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� ­ áâ®ïé¥© à ¡®â¥ ¨áá«¥¤ãîâáï  à¨ä¬¥â¨ç¥áª¨¥ á¢®©áâ¢  áâ¥¯¥­­ëå à §«®¦¥Ä
­¨©, á¢ï§ ­­ëå á ®¡®¡é¥­­ë¬¨ £¨¯¥à£¥®¬¥âà¨ç¥áª¨¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥Ä
­¨ï¬¨ ¨ àï¤ ¬¨. �¯à¥¤¥«ïï àï¤ë f(z); g(z) ¯® áâ¥¯¥­ï¬ z â ª¨¬ ®¡à §®¬, çâ® f(z) ¨
f(z) log z + g(z) ã¤®¢«¥â¢®àïîâ £¨¯¥à£¥®¬¥âà¨ç¥áª®¬ã ãà ¢­¥­¨î ¯à¨ á¯¥æ¨ «ì­®¬
¢ë¡®à¥ ¯ à ¬¥âà®¢, ¬ë ¤®ª §ë¢ ¥¬, çâ® àï¤ q(z) = zeg(Cz)=f(Cz) ¯® áâ¥¯¥­ï¬ z ¨
¥£® ®¡à é¥­¨¥ z(q) ¯® áâ¥¯¥­ï¬ q ¨¬¥îâ æ¥«®ç¨á«¥­­ë¥ ª®íää¨æ¨¥­âë (¯®áâ®ï­­ ï C
§ ¢¨á¨â ®â ¯ à ¬¥âà®¢ £¨¯¥à£¥®¬¥âà¨ç¥áª®£® ãà ¢­¥­¨ï). �¥«®ç¨á«¥­­®áâì à §«®¦¥Ä
­¨ï z(q) ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª  ï¢«ï¥âáï ª« áÄ
á¨ç¥áª¨¬ à¥§ã«ìâ â®¬; ¤«ï ¯®àï¤ª  ¢ëè¥ 3 ç áâ¨ç­ë¥ à¥§ã«ìâ âë ¡ë«¨ ­¥¤ ¢­® ãáâ Ä
­®¢«¥­ë�¨ ­®¬ ¨�ã. � á¢®¥¬ ¤®ª § â¥«ìáâ¢¥, ¯®«ì§ãïáì p- ¤¨ç¥áª®© â¥å­¨ª®©�¢®àÄ
ª , ¬ë ®¡®¡é ¥¬ áå¥¬ã ¨å à ááã¦¤¥­¨©.

�¨¡«¨®£à ä¨ï: 11 ­ §¢ ­¨©.

1. �¢¥¤¥­¨¥. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ æ¥«®¥ ç¨á«® N > 2, ¨ ¯ãáâì N = ps11 ×
ps22 · · · p

sl
l { ¥£® à §«®¦¥­¨¥ ­  ¯à®áâë¥ ¬­®¦¨â¥«¨,   æ¥«ë¥ q1; q2; : : : ; qk, 1 = q1 < q2 <

· · · < qk < N , ®¡à §ãîâ ¯®«­ë© ­ ¡®à ®áâ âª®¢ ¯à¨ ¤¥«¥­¨¨ ­  N , ¢§ ¨¬­® ¯à®áâëå á
á ¬¨¬ ç¨á«®¬ N . �®«¨ç¥áâ¢® ç¨á¥« k ¢ íâ®¬ ­ ¡®à¥ § ¤ ¥âáï å®à®è® ¨§¢¥áâ­®© ä®à¬ãÄ
«®©

k = N

(
1− 1

p1

)(
1− 1

p2

)
· · ·
(
1− 1

pl

)
(1)

(á¬., ­ ¯à¨¬¥à, [1, ®â¤. 8, § ¤ ç  25]). � § ¤ ­­ëå ®¡®§­ ç¥­¨ïå á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥
ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  1. �«ï æ¥«®£® N > 2 ®¯à¥¤¥«¨¬ ¯®«®¦¨â¥«ì­ãî ¯®áâ®ï­­ãî

CN := Nk ·
∏
p|N

pk=(p−1) =

( l∏
j=1

p
sj+1=(pj−1)
j

)k
; (2)

ª®â®à ï ï¢«ï¥âáï æ¥«ë¬ ç¨á«®¬ , ¯®áª®«ìªã (p − 1) | k ¤«ï «î¡®£® p | N á®£« áÄ

­® (1). �®£¤  ¤«ï «î¡®£® æ¥«®£® m > 0 ç¨á«®

A(m) = AN (m) := CmN ·
(q1=N )m(q2=N )m · · · (qk=N )m

m!k
(3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ¯®¤¤¥à¦ª¥ ®¡ê¥¤¨­¥­­®£® ¯à®¥ªâ  ä®­¤  INTAS¨�®áá¨©áª®Ä
£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­âò IR-97-1904, ¨ �®áã¤ àáâ¢¥­­®© ­ ãç­®© áâ¨¯¥­Ä
¤¨¨ �®áá¨©áª®© �� ¤«ï ¬®«®¤ëå ãç¥­ëå.
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ï¢«ï¥âáï æ¥«ë¬ (¯®«®¦¨â¥«ì­ë¬) ç¨á«®¬. �¤¥áì (x)m = x(x + 1) · · · (x +m − 1)
¤«ï m > 1 ¨ (x)m = 1 ®¡®§­ ç ¥â á¨¬¢®« �®å£ ¬¬¥à .

