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This talk is about...

Generalised Sextic Freud weights:
w(x; 1) = |x|Pexp(=x® + ox* + tx?) , x € (—o0, )
withp > —1and t,7 € R.

Let (P,),>( be the corresponding monic Orthogonal Polynomial Sequence (OPS).

So, we have

xP,(x) =P, (x)+ p,P,_(x), with Py(x) =1 and P,(x) = x.

AIM: to describe the recurrence coefficients [,
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Monic symmetric Orthogonal Polynomial Sequence

Let (P,),>o be the monic Orthogonal Polynomial Sequence with respect to the positive
symmetric weight w(x) on R, such that

+00
J P, ()P (x)wx)dx = h,5, ,, with h, > 0.

So, we have P (—x) = (—1)"P,(x) and
XPn(X) — Pn+1(.X) +,BnPn_1(.X),
with Py(x) =1 and P_;(x) =0,

where

+00
I

n—1
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Monic symmetric Orthogonal Polynomial Sequence

The coefficient 5, in

xP,(x) =P, (x)+p,P,_(x)

can also be expressed in terms of Hankel determinants

B = A 1B, ,
A7
where
Ho M1 - Hp
a= |
:un.—l Mn le;—z

+00
with p, = J x"w(x)dx the moments of the weight function w(x).
—00
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The Hankel determinant A, =

also has the integral representation due to Heine (1878)
+00 7

Hw(xf) H (x; — x)%dx, - dx,
1<j<k<n

which is the partition function in random matrix theory.

Furthermore,

1
Pn(.X) = A_

Further properties

-]

0 =1

Ho
Hq

Hn—1

Ho

Hn

Ho M1
H1 Ho
/’ln—l :un

Hn—1
Hn

Hop_2

Hy
:un+1

Hon—1
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Lemma. Let wy(x) be a symmetric positive function on (—oo, + 00) for which all the
moments exist and are finite and

w(x; 1) = exp(tx?) wy(x)
with € R is a weight for which all moments p (1) = J x"w(x; H)dx < 0.

Then

’an — W(//lo,

dz d?¢

dpo(0) o d" (@) | B =W dpo(0) | d*pe (1) o d" (1) |
dt dn—1¢ dnt

and the recurrence coefficients f, := [, (f) satisfy the Volterra lattice equation

dg,
dt

— ﬁn (:Bn+1 - ﬁn—l)

Remark. also known as the
discrete KdV equation ; Kac-van Moerbeke lattice ; Langmuir lattice
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Freud weights - some background
® The relationship between semi-classical orthogonal polynomials and integrable equations
dates back to Shohat (1939) and Freud (1976).

® Fokas, Its & Kitaev (1991, 1992) identified these integrable equations as discrete Painleve
equations.

e Magnus (1995) considered the Freud weight w(x;?) = eXp(—x4 + txz), x € R, and
showed that the coefficients in the three-term recurrence relation can be expressed in
terms of solutions of the string equation - Gross&Migdal(1990), Periwal&Shevitz(1990)

qn(qn+1 +q,1t4,_1+ 21) =n

as shown by Bonan&Nevai'1984 and

d 1 [dg,\° 3 n’
L. ) 124 2+2<12+£) q, — —
dz  2q, \ dt 2 2 2q,
hich is Py with a = —= dﬁ——ﬁ
which is [y, wi =—>and p=——.
e Connection between Freud weight and solutions of and P}y, is due to Kitaev'1988
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Higher order Freud weights

Consider

24+1

w(x;t,A) = |x] exp (—xzm + txz), x€eR

with parameters A > — 1, 1€ R and m = 2,3,...
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Higher order Freud weights

Proposition. (Clarkson, Jordaan & L 23) For A > — 1, 1 € R and m = 2,3,... consider the weight

