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Hermite (1873): Q-linearly independence of 1, €%, ... e for distinct ¢;,z € Qq
— transcendence of e

Idea:

1. construct simultaneous rational approximants to e ..., e*
— use Hermite-Padé approximation

2. show that their quality is good enough to conclude Q-linearly independence
— use Nesterenko's criterion



Motivation: Hermite's proof - Hermite-Padé approximation

Idea: simultaneously approximate r generating functions f; of weights w; at infinity

mj i
)= 3 Gk m= [ wlodax

k>0
Possibilities:
® (type |) approximate a polynomial combination of the f; by a polynomial

3 As()6(2) ~ Bi(2) = O, 25 o

— (As1,...,As,) is a type | MOP w.rt. (wy,...,w,)
® (type Il) approximate each f; by a rational function having a common denominator

Pi(2)fi(2) — Qaj(2) = O(z""7%), z— 00, j=1,...,r

— Py is a type Il MOP w.r.t. (wy,...,w,)



Motivation: Hermite's proof - Hermite-Padé approximation

Idea: simultaneously approximate r generating functions f; of weights w; at infinity

mj i
)= 3 Gk ms— [ wlodax

k>0

Possibilities:

® (type I) approximate a polynomial combination of the f; by a polynomial

ZAM(Z — Bi(2) = O(z7I™), z—

— (As1,.-.,As,) is a type | MOP w.rt. (wy,...,w,)
— use type | Hermite-Padé approximants of

Z Kl ( k+1

k>0



Motivation: Hermite's proof - Nesterenko's criterion

Lemma (Nesterenko's criterion)

Let x1,...,x € R and suppose there exists (pjn)neny C Z and an increasing function
o : R — (0,00) with lim;_ o(t) = 00 and limsup,_, ., o(t+ 1)/o(t) = 1 such that

D) max{|pjal |i=1,...,r} < e,
ii) Cle_Tla(n) < ‘E_;:l Pj,nXj — Po,n

Then + 1
. 71
d 1 r >_ N
IIIQspanQ{ y X1 aX} 1 8l T

< e 9" for some ¢, ¢, 71,7 > 0.

— if 1 =71 = rthen 1,xq,...,x are Q-linearly independent



Motivation: E-functions

Hermite (1873): Q-linearly independence of 1, &%, ..., e%* for distinct ¢;, z € Qp
— can we generalize Hermite’s result?

Answer: yes, due to work of Siegel/Shidlovskii/Chudnovsky/Zudilin
— can also consider suitable E-functions

zk fr € Q for all k,
flz) = Z ka, fx grows at most exponentially in k,
k=0 common denom of fy, ..., f, grows at most exponentially in n.

Examples: hypergeometric functions Zkzo(é')k/(t_;)kzk with 3 € (Q=0)?, b € (Qs0)? and p < g

Trade-off: approximants are only known implicitly



Motivation: Bessel-like MOP

Hermite (1873): Q-linearly independence of 1, €%, ..., %% for distinct ¢;, z € Qp
— can we generalize Hermite’s construction?
Answer: yes

® Step 1: construct Bessel-like MOP
— simultaneous approximants of

F+1
P T Gty LI Sy R
oo (b+ 27 &+ 1)k

® Step 2: extend Bessel-like MOP
— simultaneous approximants of

a+1
Z - (a+ _?k (C,'Z)k, ]-S./qu i:]-?"'am
oo (b+ 201 &+ 1

e Step 3: HOPE that Nesterenko’s criterion is applicable



Bessel-like setting

Consider g weights with moments of the form

- M(s+3 -
/Wf(z;E,b)zs_ldz:(s—i_a)q, Fe(-1,00, be(-1,00)9 p<g
A Ms+b+§)

Suppose that i € N'9. The moments of the type | functions are given by

SRy S | Clut) BT
/AFn( 7= e S

The type | polynomials are given by

n K—1+3;
a9 n-l bJ+K+1)\n\ ] ij(b by— K)i,(bj— by — Kk
J=

(83— b1
Aij(2) = ==
’ (b— bfZlKZO 1(bi = by — K)n (38— b= Kt

! k=0

The type Il polynomials are given by

al,b+n+1
Pﬁ(z)zﬁﬂ( Ila—i—l z>



Extended Bessel-like setting

10

Consider multiple orthogonality w.r.t. U, w(cz 3, b) where #(z 3, b) is a B-like system
— mq weights with moments of the form

1 T(s+3) -

w-c-z;E,B,EzS‘ldz:— = , dec(—1,00)", be —1,00)9, p<gq
//\/c,» e ) GT(s+b+ &) ( ) ( )

—

Suppose that N = U™, n. The moments of the type | functions are given by

M(s+ 3) i —s—1

i _ _dt
M(s+ b+ ) Je [T2.(t— )l

/ Fa(2)7 =

— explicit expressions for type | polynomials
The type Il polynomials are given by

—IN|,b+A+1 5 ,
PN(Z) = q+1Fp< | |3+ 1 ,Z) &N H(l - C,'Z)‘n‘.



