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Let K Ă G be connected reductive algebraic groups over C.

Definition

G{K is called spherical if CrG{K s is a multiplicity free G -module.
Equivalently, pG ,K q is called a reductive spherical pair.

EXAMPLES.
Symmetric varieties: K “ pGϑq˝ for some ϑ P InvpG q, e.g.

SLn{SOn, SL2n{Sp2n, SOn{SOn´1

Non-symmetric exampes:

SL2n`1{Sp2n, SO2n`1{GLn, SO8{G2

We will assume that G is simple and simply connected.

The classification of the reductive spherical pairs with G simple
goes back to Krämer (1979).
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Let X “ G{K spherical. Consider the decomposition of G -modules

CrX s “
à

λPΛ`
X

EX pλq

with EX pλq » V pλq irreducible of highest weight λ P Λ`

‚ Λ`X is called the weight monoid of X .

‚ The weight lattice of X is the lattice ΛX generated by Λ`X .

The weight monoid and weight lattice of X are well understood.

Problem

Given λ, µ P Λ`X , determine the decomposition of EX pλq ¨ EX pµq:
for which ν P Λ`X does it hold EX pνq Ă EX pλq ¨ EX pµq?

Somehow, Λ`X behaves as a monoid of dominant weights for a root
datum pΦX ,ΛX q attached to X , which generalize the restricted
root system of a symmetric variety.

We will be interested in the case where ΦX is of type A.
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The zonal spherical functions of a spherical pair

Let pG ,K q be a reductive spherical pair, X “ G{K . Then

CrX s “ CrG sK »
à

V pλq˚ b V pλqK

Being multiplicity free amounts to the property

dimV pλqK ď 1 @λ P Λ`

The weights in CrX s “
À

λPΛ`
X
EX pλq are given by

Λ`X “ tλ P Λ` | dimV pλqK “ 1u

Fix nonzero elements ϕλ P EX pλq
K , for all λ P Λ`X : these are the

zonal spherical functions of X . They form a basis of

CrX sK “
à

λPΛ`
X

EX pλq
K “ CrG sKˆK

‚ Write ϕλ ¨ ϕµ “
ř

aνλ,µϕν , then [Ruitenburg, 1989]

EX pνq Ă EX pλq ¨ EX pµq ðñ aνλ,µ ‰ 0
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Zonal spherical functions and Jacobi polynomials

Let X “ G{K symmetric, K “ Gϑ. Fix in G a maximal split torus
A, namely

ϑpaq “ a´1 @a P A

Let T Ă G be a maximal torus containing A, then T is ϑ-stable.
Let AX “ A{AX K . Then Λ`X “ ΛX X Λ` and

ΛX “ tχ´ ϑpχq : χ P Λu » X pAX q.

‚ The restricted root system (possibly non-reduced) of X is

rΦX “ tα´ ϑpαq : α P Φ, α ‰ ϑpαqu

Its weight lattice is ΛX , and we can choose a basis ∆X Ă
rΦX

so that Λ`X identifies with the dominant weights of ΦX .

‚ rΦX comes with a multiplicity function

mX pα̃q “ |tα P Φ : α´ ϑpαq “ α̃u|

‚ Its Weyl group is the little Weyl group

WX “ NK pAq{ZK pAq
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By a theorem of Richardson, restriction gives an isomorphism

CrX sK „
ÝÑ CrAX s

WX

The image of the ϕλ is the Jacobi polynomial P
pkq
λ associated to

ΦX Ă X pAX q, evaluated at k “ mX {2.

Problem.How to decompose the product of two Jacobi polynomials?

Assume that Φ̃X of type An.

Conjecture (Stanley 1989)

Write P
p1{kq
λ P

p1{kq
µ “

ř

bνλ,µpkqP
p1{kq
ν . Then bνλ,µpkq is the ratio of

two polynomials in k with non-negative integer coefficients.

Stanley’s Pieri rule: the conjecture is true if rΦX is of type A1.

Recall the decomposition ϕλ ¨ ϕµ “
ř

aνλ,µϕν . Thus

EX pνq Ă EX pλq ¨ EX pµq ðñ aνλ,µ ‰ 0 ðñ bνλ,µp2{mX q ‰ 0

‚ Another important specialization of P
pkq
λ is at k “ 1:

(slightly abusing, we identify partitions of lengthďn and dominant weights for rΦX )

up to scalars, P
p1q
λ is (the image of) the Schur polynomial sλ.

Write sλ ¨ sµ “
ř

ν c
ν
λ,µsν : then cνλ,µ ‰ 0 ðñ bνλ,µp1q ‰ 0
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Corollary

Suppose X is symmetric with rΦX of type A, and let λ, µ, ν P Λ`X .
Let GX be the simple group with based root system ∆X Ă ΦX and
weight lattice ΛX . If Stanley’s conjecture is true, then

EX pνq Ă EX pλq ¨ EX pµq ðñ VX pνq Ă VX pλq b VX pµq.