22+1

w(x;t,A) = | x| exp (—xzm + txz), x€eR

whose moments are

= 1 &« 1" A+n+1
Mz;ﬁ):J |x|2’1+lexp(tx2—x2m)dx=—2—'F< k >

mnzon. m
( A+ k \
B 1 m tk_l - /1_|_k F 7 , 1 . , m
_Zz(k—l)! m )2k okl m+k—1’<;>
k=1 T T T 9 sy
\m m m )
and one has
k
Yot A, m) = @ﬂo(ﬁ A, m), Poi(t; A, m) = py(t; A + k, m)

and the first moment p(z; A, m) satisfies the differential equation

d"p  de
Me— —— — A+ Dep=0
am g "t e
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Lemma. (Clarkson, Jordaan & L 2023)

2A+1

For the weight w(x;f, 1) = |x|™" exp (—xzm + txz), x € R, the corresponding orthogonal

polynomials
Poi1(x) = zP,(x) — Bn(t; A) Pp—1(x), n=0,1,2,...,

with P_1(x) = 0 and Py(x) = 1, where

Ant1(B ) An—1(BA+1)  d In Ap(t; A+ 1)
AN A(BN+1) dt An(t;A)

Pantr(GN) = G AL AT D)~ df P AL AL D

:8277, (t; /\) —

where A, (t; \) is the Wronskian given by

d dn—l

G
with
o (t; A, m) =/ 2|22 exp(—2*™ + tz?) dx
1 o thl Atk Ak k k+1 m+k—1 (t\™
Ly P (AR o, (AR R L ;
mkzl(k—l)! m m m m m m
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Equations for the recurrence coefficients - Part II

The weight function w(x, t, 1) satisfies

d m
Therefore x—2P, (x) = Z Prnoe Prop(X), for n=>0,

where

pnﬂfzz 3

r2m

dx

dx

=0

n — 0

hn—2f

“00 xszn_M(x)Pn(x)w(x) dx

—Q0

h

[ xsz,f(x) w(x) dx —2t(f, + p,_1) — 2 <’”t T 1+%)

11

if

if

if

if

— (xw(x)) = 2(tx* — mx*" + 2+ Dw(x) = 0

2<¢<m-1

r=m
£ 2min{m+1,[3]} or £ <0.
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Equations for the recurrence coefficients

For m = 2 the discrete equation is

| —(=1)"
46, (Boe1 + B+ PBrs1) —2tﬂn=n+(2,1+1)[ (2 il

which is dPy.

For m = 3 the discrete equation is

[
616” (ﬁn_z 1 +ﬁ13—1 + 2ﬁn—lﬁn —|—ﬁn_1 n+1 +ﬁ3 + 2ﬁnﬁn+1 + 3+1 +ﬁn+lﬁn+2 B _>

3
[1 = (=1)")]
> :

=n+Q2Ai+1)

which is a special case of dP%z), the second member of the discrete Painleve I hierarchy

- see the works of Cresswell and Joshi‘99.
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Equations for the recurrence coefficients

The recurrence coefficient 5, for the generalised higher-order Freud weight

24+1

w(x;t, 1) = | x| exp (—xzm + txz), x€eR

satisfies the discrete equation (Benassia&Moro'20 and Bonora&Martellini&Xiong'92)

= (=1y
omVCm _ 248 = n 4 (24 + 1)[ (2 ) )],
(0 VB 0 0 ‘
where V" = /B, (Lz’"‘l)nw1 and L=|VA O VB O
| 0 B 0 B
\ o " )
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The Volterra lattice hierarchy...

IS given by
atZk n n+1 n—1 ’ e
where V®Y is a nonlinear combination of 3, evaluated at different points of the lattice.

The first are
VO =p VO =V (VO + V1V ) =B (B + Byt o)
V0 = VD (VWD 4V 4 v+ )
= Pa(BaaBuos + By + 2BusiBu+ BusBass + B + 2B + By + BusiBrsa)
Note that the discrete equation satisfied by f, can be written as

6V© — 47y _ 2y =

and

0 )
bu _ (v, —v)). Pr _ (v, v

ot n+1 0T University of Kent



The Volterra lattice hierarchy (contd)

In particular
2 4 2 2 2 2

VP =p, VO =V (V4 VD4V ) = B, (By + B+ o)
©) — @ [ v2) (2 (4) (4) (4)

VO = v (Vn_1Vn+1 VO LV VnH)