�ë ¤®ª §ë¢ ¥¬ íâ® ãâ¢¥à¦¤¥­¨¥ ¢ ¯. 3, ­® ¤«ï ¨««îáâà æ¨¨ ¯à¨¢¥¤¥¬ ¤¢  ¯à®áâëå
ç áâ­ëå á«ãç ï. �á«¨ N = ps ï¢«ï¥âáï áâ¥¯¥­ìî ¯à®áâ®£® ¨, §­ ç¨â, k = ps − ps−1, â®
¢ë¡®à CN = psp

s−(s−1)ps−1 ¯à¨¢®¤¨â ª æ¥«ë¬ ç¨á« ¬

A(m) =
(psm)!

(ps−1m)!m!ps−ps−1
; m = 0; 1; 2; : : : :

�á«¨ N = p1p2, â® k = (p1 − 1)(p2 − 1) ¨ ¢ë¡®à CN = p
p1(p2−1)
1 p

(p1−1)p2
2 ¤ ¥â æ¥«ë¥

ç¨á« 

A(m) =
(p1p2m)!

(p1m)! (p2m)!m!p1p2−p1−p2
; m = 0; 1; 2; : : : :

�®£« á­® «¥¬¬¥ 1 ®¡®¡é¥­­ë© £¨¯¥à£¥®¬¥âà¨ç¥áª¨© àï¤

f(z) = fN (z) := kFk−1

(
q1=N;q2=N; : : : ; qk−1=N;qk=N

1; 1; : : : ; 1

∣∣∣ CN · z) =
∞∑
m=0

A(m)zm (4)

¨¬¥¥â æ¥«ë¥ ª®íää¨æ¨¥­âë ¢ à §«®¦¥­¨¨ ¯® áâ¥¯¥­ï¬ z.

�®« £ ï

D(x;m) =
d

dx
log(x)m =

m∑
n=1

1

x+ n− 1
; x ∈ (0; 1]; m = 0; 1; 2; : : : ;

D(m) = DN (m) :=
k∑
j=1

D

(
qj
N
;m

)
− kD(1;m); m = 0; 1; 2; : : : ;

(5)

à áá¬®âà¨¬ â ª¦¥ áâ¥¯¥­­®© àï¤

g(z) = gN (z) :=
∞∑
m=0

A(m)D(m)zm =
∞∑
m=1

A(m)D(m)zm; (6)

ª®íää¨æ¨¥­âë ª®â®à®£®, ¢®®¡é¥ £®¢®àï, ã¦¥ ­¥ ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨. �¡  àïÄ
¤  (5), (6) áå®¤ïâáï ¢ ®ªà¥áâ­®áâ¨ â®çª¨ z = 0 (¡®«¥¥ â®ç­®, ¯à¨ |z| < 1=CN ); ªà®¬¥
â®£®, ¯à¨ N > 2 ¢ íâ®© ®ªà¥áâ­®áâ¨ äã­ªæ¨¨ f(z) ¨ f(z) log z + g(z) ï¢«ïîâáï «¨­¥©­®
­¥§ ¢¨á¨¬ë¬¨ à¥è¥­¨ï¬¨ «¨­¥©­®£® ®¤­®à®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

((
z
d

dz

)k
− CN · z

(
z
d

dz
+
q1
N

)(
z
d

dz
+
q2
N

)
· · ·
(
z
d

dz
+
qk
N

))
y = 0: (7)

�à ¢­¥­¨¥ (7) ï¢«ï¥âáï ®¡®¡é¥­­ë¬ £¨¯¥à£¥®¬¥âà¨ç¥áª¨¬ ãà ¢­¥­¨¥¬, à¥è¥­¨ï ª®â®Ä
à®£® ®¡« ¤ îâ ¬ ªá¨¬ «ì­®© ã­¨¯®â¥­â­®© ¬®­®¤à®¬¨¥© ¢ á¬ëá«¥�®àà¨á®­  (á¬.
[2, §1], [3, §4.2]).
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�¥®à¥¬  1. �ãáâì ¤«ï § ¤ ­­®£® æ¥«®£® N > 2 áâ¥¯¥­­ë¥ àï¤ë f(z) = fN (z),
g(z) = gN (z) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (3){(6). �®£¤  ª®íää¨æ¨¥­âë áâ¥¯¥­­®£®

à §«®¦¥­¨ï

q(z) := exp

(
f(z) log z + g(z)

f(z)

)
= z · exp

(
g(z)

f(z)

)
ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨.

