ≺ κ ¨ s− e1 ≺ κ.
�ãáâì κ { ¯à®¨§¢®«ì­ë© ¬ã«ìâ¨¨­¤¥ªá ¨§ 
 1. � áá¬®âà¨¬ ®â¤¥«ì­® ¤¢¥ ¢®§¬®¦Ä
­®áâ¨.

 ) |κ| = N − 1. �®ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥ ¢ áâà®ª¥ á ­®¬¥à®¬ κ ¬ âà¨æë X
«¥¢¥¥ £« ¢­®© ¤¨ £®­ «¨ à á¯®«®¦¥­ë ­ã«¥¢ë¥ í«¥¬¥­âë. �«ï íâ®£® ¢ á¨«ã (4.5)
¤®áâ â®ç­® ¯®ª § âì, çâ® ¨§ ãá«®¢¨© κ′ ≺ κ, κ′ ∈ 
1 á«¥¤ã¥â �(κ′) ≺ κ.

�á«¨ |κ′| = N , â® �(κ′) = κ′ ≺ κ.
�á«¨ |κ′| = N − 1, â® κ′ 4 κ − e1 + e2, ®âªã¤  �(κ

′) 4 κ
′ + e1 4 κ + e2.

� ¢¥­áâ¢® �(κ′) = κ + e2 ¢®§¬®¦­® «¨èì ¢ á«ãç ¥ κ
′ = κ − e1 + e2, ¨ â®£¤ 

�(κ) 6= �(κ′) = κ + e2, â.¥. �(κ) = κ + e1. �§ ãá«®¢¨ï 3) ¨ â®£®, çâ® κ + e2 ≺ κ +
e1 = �(κ) ¢ëâ¥ª ¥â, çâ® κ′ = �−1(κ + e2) � κ, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®áë«ª¥
κ
′ ≺ κ. �«¥¤®¢ â¥«ì­®, �(κ′) 6= κ + e2 ¨ �(κ

′) ≺ κ + e2. �âáî¤  �(κ
′) 4 κ, ¨ ¢

â® ¦¥ ¢à¥¬ï �(κ′) 6= κ, ¯®áª®«ìªã |�(κ′)| = N , |κ| = N − 1.
�ª®­ç â¥«ì­®, �(κ′) ≺ κ. �®á¯®«ì§®¢ ¢è¨áì ãâ¢¥à¦¤¥­¨¥¬ (4.5), ¯®«ãç ¥¬:

κ
′ ≺ κ; κ′ ∈ 
1 =⇒ x̃κ;�(κ′) = 0: (4.6)

¡) |κ| = N . �®ª ¦¥¬, çâ® ¥á«¨ κ′ ≺ κ − e2, κ′ ∈ 
1, â® �(κ′) ≺ κ. �®áª®«ìªã
¬ã«ìâ¨¨­¤¥ªáë κ−e2,κ á®á¥¤­¨¥ ¢® ¬­®¦¥áâ¢¥
, íâ® ¡ã¤¥â ®§­ ç âì, çâ® ¢ áâà®ª¥
á ­®¬¥à®¬ κ ¬ âà¨æë X «¥¢¥¥ £« ¢­®© ¤¨ £®­ «¨ áâ®ïâ ­ã«¥¢ë¥ í«¥¬¥­âë, ªà®¬¥,
¡ëâì¬®¦¥â, í«¥¬¥­â  x̃κ;�(κ−e2), ¯à¥¤è¥áâ¢ãîé¥£® x̃κ;�(κ), ¢ á«ãç ¥ κ−e2 ∈ 
1.