In particular, this is true if rΦX of type A1.

In a slightly different form, considered by [Graham-Hunziker, 2009].

Table: Symmetric pairs with G simple and restricted root system of type A

G K rΦG{K mG{K

SLn, n ě 2 SOn An´1 1

SL2n, n ě 2 Sp2n An´1 4

SOn, n ě 5 SOn´1 A1 n ´ 2

E6 F4 A2 8
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The case of a spherical pair

Let now pG ,K q be a reductive spherical pair, and set X “ G{K .
The root monoid of X is

MX “ xλ` µ´ ν | λ, µ, ν P Λ`X , EX pνq Ă EX pλq ¨ EX pµqyN

Theorem (Knop 1994 + Avdeev–Cupit-Foutou 2018)

MX is a free monoid, and the set of free generators ∆X ĂMX is
the base of a (reduced) root system ΦX .

In general, ΛX is not contained in the weight lattice of ΦX .
However it is possible to define a map

ΦX ÝÑ HomZpΛX ,Zq α ÞÝÑ α_

giving rise to a based root datum
RX “ pΛX ,∆X ,∆

_
X q

‚ In this way, the weight monoid Λ`X gets identified with a
submonoid of dominant weights for RX .

‚ If X is is symmetric, RX is semisimple and ΦX is the reduced
root system associated to the restricted root system of X .
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Let GX be the reductive group defined by RX , then

Λ`X ÝÑ IrrpGX q λ ÞÝÑ VX pλq

Recall the decomposition of G -modules

CrX s “
à

λPΛ`
X

EX pλq, EX pλq » V pλq

Conjecture (Bravi-G.)

Recall that G is simple, and let X “ G{K with ΦX of type A.
If λ, µ, ν P Λ`X , then

EX pνq Ă EX pλq ¨ EX pµq ðñ VX pνq Ă VX pλq b VX pµq

Theorem (Bravi-G.)

‚ If X ‰ F4{B4, then the previous conjecture is a consequence
of Stanley’s conjecture.

‚ Suppose that ΦX is direct sum of root systems of type A1,
and assume X ‰ F4{B4. Then the previous conjecture is true.
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Table: The other reductive spherical pairs with G simple and ΦX of type A

G K ΦG{K Sym

SLn, n ě 3 SLn´1 A1

SLn, n ě 3 GLn´1 A1 BC1

SL2n`1, n ě 2 Sp2n An ˆ An´1

SL2n`1, n ě 2 GL1ˆ Sp2n An ˆ An´1

Sp2n, n ě 2 GL1ˆSp2n´2 A1 ˆ A1

Sp2n, n ě 3 Sp2ˆSp2n´2 A1 BC1

Spin7 G2 A1

Spin9 Spin7 A1 ˆ A1

Spin8 G2 A1 ˆ A1 ˆ A1

F4 Spin9 A1 BC1

G2 SL3 A1

10 / 13



We do not have Jacobi polynomials in the non-symmetric setting.
But we can reduce to the symmetric case!

‚ Several of the previous example correspond to exotic
homogeneous actions on spheres:

G2{SL3 » SO7{SO6

Spin7{G2 » SO8{SO7

Spin9{Spin7 » SO16{SO15

SLn{SLn´1 » SO2n{SO2n´1

‚ Other of the previous examples are also connected to exotic
actions on symmetric varieties:

SL2n`1{Sp2n » SL2n`2{Sp2n`2

Sp2n{rGL1 ˆ Sp2n´2s » SL2n{GL2n´1

SO8{G2 » SO8{SO7 ˆ SO8{Spin7
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‚ When the root systems of the two varieties are not
isomorphic, we can find a symmetric subvariety which
completes the picture.

For example:

GL2n{Sp2n ãÑ SL2n`1{Sp2n » SL2n`2{Sp2n`2

An´1 An ˆ An´1 An

In the previous setting, the maps Z ãÑ X
„
Ñ Y induce an isogeny

RX ÝÑ RY ‘RZ λ ÞÝÑ ppλ, λ̄q

compatible with the multiplication: if λ, µ, ν P Λ`X , then

EX pνq Ă EX pλq ¨ EX pµq ðñ
EY ppνq Ă EX p

pλq ¨ EX ppµq
EZ pν̄q Ă EZ pλ̄q ¨ EZ pµ̄q

The isogeny is described as follows. If λ P Λ`X , then

‚ pλ P Λ`Y is the unique weight such that EX pλq Ă EY p
pλq

‚ λ̄ P Λ`Z is the weight such that EZ pλ̄q is the image of EX pλq
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Thank you
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