� á«ãç ¥ ¯à®áâ®£® N ¤ ­­ ï â¥®à¥¬  ¡ë«  ¤®ª § ­  �¨ ­®¬ ¨ �ã [4, â¥®à¥¬  5.5] á
¯®¬®éìî p- ¤¨ç¥áª®© â¥å­¨ª¨ �¢®àª  [5]. � ­ áâ®ïé¥© à ¡®â¥ ¬ë ã¯à®é ¥¬ ¬¥â®¤ à Ä
¡®âë [4] ¨ ¤®ª §ë¢ ¥¬ ¡®«¥¥ ®¡é¨¥ à¥§ã«ìâ âë. �¤­ ª®, ¯®-­ áâ®ïé¥¬ã ®¡é¥¥ ãâ¢¥à¦Ä
¤¥­¨¥, ¬®â¨¢¨à®¢ ­­®¥ à¥§ã«ìâ â ¬¨ à ¡®âë [5] ¨ ç¨á«¥­­ë¬¨ íªá¯¥à¨¬¥­â ¬¨, ¬®¦¥â
¡ëâì áä®à¬ã«¨à®¢ ­® ¢ á«¥¤ãîé¥¬ ¢¨¤¥.

�¨¯®â¥§ . �ãáâì N1; N2; : : : ; Nr { æ¥«ë¥ ç¨á«  , Nj > 2 ¤«ï ¢á¥å j = 1; : : : ; r;
ç¨á«®¢ë¬ ¯®á«¥¤®¢ â¥«ì­®áâï¬

A(m) = AN1(m)AN2(m) · · ·ANr (m); m = 0; 1; 2; : : : ; (8)

D(m) = DN1(m) +DN2(m) + · · ·+DNr (m); m = 0; 1; 2; : : : ; (9)

®â¢¥ç îâ áâ¥¯¥­­ë¥ àï¤ë

f(z) :=
∞∑
m=0

A(m)zm; g(z) :=
∞∑
m=1

A(m)D(m)zm: (10)

�®£¤  ª®íää¨æ¨¥­âë áâ¥¯¥­­®£® à §«®¦¥­¨ï

q(z) := z · exp
(
g(z)

f(z)

)
ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨.

�«¥¤áâ¢¨¥. �«ï ¯à®¨§¢®«ì­®£® N > 2 ®¯à¥¤¥«¨¬ áâ¥¯¥­­ë¥ àï¤ë

f(z) := N−1FN−2

(
1=N; 2=N; : : : ; (N − 2)=N; (N − 1)=N

1; 1; : : : ; 1

∣∣∣ NN · z
)
=
∞∑
m=0

(Nm)!

m!N
zm;
(11)

g(z) :=
∞∑
m=1

(Nm)!

m!N

(N−1∑
j=1

D

(
j

N
;m

)
− (N − 1)D(1;m)

)
zm:

�®£¤  ª®íää¨æ¨¥­âë áâ¥¯¥­­®£® à §«®¦¥­¨ï

q(z) := z · exp
(
g(z)

f(z)

)
ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨.

�«ï¢ë¢®¤  á«¥¤áâ¢¨ï¤®áâ â®ç­® ¢ ª ç¥áâ¢¥ ­ ¡®à  æ¥«ëåç¨á¥« {Nj}j=1;:::;r ¢ ãá«®Ä
¢¨ïå £¨¯®â¥§ë ¢ë¡à âì{

p�11 p�22 · · · p
�l
l : 0 6 �j 6 sj ; j = 1; : : : ; l; �1 + �2 + · · ·+ �l > 0

}
;

£¤¥ N = ps11 p
s2
2 · · · p

sl
l { à §«®¦¥­¨¥ ç¨á«  N ­  ¯à®áâë¥ ¬­®¦¨â¥«¨.

� è ¢ª« ¤ ¢ ç áâ¨ç­®¥ à¥è¥­¨¥ £¨¯®â¥§ë ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ ­ á«¥¤ãîé¨¬
®¡à §®¬.
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�¥®à¥¬  2. �ãáâì N1; N2; : : : ; Nr { æ¥«ë¥ ç¨á«  , Nj > 2, ¯à¨ íâ®¬ «î¡®¥ ¯à®áÄ

â®¥ p, ¤¥«ïé¥¥ ¯à®¨§¢¥¤¥­¨¥ N1N2 · · ·Nr, ¤¥«¨â ª ¦¤®¥ Nj , j = 1; : : : ; r (­ ¯à¨Ä
¬¥à, N1 = N2 = · · · = Nr). �¯à¥¤¥«¨¬ áâ¥¯¥­­ë¥ àï¤ë f(z); g(z) ¢ á®®â¢¥âáâ¢¨¨

á ä®à¬ã« ¬¨ (8){(10). �®£¤  ª®íää¨æ¨¥­âë áâ¥¯¥­­®£® à §«®¦¥­¨ï

q(z) := z · exp
(
g(z)

f(z)

)
ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨.

�§ â¥®à¥¬ë 2 ¬ë ¯®«ãç ¥¬ á¯à ¢¥¤«¨¢®áâì á«¥¤áâ¢¨ï ¨§ £¨¯®â¥§ë ¤«ï «î¡®£® æ¥«®Ä
£®, ï¢«ïîé¥£®áï áâ¥¯¥­ìî ¯à®áâ®£®: N = ps.