— ﬁn(ﬂn—2 n—1 + 167%_1 + zﬁn—lﬁn + :Bn—l n+1 + ﬂr% + 2:Bnﬂn+1 + 34-1 + ﬁn+l:ﬁn+2)’

Q) — y2) (6) (6) (6) Dy, 2) y/(2) 2) )y (2) (2) (2)
Vn o Vn <Vn+1 + Vn + Vn—l) + Vn Vn+lvn—1 + Vn+1Vn Vn—l <Vn+2 + Vn—2>’

(10) _ y/(2) (8) (8) (8) 6)y/(2) y/(2) 2) )y, (2) 4) 4)
Vn - Vn <Vn+1 + Vn + Vn—l) + Vn Vn+1Vn—1 + Vn+1Vn Vn—l <Vn+2 + Vn—2>

(2) )y (2) (2) (2) (2) (2) (2) (2) (2) y(2)
+Vn+1Vn Vn—l { <Vn + Vn—l) Vn+2 + <Vn+1 + Vn ) Vn—2 + Vn+2Vn—2} )
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Asymptotic behaviour

Theorem (Freud’s conjecture’76). (Saff, Lubinski, Mhaskar 1988)

For the generalised higher order Freud weight w(x;t, 1) = |x|**exp (—xzm + txz), the

recurrence coefficients 5, associated with this weight satisfy
( \I/m

p.(4) 1] (m—1)!
m

Theorem. (Kuijlaars, Van Assche 1999) Let ¢p(n) = n'/®™ and assume that n, N tend to infinity
in such a way that the ratio n/N — ¢. Then, the asymptotic zero distribution as n — oo for

P, nv(x) = (¢p(N))™"P,(p(N)x), has density

2 —m
a(6) = ———— (1=2%c)"F, (1,1 = m; 2525 22
cr(2m — 1) 2
1/2 : 1| m—=1)! 1/2 1/2
where ¢ =2aZVP™  with a = B 1 for x € (=2at V™ 2q£1em)
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Asymptotic zero distribution

0.6 -

0.4 -

0.2+

-0.5 0.5

M‘—Q—.—Q—Q—“.O.. T Q.O.‘H—.—.—%%Q—%L

The zeros of P, \(x) for A=0.5,t=1,m=3,n=N =10 and £ = 1 with the corresponding
2m o
limiting distribution a,(£) = (1-x2/c?)"”,F, (1 1—m; 222 x2/02>
ct(2m — 1) 2

and endpoints (—2a,0) and (2a,0).
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Weight: w(x, 7,1) = exp(—x6 + ox* + %)
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Weight: w(x, 7,1) = exp(—x6 + wx* — k72x?%)

(1), /<;>i, T>0 (11), K)<i, T>0 (i11), "3:}17 T>0
(iv), 7<0 (v), 7=0, t#0 (vi), 7#0, t=0
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Case analysis for the weight w(x) = exp(—U(x))

Observe that

2 3 _ 2 3
U(x)=x2<<x2—1> +<K_l>,[2>=_<x2_i> _I_(l 3K)T 2T
2 4 3 3 27

where k= —1/72

Case (i) k> % and 7 > 0, then U(x) has 4 complex zeros

2
Case (ii) k = % and 7 > 0, then U(x) = x2 (xz—%>

Case (iii) 0 <k < % and 7 > 0, then U(x) has 4 real zeros

Case (iv) k =0and |z|> 0, then U(x) = x*(x* — 7)

Case (vV) k<0 and 7 > 0, then U(x) has two real, two purely imaginary and a double zero
Case (vi) 7=0and |£| >0

Case (vii)) 7< 0 and [f| >0

Case (viii)t =1t =0
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Weight: w(x,1,7,p) = exp(—x6 + 7x* + tx?)