�á«¨ |κ′| = N , â® �(κ′) = κ′ ≺ κ − e2 ≺ κ.
�á«¨ |κ′| = N − 1, â® κ′ 4 κ − e1 ¨ �(κ′) 4 κ′ + e1 4 κ. � ¢¥­áâ¢® �(κ′) = κ

­¥¢®§¬®¦­®, â ª ª ª �−1(κ) = κ. �®íâ®¬ã �(κ′) ≺ κ.
�®á¯®«ì§®¢ ¢è¨áì ãâ¢¥à¦¤¥­¨¥¬ (4.5), ¢ á«ãç ¥ ¡) ¯®«ãç ¥¬:

κ
′ ≺ κ; κ′ ∈ 
1 =⇒

{
x̃κ;�(κ′) = 0; ¥á«¨ κ′ ≺ κ − e2;
x̃κ;�(κ′) = x̃κ;�(κ−e2); ¥á«¨ κ′ = κ − e2:

(4.7)

�á«¨ κ−e2 ∈ 
1, â® �(κ−e2) = κ−e2+e1, ¯®áª®«ìªã �(κ−e2) 6= (κ−e2)+e2 =
κ = �(κ). � ¤àã£®© áâ®à®­ë, ¥á«¨ �(r) = r + e1, r ∈ 
1, â®, á®£« á­® ãá«®¢¨î 3),
¢ë¯®«­¥­® r+ e2 ∈ �(
1) ¨ �−1(r+ e2) � r, â.¥. �−1(r+ e2) = r+ e2 ¨ r+ e2 ∈ 
1.

�®£« á­® ãâ¢¥à¦¤¥­¨ï¬ (4.7) ¨ (4.6) ¢¤®«ì £« ¢­®© ¤¨ £®­ «¨¬ âà¨æë X áâ®ïâ
®¤­®¬¥à­ë¥ ¡«®ª¨

(x̃κ;κ); κ ∈ 
1; �(κ) = κ; κ − e2 =∈ 
1;

¨«¨

(x̃κ;κ+e2); κ ∈ 
1; �(κ) = κ + e2;
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¨«¨ ¤¢ã¬¥à­ë¥ ¡«®ª¨(
x̃κ−e2;κ−e2+e1 x̃κ−e2;κ
x̃κ;κ−e2+e1 x̃κ;κ

)
; κ ∈ 
1; �(κ) = κ; κ − e2 ∈ 
1;

  ¢ «¥¢¥¥ ¨ ­¨¦¥ íâ¨å ¡«®ª®¢ à á¯®«®¦¥­ë ­ã«¨. � á¢ï§¨ á íâ¨¬, ¨ á ãç¥â®¬ â®Ä
£®, çâ® x̃κ;�(κ) = 1 ¢ á«ãç ¥ �(κ) = κ á®£« á­® ä®à¬ã«¥ (2.5), ®¯à¥¤¥«¨â¥«ì
det(x̃κ;s)κ∈
1;s∈�1 = ± detX à ¢¥­ (4.4), çâ® ¨ âà¥¡®¢ «®áì.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.1. �ã­ªæ¨¨ f1(z), f2(z) ­¥ ï¢«ïîâáï ¬­®£®ç«¥Ä
­ ¬¨, ¯®áª®«ìªã ª ¦¤ ï ¨§ ­¨å «¨­¥©­® ­¥§ ¢¨á¨¬  ­ ¤ C(z) á ¥¤¨­¨æ¥©. � ª æ¥Ä
«ë¥ äã­ªæ¨¨, ®â«¨ç­ë¥ ®â ¬­®£®ç«¥­®¢, f1(z) ¨ f2(z) ï¢«ïîâáï âà ­áæ¥­¤¥­â­ë¬¨
äã­ªæ¨ï¬¨. �®ª ¦¥¬, çâ® ¤«ï ­¥ª®â®à®£® l ∈ {1; 2} äã­ªæ¨¨ 1, f1(z), f2(z), f2l (z)
«¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(z).