�¥®à¥¬  3. �ãáâì r > 1 æ¥«®¥ ¨ N = ps ¤«ï ¯à®áâ®£® p ¨ æ¥«®£® s > 1, áâ¥Ä
¯¥­­ë¥ àï¤ë f(z) ¨ g(z) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

f(z) :=
∞∑
m=0

(
(Nm)!

m!N

)r
zm; (12)

g(z) := r
∞∑
m=1

(
(Nm)!

m!N

)r(N−1∑
j=1

D

(
j

N
;m

)
− (N − 1)D(1;m)

)
zm:

�®£¤  ª®íää¨æ¨¥­âë áâ¥¯¥­­®£® à §«®¦¥­¨ï

q(z) := z · exp
(
g(z)

f(z)

)
ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨.

�®ª § â¥«ìáâ¢®. �ë¡¨à ï r ª®¯¨© ¬­®¦¥áâ¢  {p�}16�6s ¢ ª ç¥áâ¢¥ ­ ¡®à  {Nj}
¢ â¥®à¥¬¥ 2, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

�¨¯¥à£¥®¬¥âà¨ç¥áª¨¥ àï¤ë f(z) ¨§ (4), (10){(12) ¨ «¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥
ãà ¢­¥­¨ï, ª®â®àë¬ ®­¨ ã¤®¢«¥â¢®àïîâ, ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯®ï¢«ïîâáï ¢ £¥®¬¥âÄ
à¨¨ ¬­®£®®¡à §¨© � « ¡¨{�ã. � ª, ­ ¯à¨¬¥à, ¯¥à¨®¤ë á¥¬¥©áâ¢  ( N − 2)-¬¥à­ëå £¨Ä
¯¥à¯®¢¥àå­®áâ¥©

Q :=
{
xN1 + · · ·+ xNN −N x1 · · ·xN = 0

}
⊂ PN−1

ª ª äã­ªæ¨¨ ®â z = (N )−N ã¤®¢«¥â¢®àïîâ â®¬ã ¦¥ ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î,
çâ® ¨ àï¤ (11) (á¬., ­ ¯à¨¬¥à, [6, á«¥¤áâ¢¨¥ (2.3.8.1)], [7, §8.3]). �¡à é¥­¨¥ z(q) àï¤ 
q(z) = zeg(z)=f(z), ¯à¥¤áâ ¢«ïîé¥¥  ­ «¨â¨ç¥áªãî äã­ªæ¨î ¢ ­¥ª®â®à®© ®ªà¥áâ­®áÄ
â¨ q = 0, ­ §ë¢ ¥âáï §¥àª «ì­ë¬ ®â®¡à ¦¥­¨¥¬ ¤«ï á®®â¢¥âáâ¢ãîé¥£® á¥¬¥©áâ¢ 
£¨¯¥à¯®¢¥àå­®áâ¥©.

�¥¬¬  2. �á«¨ áâ¥¯¥­­®© àï¤ q(z) = z + O(z2) ¨¬¥¥â æ¥«®ç¨á«¥­­ë¥ ª®íää¨Ä

æ¨¥­âë , â® ¥£® ®¡à é¥­¨¥ z(q) = q + O(q2) ®¡« ¤ ¥â â¥¬ ¦¥ á¢®©áâ¢®¬.

�§ â¥®à¥¬ 1, 2 ¨ «¥¬¬ë 2 ¢ëâ¥ª ¥â æ¥«®ç¨á«¥­­®áâì áâ¥¯¥­­ëå à §«®¦¥­¨© ¤«ï ¡®«ìÄ
è®£® ª« áá  §¥àª «ì­ëå ®â®¡à ¦¥­¨©. � ª, ¯®« £ ï N = 8 ¨ N = 10 ¢ â¥®à¥¬¥ 1, ¬ë
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¯®«ãç ¥¬ æ¥«®ç¨á«¥­­®áâì §¥àª «ì­ëå ®â®¡à ¦¥­¨©, ®â¢¥ç îé¨å á¥¬¥©áâ¢ ¬ £¨¯¥àÄ
¯®¢¥àå­®áâ¥©

Q
(8)
 :=

{
x21 + x82 + x83 + x84 + x85 − 8 x1x2x3x4x5 = 0

}
⊂ P4[4; 1; 1; 1; 1];

Q
(10)
 :=

{
x21 + x52 + x103 + x104 + x105 − 10 x1x2x3x4x5 = 0

}
⊂ P4[5; 2; 1; 1; 1]

á®®â¢¥âáâ¢¥­­® ¢ ¢¥á®¢ëå ¯à®¥ªâ¨¢­ëå ¯à®áâà ­áâ¢ å (¯®¤à®¡­ãî¨­ä®à¬ æ¨î®¡ íâ¨å
á¥¬¥©áâ¢ å ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ [2, §4]). �â¬¥â¨¬ â ª¦¥, çâ® ¤«ï ¬ «ëå §­ Ä
ç¥­¨© N ¢ â¥®à¥¬¥ 1 ¨«¨ N1N2 · · ·Nr ¢ â¥®à¥¬¥ 2 (  ¨¬¥­­®, ª®£¤  á®®â¢¥âáâ¢ãîé¥¥
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ¯®àï¤®ª 2 ¨«¨ 3) æ¥«®ç¨á«¥­­®áâì àï¤  z(q) ®¡êÄ
ïá­ï¥âáï â¥¬, çâ® ¯à¥¤áâ ¢«ï¥¬ ï àï¤®¬ äã­ªæ¨ï ï¢«ï¥âáï ¬®¤ã«ïà­®© ª ª äã­ªæ¨ï
®â � = 1