Lemma. (Clarkson, Jordaan & L - ongoing) The first moment

+0o0
Ho(T, 1) = J exp(—x® + zx* — tx?)dx is a solution to
—00

Moreover,
. (2. 1 1 )
1 &7 2. 1 1 3/ T3t
MO(TJ)=§ZJ.—'{F(§]+§71+E)1F2 |2 7
J=0 {373 )
(
+: T (2 j+2n+= ) F %H_%n_l_%-ﬁ\
6/ T3S )1 2 4 27
\ 373 )
(2. 1 5 )
Zjtn+=
1. 2.1 5 3 3 6.1
+5f F(;]‘F;ﬂ‘l‘g) 1F2 i 2 > 57 }
\ 373 )
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About the moments

+00
The moment sequence (4,,),~o defined by 1,(7,1) = J x"exp(—x® + tx* — kr?x?)dx
—00

satisfies the recurrence relation
BHonte = 2THanss + KT Hopn — <”+%) Hon = 0.
Moreover,
024y — (4K = 3c+2)72 0 g + (6K — Dapg = =(d4x — D[4xGx — D7 = 3] py,
And

02y, — (4% = Bi+5)7%0, o, + 5 (20 + 1)(6k — 1)7pty,, = {%(4;< — D[4x(3k — 1)7? — 3]+%n} U

(2(9x — 2)72 12k(3k — 1)72 } d? g { (4 — 1)k%27* (36K2% — 27K + 4)7} d pg
dr

\ 9 - 4k(B3k—1)7T3 -3 dr2 3 T 4k(3k — 1)73 — 3
( (4K — 1)K273 5 1 — 6k
( ) } Y

3 TRt 3 T 1e(Br—1)r3 —3

\

22 University of Kent



About the moments - particular cases

+00
The moment sequence (4,,),~o defined by 1,(7,1) = J x"exp(—x° + 7x* — k7’x?)dx
— QOO
satisfies the recurrence relation
2 1
3Mante = 2THopya T KT Uopyn = <”+3) Hon = 0.

1

For kK = —, then
4

7/ 61 3 3 73
— I/ — |+ — e —— ).
MO(T ) 9 1/6 < 103 ) ~1/6 ( 103 ) Xp ( 108 )
1

For kK = —, then

3
N 1 1.1 T 1 15 1 5.2 4.7
,UO(Ta 5) — {§P(6) 2F2(67 23313 27) + §TF(5) 2F2(§7 6’373 27)

T2/ 5 7.4 5 T T
- 36 2F2<6767§9§727>}exp <_2_7>7
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Asymptotics for [,

+00
The moment sequence (u,,),~o defined by 1, (7,1) = J x"exp(—x® + tx* — tx?)dx

satisfies the recurrence relation
1
3Honte = 2THopya — tMopyn — <n+5> Hon =0

with ﬂ2n+1 = O

Theorem. For fixed k > % and 7 > 0, then forall n > 0

1

T— + 0.

py ~

as

%
| 2
4

8T2<K——
Forﬁxed0<l<<%andf>0, then forall n > 0

<1+\/1—3K), as 7T— + 0.

I
P ~ 37

24
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About this weight

Analysis of
w(x; 7, 1) = exp(—=U(x; 7,1) with U(x;7,1) =x% —zx* —tx?

where 7,1t € R,

and the recurrence coefficients satisfy

6ﬁn<ﬁn+lﬂn—l + ﬂn—l (:Bn—2 + ﬂn—l + ﬂn) + :Bn (:Bn—l + :Bn + :Bn+1> + ﬁn+1 (ﬂn + ﬂn+1 + ﬂn+2))
—47 ﬂn(ﬁn—l + an + ﬂn+1) -2t :Bn = n
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The recurrence coefficients

Lemma. Let wy(x) be a symmetric positive weight on the real line and suppose that
w(x; 1, 7) = exp(tx? + tx*%) wy(x), x €R with f,7 € R, is a weight such that all the
moments of exist.

Then the recurrence coefficient f3.(¢, 7) satisfies the Volterra, or the Langmuir lattice,
equation

atﬁn — ﬁn(ﬁn+l o :Bn—l)

and the differential-difference equation

06, = Bu( Busz + Bt + BBris = B+ By + By ).
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Weight: w(x,1,7,p) = exp(—x6 + 7x* + tx?)
The recurrence coefficients (7, f) satisfy the recurrence relation

6ﬂn(ﬁn—1 (ﬁn—Z +an—1 +ﬁn +ﬂn+1) +:Bn (ﬁn—l + ﬁn + ﬂn+1> +ﬂn+1 (:Bn +an+1 +ﬁn+2)>
—47 ﬂn(ﬁn—l +:Bn +ﬂn+1) — 2t :Bn = n

Remark. This equation is:

I. A special case of dP?, the 2nd member of the discrete Painleve I hierarchy. Cresswell &
Joshi showed that its continuum limit is equivalent to

which is p§2>.