�à¥¤¯®«®¦¨¬, çâ® íâ® ­¥ â ª. �®£¤ 

f2l (z) = El0(z) + El1(z)f1(z) + El2(z)f2(z); l = 1; 2;

Elj ∈ C(z); l = 1; 2; j = 0; 1; 2;
(4.8)

¯®áª®«ìªã äã­ªæ¨¨ 1, f1(z), f2(z) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(z). �á«¨ E12 ≡ 0, â®
âà ­áæ¥­¤¥­â­ ï äã­ªæ¨ï f1(z) ã¤®¢«¥â¢®àï¥â  «£¥¡à ¨ç¥áª®¬ã ãà ¢­¥­¨î

y2 − E11y − E10 = 0;

çâ® ­¥¢®§¬®¦­®. �®íâ®¬ã

f2(z) =
f21 (z)− E11(z)f1(z)− E10(z)

E12(z)
; E12 6≡ 0;

¨ ¯®á«¥ ¯®¤áâ ­®¢ª¨ íâ®£® ¢ëà ¦¥­¨ï ¢ ãà ¢­¥­¨¥ (4.8) ¯à¨ l = 2 § ª«îç ¥¬, çâ®
âà ­áæ¥­¤¥­â­ ï äã­ªæ¨ï f1(z) ã¤®¢«¥â¢®àï¥â  «£¥¡à ¨ç¥áª®¬ã ãà ¢­¥­¨î

(y2 − E11y − E10)2 − E22E12(y2 − E11y − E10)− E21E212y − E20E212 = 0;

çâ® ®¯ïâì ¦¥ ­¥¢®§¬®¦­®. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® ¯® ªà ©­¥©
¬¥à¥ ®¤­  ¨§ äã­ªæ¨© f2l (z), l ∈ {1; 2}, ­¥ ¢ëà ¦ ¥âáï «¨­¥©­® á ª®íää¨æ¨¥­â ¬¨
¨§ C(z) ç¥à¥§ äã­ªæ¨¨ 1, f1(z), f2(z). �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì,
çâ® l = 2, â.¥. çâ® äã­ªæ¨¨ 1, f1(z), f2(z), f

2
2 (z) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(z).

�ãáâì ¬­®¦¥áâ¢  
 1 ¨ �1 ¢ë¡à ­ë ¯® § ¤ ­­®¬ã 
̃ ⊂ 
 ¢ á®®â¢¥âáâ¢¨¨ á ¯à¥¤Ä
«®¦¥­¨¥¬ 2.1 ¨ à æ¨®­ «ì­ë¥ äã­ªæ¨¨ (2.3) ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥ (3.7). �¡®§­ ç¨¬
ç¥à¥§ � : 
1 → �1 â ª®¥ ¡¨¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥, çâ® ¯ à  (
 1; �) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ 1){3). �®£« á­® ä®à¬ã«¥ (2.5) ¨¬¥¥¬:

x̃κ;κ+e2 = y2 +Dκ;κ+e2 ; ¥á«¨ �(κ) = κ + e2;

x̃κ−e2;κ−e2+e1 = y1 +Dκ−e2;κ−2e2+e1y2

+Dκ−e2;κ−e2+e1 ; ¥á«¨ �(κ) = κ; κ − e2 ∈ 
1;
x̃κ−e2;κ = y2; ¥á«¨ �(κ) = κ; κ − e2 ∈ 
1;

x̃κ;κ−e2+e1 = Dκ;κ−2e2+e1y2 +Dκ;κ−e2+e1 ; ¥á«¨ �(κ) = κ; κ − e2 ∈ 
1;
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®âªã¤ , ¥á«¨ ¢®á¯®«ì§®¢ âìáï «¥¬¬®© 4.2,

� = ± det
(
B(z)x̃κ;s(f)

)
κ∈
1;s∈�1

= ±
∏

κ:�(κ)=κ;κ−e2 =∈
1

B(z) ·
∏

κ:�(κ)=κ+e2

{
B(z)f2(z) + Bκ;κ+e2(z)

}
×

∏
κ:κ−e2∈
1

B(z)
{
−Bκ;κ−2e2+e1(z)f

2
2 (z) + B(z)f1(z)

+
(
Bκ−e2;κ−2e2+e1(z)−Bκ;κ−e2+e1(z)

)
f2(z) + Bκ−e2;κ−e2+e1(z)

}
:

�®áª®«ìªã B(z) 6≡ 0 ¨ äã­ªæ¨¨ 1, f1(z), f2(z), f
2
2 (z) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(z),