�i log q (á¬. [8, §1]).
� áâ®ïé ï à ¡®â  ãáâà®¥­  á«¥¤ãîé¨¬ ®¡à §®¬. � á«¥¤ãîé¥¬ ¯ã­ªâ¥ ¬ë à¥¤ãÄ

æ¨àã¥¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ 1, 2 ª  à¨ä¬¥â¨ç¥áª®© ¯à®¡«¥¬¥ p- ¤¨ç¥áª®£®  ­ «¨§ .
� ¯. 3 ¬ë ¯à¨¢®¤¨¬ ¤®ª § â¥«ìáâ¢® «¥¬¬ 1, 2 ¨ ­¥®¡å®¤¨¬ë¥ ¤«ï ¤ «ì­¥©è¥£® á¢¥¤¥­¨ï
¨§ p- ¤¨ç¥áª®© â¥å­¨ª¨ �¢®àª  [5]. � ª®­¥æ, ¢ ¯. 4 ¬ë ¤®ª §ë¢ ¥¬ ®á­®¢­ë¥ à¥§ã«ìâ âë
íâ®© à ¡®âë.

�¥¬ â¨ª  ­ áâ®ïé¥© áâ âì¨ «¥£«  ¢ ®á­®¢ã á¥à¨¨ á¯¥æ¨ «ì­ëå á¥¬¨­ à®¢ ¯® ¤¨®ä ­Ä
â®¢ë¬ ¯à¨¡«¨¦¥­¨ï¬¨ âà ­áæ¥­¤¥­â­ë¬ç¨á« ¬, ®à£ ­¨§®¢ ­­ëå ­ ¬¥å ­¨ª®-¬ â¥¬ Ä
â¨ç¥áª®¬ ä ªã«ìâ¥â¥ ���. �¢â®à ¡« £®¤ à¨â ¢á¥å ãç áâ­¨ª®¢ íâ¨å á¥¬¨­ à®¢ §  àï¤
æ¥­­ëå § ¬¥ç ­¨© ¨ ã¯à®é¥­¨©, ¯®ï¢¨¢è¨åáï ¢ à¥§ã«ìâ â¥ ¯®¤à®¡­®£® ®¡áã¦¤¥­¨ï ¤®Ä
ª § â¥«ìáâ¢  â¥®à¥¬ 1, 2.

2. p- ¤¨ç¥áª ï à¥¤ãªæ¨ï â¥®à¥¬ 1, 2. �ãáâì p { ¯à®áâ®¥ ç¨á«®. �¡®§­ ç¨¬ ç¥Ä
à¥§ ordp � p- ¤¨ç¥áª¨© ¯®àï¤®ª ç¨á«  � ∈ Q (áâ¥¯¥­ì ¢å®¦¤¥­¨ï p ¢ ­¥á®ªà â¨¬ãî
¤à®¡ì ¤«ï �); ¢¥«¨ç¨­  ordp � ¬®¦¥â ¯à¨­¨¬ âì «î¡®¥ æ¥«®ç¨á«¥­­®¥ §­ ç¥­¨¥, ¤«ï
� = 0 ¯®« £ ¥¬ ordp � = +∞. � ¬ëª ­¨¥ ¯®«ï Q ®â­®á¨â¥«ì­® ­¥ àå¨¬¥¤®¢®© ­®à¬ë
|�|p = p− ordp � ®¡®§­ ç ¥âáï ç¥à¥§ Qp; ¢á¥ í«¥¬¥­âë � ¯®«ï Qp (¨, ¢ ç áâ­®áâ¨, ¢á¥
í«¥¬¥­âë ¨áå®¤­®£® ¯®«ï Q) ®¡« ¤ îâ ®¤­®§­ ç­ë¬ à §«®¦¥­¨¥¬

� = pr(c0 + c1p + c2p
2 + · · ·+ cnp

n + · · · ); (13)

£¤¥ r = ordp � ∈ Z ¨ 0 6 cn < p ¤«ï ¢á¥å n = 0; 1; 2; : : : ¨ áå®¤¨¬®áâì ¢ (13) ¯®­¨Ä
¬ ¥âáï ¢ á¬ëá«¥ ­®à¬ë | · |p (á¬., ­ ¯à¨¬¥à, [9, £«. I, §4]). � §«®¦¥­¨¥ (13) ­ §ë¢ Ä
¥âáï p- ¤¨ç¥áª®© § ¯¨áìî ç¨á«  �. �­®¦¥áâ¢® í«¥¬¥­â®¢ � ∈ Qp, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨î ordp � > 0, ®¡à §ã¥â ª®«ìæ® Zp. �« áá ç¨á¥« � ∈ Qp, ¤«ï ª®â®àëå r > s ¢
§ ¯¨á¨ (13), ®¡®§­ ç¨¬ ç¥à¥§ O(ps).