I1. Also known as the “string equation” and arises in physical applications such as 2-
dimensional quantum gravity.
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Some historical remarks & applications

Consider the weight
w(z;7,t) = exp (—2° + 72" + tz?)
which is equivalent to the weight
W(z) = exp{=NV(x)},  V(x) = goa® + gz + gea”

with N, ¢», g4 and gs parameters.

.« ® ., o . .o. - e e®
11 . LIPS 11 ° °
. e e® * .. o‘
ee ® o’ /
O-OZZ}) T 4I0 T T T T T T 1 0—/.. T T T T T T T T 1 0 T r T T T r T r T r 1

T
60 80 100 120 0 20 40 60 80 100 120 0 20 40

e “Chaotic behavior in one matrix models” (Jurkiewicz [1991])

e “Chaos in the Hermitian one-matrix model” (Sénéchal (1992])
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Some historical remarks & applications

Benassi & Moro (2020) and Dell’Atti (2022) considered the weight
W T, T,, Ts, N) = exp (N [T6x6 + Ty x* + (Tz—%)le > with 7,,T,, T¢ and N parameters.

They interpreted the Jurkiewiczs “chaotic phase” as a dispersive shock propagating through
the chain in the continuum/thermodynamic limit and explained the complexity of its phase
diagram in the context of dispersive hydrodynamics.

The recurrence coefficients satisfy the discrete equation
2 2 2
un{6T6(un_2un_1 +u  + 2u, g, u, qu, g Uy 2uu, g g U, U )
n
ATty + 1, + 1, ) + (2T — 1)} = -~

and the associated cubic equation is

60T > + 12T,u* + 2T, — 1)u +% =0
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A “Limiting curve” ?

6ﬂn<ﬂn—1 (:Bn—2 +ﬁn—1 + ﬂn +ﬁn+1> +:5n (ﬂn—l +ﬁn + ﬂn+1) + ﬂn+1 (ﬂn +:Bn+1 +ﬂn+2))
—47 ﬂn(ﬂn—l +an +ﬂn+1) -2t ﬁn =Hn

Asymptotic behaviour:

p, ~ pn), as n— oo,
where ff(n) is the f-curve
603° — 127f% + 2x7*p = n.

k=2
)

x
|
x
|-
S

o |
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Case (i) x> 1/4+¢ and 7 =20 “one-branch case”

o —
- ;
m\‘
- '/
_ \
3 34 <
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'/

Case (i) x> 2/5 and 7=20 “one-branch case

37 0.005 -
' 0.004 - ﬂ
N .
0.003 -
0.002 1 #'
11 .
0.001 - 1
i . {
() r
0 - : : : : : : : , 100 00 300
0 100 200 300 400 '
—0.001 -

B, — B(n) for 0 <n <400

0<n<400 (x=0.425
P for0<n< (K ) (x = 0.425)

32 University of Kent



: 1 2 W "
Case (i) —+e<Kk< - and 7 = 20 one-branch case

n

1500
n n

T =050, k= 0.325 T=950, Kk=0.35
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Case (ii): 7> 0 and KZ%

In this case the weight is

w(z;7) = exp {—z°(z* — 37)°}

Plotting s, 53141, Banto

3
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Case (ii):