Extended Bessel-like setting: quality of approximants

The extended Bessel-like MOP solve the type | Hermite-Padé approximation problem

m

Z ZAK/,;J(Z) Z (3-+ L L — By(2) = O(zflm), z— 00

=1 j=1 k>0 (b+ Y0, &+ 1)k (c2)

Results for N = (n,...,n), 3€Qr, be Q9 (with p < q), ¢€ QF and z € Qp:
® (Diophantine quality) As n — oo,
A /(2), By(2) < C'nl7P, dnAg; (2), dnBf(2) € Z for some (dy) C N with d, ~ D"
® (Approximation quality) As n — oo,
En(2) = Er(i+o(1)) p1—am(a—p)

— can apply Nesterenko’s criterion with 71 = 7 = mq
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Jacobi/Laguerre-like setting: appearances in the literature

Consider p slight variations of a weight w(x; 3, b) with moments

/ w(x; 3, b)x* ldx = F(s——i—i)
A M(s+ b)

Particular examples (g < p =2):

, Fe(-1,00)", be(-1,0)9, p>gq

on the step-line around and below the step-line all multi-indices
qg=2 Gauss' hypergeometric — Incomplete beta function —— Jacobi-Pifieiro® (2 par.)

functions?

l

q = 1| Confluent hypergeometric Exponential integral4
functions? (incomplete gamma function)

l Laguerre

Jacobi (2 par.) Jacobi (1 par.)

g =0/ K-Bessel functions®

1: (Lima-Loureiro, 2021), 2: (Lima-Loureiro, 2020), 3: (Van Assche-Yakubovich, 2000),
4: (Van Assche-W., 2023), 5: (Smet-Van Assche, 2010)
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Jacobi/Laguerre-like setting: appearances in the literature

Consider p slight variations of a weight w(x; 3, B) with moments

M(s+ a) -
—_, de(-1,0)P, be(-1,00)%, p=>gq
I(s+ b) ( ) ( )

/ w(x; 3, b)x* ldx =
A
Other appearances in the literature:

® (p,0)-case (Kuijlaars-Zhang, 2014)
— connection to random matrices

® general (p, g)-case (Sokal, 2022)
— connection to branched continued fractions

13



Jacobi/Laguerre-like setting: the MOP

Consider p slight variations of a weight w(x; 3, B) with moments

Ms+3)

=, Fe(~1,00), be(-1,0) p>gq
I(s+ b) ( ) ( )

/ w(x; 3, b)x* ldx =
A

Suppose that ALl m € NP, m € SP~9. The Mellin transform of the type | functions is

Ms+3)

F;;,y,XXs_ldX: = 1 —S)im41ml—
/Au() r(s+b+ﬁ)( )|7l-+] -1

The type Il polynomials are given by

—[A] = |m b+ A+1
a+1 '

Prum(X) = g+1Fp (

— behavior of zeros in (Lima, 2023) or use finite free convolution as in [1]

LA. Martinez-Finkelshtein, R. Morales, D. Perales, Real roots of hypergeometric polynomials via finite free
convolution, Preprint available at arXiv:2309.10970 (2023).
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Jacobi/Laguerre-like setting: connection to random matrices

The type Il polynomials are given by

i | B A1
Pﬁum(X)=q+1Fp< Al = [ml, b+ 7i+ ;x)

a+1

— Paum(x) = E[HJNZI(X— x;)] taken over the SSV of X = G,... Ggy1T4... T1 with
® T;: (N+ aj) x (N+ aj_1) truncation of (N+ nj+ b;) x (N+ nj+ b;) random unitary matrix
® Gj: (N+ aj) x (N+ aj_1) Ginibre matrix

In fact, the SSV of X are a MOP ensemble associated with w(x; 3, b)

Conclusion: SSV of G,...Gg1Tg... T1 <> zeros of J/L-like MOP
— natural to study zeros of MOP with finite free convolution
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Extended Jacobi/Laguerre-like setting

-,

Consider multiple orthogonality w.r.t. L™, #(cix; 3, b) where W(x; 3, b) is a J/L-like system
Particular examples:
* 3=(a),b=(): (cx)*e " on (0,00)/cifori=1,....m
— multiple Laguerre polynomials of 2nd kind if all ¢; > 0
° 3=(a),b=(a+p): (cx)*(1—cx)? on (0,1)/c;fori=1,...,m
— multiple Jacobi polynomials of 2nd kind if all ¢; > 0

Suppose that N = LM (AU m). The moments of the type | functions are given by

r t\N| s—1
/ FN(X)XS_ldX— (s+3) _dt.
. [(s+ b+ ) Je TIZ, (t— )i

The type Il polynomials are given by

oo m
—|IN,b+7A+1
PK/(X) :q+1Fp< I ‘5+1 ,X) Xy H(l—cl )|n|+|m|
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Extended Jacobi/Laguerre-like setting: connection to random matrices

The type Il polynomials are given by

—N, b+i+1 ] O Ail+|
Py(x) = g11Fp ( 541 ,x) Xy 11(1 — c,-x)\ [+ m]
=
— Pj(x) = E[[], (x — x))] taken over the SSV of XC with
® X=Gp...Ggp1Tq... Ty similarly as before
® C (N+ap) x N (deterministic) matrix with SSV ¢; %, ..., ¢! each of multiplicity |A| + ||
In fact, the SSV of XC are a MOP ensemble associated with U™, #(c;x; 3, b)

Conclusion: SSV of G,...Ggr1Tq... T1C > zeros of extended J/L-like MOP
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Open problems

Open problems:
® nature of extended system of weights: AT-system, Nikishin system, something else?

e further classification of known multiple orthogonal polynomials?

> multiple Laguerre polynomials of 1st kind?
» MOP associated with FBessel functions?
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Any questions?