�¥¬¬  3. �ãáâì à æ¨®­ «ì­®¥ ç¨á«® � ï¢«ï¥âáï í«¥¬¥­â®¬ Zp ¤«ï «î¡®£®

¯à®áâ®£® p. �®£¤  � { æ¥«®¥ ç¨á«®.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯à¨¢¥áâ¨ ¤®ª § â¥«ìáâ¢® ¤«ï � 6= 0. � §«®¦¥­¨ï
ç¨á«¨â¥«ï¨ §­ ¬¥­ â¥«ï ­¥á®ªà â¨¬®©¤à®¡¨¤«ï � ­  ¯à®áâë¥¬­®¦¨â¥«¨¨­¤ãæ¨àãîâ
à §«®¦¥­¨¥ ­  ¯à®áâë¥ á ¬®£® ç¨á« : � = ps11 p

s2
2 · · · p

sl
l . �à¨ íâ®¬ ordpj � = sj > 0 ¤«ï

j = 1; : : : ; l, ¯®áª®«ìªã � ∈ Zpj ¯® ãá«®¢¨î. �¥¬ á ¬ë¬, ç¨á«® � ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬
¯à®áâëå ç¨á¥« ¢ æ¥«ëå ­¥®âà¨æ â¥«ì­ëå áâ¥¯¥­ïå, â.¥. � ∈ Z, çâ® ¨ âà¥¡®¢ «®áì.
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�«¥¤áâ¢¨¥. �«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 1, 2 ¤®áâ â®ç­® ¯®ª § âì , çâ®

q(z) = z · exp
(
g(z)

f(z)

)
∈ Zp[[z]]

¤«ï «î¡®£® ¯à®áâ®£® p. (�¤¥áì Zp[[z]] ®¡®§­ ç ¥â ª®«ìæ® ä®à¬ «ì­ëå áâ¥¯¥­­ëå

àï¤®¢ ®â­®á¨â¥«ì­® z á ª®íää¨æ¨¥­â ¬¨ ¨§ Zp.)

3. �à¥¤¢ à¨â¥«ì­ë¥ á¢¥¤¥­¨ï. �à¥¦¤¥ ¢á¥£®, ¤®ª ¦¥¬ ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à-
¦¤¥­¨ï ¨§ ¯. 1.

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �«ï § ¤ ­­ëå áâ¥¯¥­­ëå àï¤®¢

q(z) =
∞∑
m=1

amz
m; a1 = 1; am ∈ Z; m = 1; 2; : : : ; z(q) =

∞∑
n=1

bnq
n

¯® ãá«®¢¨î ¢ë¯®«­¥­® â®¦¤¥áâ¢® q = q(z(q)), ®âªã¤ 

q =
∞∑
n=1

bnq
n + a2

( ∞∑
n=1

bnq
n
)2

+ a3

( ∞∑
n=1

bnq
n
)3

+ · · · : (14)

�à ¢­¨¢ ï ¯¥à¢ë¥ ª®íää¨æ¨¥­âë ¯à¨ áâ¥¯¥­ïå q ¢ (14), ¯®«ãç ¥¬ b1 = 1, b2 + a2 = 0,
b3 + 2a2b2 + a3 = 0, â.¥. b1; b2; b3 { æ¥«ë¥ ç¨á« . � «ì­¥©è¥¥ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨¬
¯® ¨­¤ãªæ¨¨. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® æ¥«®ç¨á«¥­­®áâì b1; : : : ; bn−1 ¤«ï n > 3 ã¦¥
¤®ª § ­ , ¨ à áá¬®âà¨¬ ª®íää¨æ¨¥­â ¯à¨ qn ¢ (14). �­ à ¢¥­

bn +
n−1∑
i=2

aiMi + an = 0; (15)

£¤¥Mi { ª®íää¨æ¨¥­â ¯à¨ q
n ¬­®£®ç«¥­  (b1q+ b2q

2+ · · ·+ bn−1qn−1)i, i = 2; : : : ; n−1.
�®£« á­® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®¦¥­¨î ç¨á«  Mi ï¢«ïîâáï æ¥«ë¬¨, â ª çâ® á®®â­®Ä
è¥­¨¥ (15) ¢«¥ç¥â æ¥«®ç¨á«¥­­®áâì bn. �¥¬¬  ¤®ª § ­ .

�®ª § â¥«ìáâ¢® «¥¬¬ë 1. �ãáâì æ¥«®¥ ç¨á«® q, 0 < q < N , ¢§ ¨¬­® ¯à®áâ® á N .
�®£¤  ¢ à §«®¦¥­¨¨ ­  ¯à®áâë¥ §­ ¬¥­ â¥«¨ ç¨á¥«

Nm · (q=N )m
m!