Settlng ,B3n = ¢ and ﬂ3n:|:1 = v 1n

T>Oaﬂd K:Z

1

6ﬁn (/Bn—Zﬁn—l + ﬁyz;,—l + 25n—1ﬁn + ﬁn—lﬁn&l + /372;, + Q/Bnﬂfrwl + 57%,4-1 + ﬁn+1ﬁn+2)
- 4Tﬁn(ﬁn—1 + ﬁn T Bn-l—l) + %Tzﬁn =N

gives

6u(u’ + duv + 50%) — 4ru(u + 20) + sT°u =n
6v(u” + Suv + 4v*) — drv(u + 20) 4+ 377V = n

and then it can be shown that « and v satisfy the cubics

1202 — 127u% + 37°u — 8n =0
120° — 3702 +n =0

Setting (5, = £ gives
608° — 1278° + :7°B =n

All three cubics meet at the point

T
36’ 6

35
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n

—
—
——

—
-_—
/’
-

T T
0 20

T T T
40 60

T
80

ﬂSn

1
100

Case (ii): 7> 0 and KZ%

—
e
—
—
.
—
—
—
—
—
e

1 T T T T T T T T T T r T T T ]
0 50 100 150 0 50 100 150 200

12u° — 1270’ + 37%u — 8n =0

5371—1—17 B3n+2 1203 — 3702 +n =20

608 — 12782 + 1128 =n
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—0.005-

Case (ii):

7> 0 and « =

1

5+
4-
4-
34
31 __-—"——_———. ...
_—-—"‘""——__-— o.. ,/"—————— g
/——"’ ° —
n R — n
2
g ~
I-
\\ ~N
N N
\ \
)
0 — T T T T T T 1] 0 ™ T T T T T T 1
0 50 100 150 0 50 100 150 200 250
n n
0‘02_ 0.02_
0.014 0.014
0 T T T L T 0 T T T T 1
- I 10 15 20 25 . " 2% 30 50
—-0.01- —-0.01-
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Case (iii) 0 <k < %—e and 7 = 20 “two-branch case”

Setting B, = u, fons1 = v and t = —x7% in
681 (Bn—28n-1+ Ba_1 + 2Bn—1Bn + Bn-1Bn+1 + Ba + 2BnBrs1 + Briy + But1Bn+2)
— 4780 (Bn—1 + Bn + Bnt1) — 2B =mn
gives the system
6u(u® + 6uv + 3v*) — 4ru(u + 2v) + 2677w =n
6v(3u® + 6uv + v°) — 4Tv(2u 4+ v) + 267V =n

Letting u = £ —npand v = £ + 1) gives
144€% — 727€% + 4(2 4 3Kk)7%¢ — 2673+ 3n =0
1= (3¢ = 26 + bur?)

1/2
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Case (iii) 0 <k < %—e and 7 = 20 “two-branch case”

6u(u’ + 6uv + 3v°) — dru(u + 20) 4+ 267°u = n
6v (3u2 + buv + '02) —47v(2u 4+ v) + 2KV = n

ng = %(% — fs;)3/27'3
- [2(4 —27K) + (4 — 18k)*2] 7
"2 = 243
Note that
ng = 0 = K= %
2(4 — 27k) + (4 — 18k)3/2
%(%_H)WZ:[ ] - HZ-%

243
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Caseliii): Evolution of 0 < k < %—e and 7 =25

161 15

14 ] \ \
. N - :'.___
2] KA | e

10- ;-'-:. 10‘-

[ °° oA
-" : ‘.-

° °° ..l [
. ) ..' o o % o e ..:,
v == — _"'L‘.'}b

e e { | — o,
.'-. .
° L] L ‘.
] > % ® ee®o -. ----- * ..l‘lﬁ.'
.o S ° "- o .:.'.-'
L] ()
27 .f"/ -"*..
B

0 T T T T T T T T T T T T T T 1
0 200 400 600 800 1000 1200 1400 1600 1800

k=0 1

1517

157

s o
. ':.“‘.'$"..0~

0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700
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Evolution of

K—%‘ <e and 7 =25

0 100 200 300 400 500

k = (0.249

1 T T T T T T T T T T T 1
600 0 100 200 300 400 500 600

k = 0.24999

0 100 200 300 400 500

k = 0.25001

600 0 0 100 200 300 400 500 600
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Evolution of 0 <k < %+€ and 7 =25
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“three-branch case
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Case (v): k<0 and 7> 0. Critical value x = _Z
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Summary

Ux) = 2° — 72* — t2?, k= —t/T°
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T>0, ;<K<?2
>0, 0<Kk<j
7>0, -2 <Kk <0

T >0, h',<—§

T > 0, H}>%
T<K<Z K> 2
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