¯®á«¥¤­¥¥ ¯à®¨§¢¥¤¥­¨¥ ®â«¨ç­® ®â ­ã«ï. �ëà ¦¥­¨ï ¢ ä¨£ãà­ëå áª®¡ª å ¬®¦­®
à áá¬ âà¨¢ âì ª ª ¬­®£®ç«¥­ë ®â z, f1(z), f2(z) áâ¥¯¥­¨ ­¥ ¢ëè¥ C5!N ¯® z ¨
­¥ ¢ëè¥ 2 ¯® £àã¯¯¥ f1, f2. �®£« á­® á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë 1 [15] ¯®àï¤®ª ­ã«ï
ª ¦¤®£® â ª®£® ¢ëà ¦¥­¨ï ¢ â®çª¥ z = 0 ­¥ ¢ëè¥

C14(C5!N + 1)23
3
6 C15!N;

£¤¥ ¯®áâ®ï­­ ï C14,   á«¥¤®¢ â¥«ì­®, ¨ C15, § ¢¨á¨â â®«ìª® ®âäã­ªæ¨© f1(z), f2(z).
�à®¬¥ â®£®,

ord
z=0

B(z) 6 degB(z) 6 C5!N 6 C15!N:

�®íâ®¬ã

ord
z=0

� 6
∑

κ:�(κ)=κ;κ−e2 =∈
1

C15!N +
∑

κ:�(κ)=κ+e2

C15!N

+
∑

κ:κ−e2∈
1

(C15!N + C15!N )

= Card
1 · C15!N 6 C15!2N:

�áâ «®áì ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 3.3 ¢ë¡à âì M∗ = M∗(f1; f2) â ª, çâ®¡ë ¤«ï
¢á¥åM > M∗ ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

!2t + �! + C15!
2N <

"

�
M:

�á¥ ®áâ «ì­ë¥ à ááã¦¤¥­¨ï ®áâ îâáï ¡¥§ ¨§¬¥­¥­¨©. �â® § ¢¥àè ¥â ¤®ª § â¥«ìÄ
áâ¢® â¥®à¥¬ë.

§5. � ¬¥ç ­¨ï

�¡®¡é¥­¨¥ ®¯¨á ­­®£®¬¥â®¤  ¯®§¢®«ï¥â ¯®«ãç¨âì ®æ¥­ªã á­¨§ã ¤«ï¬¥àëâà ­áÄ
æ¥­¤¥­â­®áâ¨ §­ ç¥­¨© QE-äã­ªæ¨© ¢ à æ¨®­ «ì­®© â®çª¥.

�¥®à¥¬  5.1. �ãáâì  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë¥ ­ ¤ C(z) QE-äã­ªæ¨¨
f1(z); : : : ; fm(z), m > 2, ¤®áâ ¢«ïîâ à¥è¥­¨¥ á¨áâ¥¬ë (0.1); � ∈ Q \ {0} {
­¥®á®¡ ï â®çª  íâ®© á¨áâ¥¬ë ¨ d ∈ N. �®£¤  áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥
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¯®áâ®ï­­ë¥ 
 = 
(f1; : : : ; fm;�; d) ¨ C = C(f1; : : : ; fm;�; d) â ª¨¥ , çâ® ¤«ï
«î¡®£® ¬­®£®ç«¥­  P ∈ Z[y], deg P = d, á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ ∣∣∣P (fl(�))∣∣∣ > C ·H−d−
(ln lnH)

−1=(m+1)
; l = 1; : : : ;m; H = H(P );

£¤¥ H(P ) { ¢ëá®â  (¬ ªá¨¬ã¬ ¬®¤ã«¥© ª®íää¨æ¨¥­â®¢ ) ¬­®£®ç«¥­  P (y).

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï ¡ã¤¥â ¨§«®¦¥­® ¢ ¤àã£®© áâ âì¥.

�¢â®à ¢ëà ¦ ¥â £«ã¡®ªãî ¡« £®¤ à­®áâì�.�. �¥áâ¥à¥­ª® §  ¡®«ìè®¥ ¢­¨¬ Ä
­¨¥, ®ª § ­­®¥ íâ®© à ¡®â¥.
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