=
q(q +N )(q + 2N ) · · · (q + (m− 1)N )

m!
; m = 0; 1; 2; : : : ; (16)

á®¤¥à¦ â â®«ìª® ¯à®áâë¥ ¤¥«¨â¥«¨ ç¨á«  N (á¬., ­ ¯à¨¬¥à, [10, £«. I, ¯à¨«®¦¥­¨¥]).
�¨á«¨â¥«¨ ç¨á¥« (16) ¢§ ¨¬­® ¯à®áâë á N ,   áâ¥¯¥­ì ¢å®¦¤¥­¨ï ¯à®áâ®£® p | N ¢ m!
à ¢­ 

ordpm! =

[
m

p

]
+

[
m

p2

]
+

[
m

p3

]
+ · · · < m

p− 1
(17)

(§¤¥áì [ · ] { æ¥« ï ç áâì ç¨á« ). �®íâ®¬ã ¯®áâ®ï­­ ï (2) ¤¥©áâ¢¨â¥«ì­® á®ªà é ¥â §­ Ä
¬¥­ â¥«¨ ç¨á¥«

(q1=N )m(q2=N )m · · · (qk=N )m
m!k

:

�¥¬¬  ¤®ª § ­ .
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�¥¬¬  4. �«ï í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (3) á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥

\ä ªâ®à¨ «ì­®¥" ¯à¥¤áâ ¢«¥­¨¥ :

A(m) =
(a1m)! (a2m)! · · · (a�m)!

(b1m)! (b2m)! · · · (b�m)!
; m = 0; 1; 2; : : : ; (18)

£¤¥

{aj}j=1;:::;� =

{
N;

N

pj1pj2
;

N

pj1pj2pj3pj4
; : : :

}
16j1<j2<···6l

;

{bi}i=1;:::;� =

{
1; : : : ; 1;

N

pj1
;

N

pj1pj2pj3
; : : :

}
16j1<j2<···6l

{ æ¥«®ç¨á«¥­­ë¥ ­ ¡®àë , ®â¢¥ç îé¨¥ ¤ ­­®¬ã N = ps11 p
s2
2 · · · p

sl
l , ¨ , ªà®¬¥ â®£® ,

a1 + a2 + · · ·+ a� = b1 + b2 + · · ·+ b�: (19)

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï ¬®¤¨ä¨ª æ¨î ¯à¨­æ¨¯  ä®à¬ «ì­®© «®£¨ª¨ (á¬. [1,
®â¤. 8, § ¤ ç¨ 21{25]), ¤«ï æ¥«®£® n > 0 ¯®«ãç ¥¬∏
16q6N
(q;N)=1

(
q

N
+ n

)
=

∏
16q6N

(
q

N
+ n

)
·

( ∏
16j6l

∏
16q6N
pj |q

(
q

N
+ n

))−1

×

( ∏
16j1<j26l

∏
16q6N
pj1pj2 |q

(
q

N
+ n

))

×

( ∏
16j1<j2<j36l

∏
16q6N

pj1pj2pj3 |q

(
q

N
+ n

))−1
· · ·

=
∏

16q6N

(
q

N
+ n

)
·

( ∏
16j6l

∏
16q6N=pj

(
q

N=pj
+ n

))−1

×

( ∏
16j1<j26l

∏
16q6N=(pj1pj2 )

(
q

N=(pj1pj2)
+ n

))

×

( ∏
16j1<j2<j36l

∏
16q6N=(pj1pj2pj3 )

(
q

N=(pj1pj2pj3)
+ n

))−1
· · · :

�®¬­®¦¨¬ ­ ©¤¥­­®¥ ¢ëà ¦¥­¨¥ ­ 

N−N ·
( ∏
16j6l

(
N

pj

)N=pj)−1
·
( ∏
16j1<j26l

(
N

pj1pj2

)N=(pj1pj2 ))

×
( ∏
16j1<j2<j36l

(
N

pj1pj2pj3

)N=(pj1pj2pj3 ))−1
· · · = CN ;

¢®§ì¬¥¬ ¯à®¨§¢¥¤¥­¨¥ ¯® ¢á¥¬ n = 0; 1; : : : ;m− 1 ¨ à §¤¥«¨¬ ­  m!k. �®£¤  á ãç¥â®¬ (3)
¯®«ãç¨¬ âà¥¡ã¥¬®¥ â®¦¤¥áâ¢® (18). �¥¬¬  ¤®ª § ­ .

�® ª®­æ  íâ®£® ¯ã­ªâ  ¬ë ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ¯à®áâ®¥ ç¨á«® p.



��������������� ��������� ���������� 669

�¥¬¬  �¢®àª  [9, £«. VI, §2, «¥¬¬  3], [11, £«. 14, §2]. �ãáâì F (z) ∈ 1 + zQ[[z]].
�®£¤  F (z) ∈ 1 + zZp[[z]] ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥ , ª®£¤ 

F (zp)

F (z)p
∈ 1 + pzZp[[z]]:

�¥á¬®âàï ­  â®, çâ® ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï á®¤¥à¦¨âáï (á ®¯¥ç âÄ
ª®©) ¢ [4], ¬ë ¯à¨¢®¤¨¬ ¥£® ¢ ¤ ­­®© à ¡®â¥ ¤«ï ¯®«­®âë ¨§«®¦¥­¨ï.

�¥¬¬  5 [4, á«¥¤áâ¢¨¥ 6.7]. �ãáâì f(z) ∈ zQ[[z]]. �®£¤  ef(z) ∈ 1+ zZp[[z]] ¢ â®¬

¨ â®«ìª® â®¬ á«ãç ¥ , ª®£¤ 

f(zp)− pf (z) ∈ pzZp[[z]]:

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ F (z) = ef(z) ∈ 1 + zQ[[z]].
�¥®¡å®¤¨¬®áâì . �ãáâì F (z) ∈ 1 + zZp[[z]]. �®£¤  á®£« á­® «¥¬¬¥ �¢®àª 

ef(z
p)−pf (z) =

F (zp)

F (z)p
= 1 − pG(z)

¤«ï ­¥ª®â®à®£® áâ¥¯¥­­®£® àï¤  G(z) ∈ zZp[[z]]. �«¥¤®¢ â¥«ì­®,

f(zp)− pf (z) = log
(
1− pG(z)

)
= −

∞∑
m=1

pmG(z)m

m
∈ pzZp[[z]];

£¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì â¥¬, çâ® pm=m ∈ pZp ¤«ï ¢á¥å æ¥«ëå m > 1.
�®áâ â®ç­®áâì . �ãáâì â¥¯¥àì f(zp)−pf (z) = pH(z) ¤«ï ­¥ª®â®à®£® H(z) ∈ zZp[[z]].

�®áª®«ìªã ¤«ï æ¥«®£® m > 1 áâ¥¯¥­ì ¢å®¦¤¥­¨ï ¯à®áâ®£® p ¢ m! ¢á¥£¤  ¬¥­ìè¥ m
(á¬. (17)), ¬ë ¢¯à ¢¥ § ª«îç¨âì, çâ®

F (zp)

F (z)p
= epH(z) = 1 +

∞∑
m=1

pm

m!
H(z)m ∈ 1 + pzZp[[z]]:

�à¨¬¥­¥­¨¥ «¥¬¬ë �¢®àª  ¤ ¥â âà¥¡ã¥¬®¥ ¢ª«îç¥­¨¥ ef(z) = F (z) ∈ 1 + zZp[[z]].
�¥¬¬  ¤®ª § ­ .

�¥¬¬  6. �ãáâì ª®íää¨æ¨¥­âë áâ¥¯¥­­®£® àï¤ 

f(z) =
∞∑
m=0

A(m)zm ∈ 1 + zZp[[z]]; A(m) 6= 0; m = 1; 2; : : : ; (20)

¤«ï «î¡ëå æ¥«ëå ­¥®âà¨æ â¥«ì­ëå u; v; n; s â ª¨å , çâ® 0 6 u < ps ¨ 0 6 v < p,
ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

A(v + up + nps+1)

A(v + up)
− A(u+ nps)

A(u)
∈ ps+1

Zp: (21)

�®«®¦¨¬

f�(z) =
∞∑
m=�

A(m)zm; � = 1; 2; : : : : (22)

�®£¤  ¤«ï «î¡®£® æ¥«®£® ¯®«®¦¨â¥«ì­®£® � á¯à ¢¥¤«¨¢® áà ¢­¥­¨¥

f�(z
p)

f(zp)
≡ f�p(z)

f(z)
(mod �pZp[[z]]): (23)
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�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì­®¥ æ¥«®¥ ¯®«®¦¨â¥«ì­®¥ � ¨ ¯®«®¦¨¬ s =
ordp �. �®£¤  �=np

s ¤«ï ­¥ª®â®à®£® æ¥«®£® ¯®«®¦¨â¥«ì­®£® n ¨ �pZp[[z]] = ps+1
Zp[[z]].

�®« £ ï ¢ â¥®à¥¬¥ 1.1 ¨§ [5]

A(r)(m) = A(m); gr(m) = 1; r = 0; 1; 2; : : : ; m = 0; 1; 2; : : : ;

á®£« á­® ãá«®¢¨î (21) ¯®«ãç ¥¬ áà ¢­¥­¨¥

f(z)

(k+1)ps−1∑
m=kps

A(m)zmp ≡ f(zp)
(k+1)ps+1−1∑
m=kps+1

A(m)zm (mod ps+1
Zp[[z]]); (24)

á¯à ¢¥¤«¨¢®¥ ¯à¨ ¢á¥å æ¥«ëå ¯®«®¦¨â¥«ì­ëå k. �ã¬¬¨àãï áà ¢­¥­¨ï (24) ¯® ¢á¥¬
k = n; n + 1; n + 2; : : : , § ª«îç ¥¬, çâ®

f(z)f�(z
p) ≡ f(zp)f�p(z) (mod ps+1

Zp[[z]]): (25)

� ª®­¥æ, ¯®áª®«ìªã f(z) ∈ 1 + zZp[[z]],   §­ ç¨â ¨ f(zp) ∈ 1 + zZp[[z]], ¬ë ¬®¦¥¬

ã¬­®¦¨âì ®¡¥ ç áâ¨ áà ¢­¥­¨ï (25) ­  áâ¥¯¥­­®© àï¤
(
f(z)f(zp)

)−1 ∈ 1+zZp[[z]], ¨ íâ®
¢ â®ç­®áâ¨ ®â¢¥ç ¥â âà¥¡ã¥¬®¬ã áà ¢­¥­¨î (23). �¥¬¬  ¤®ª § ­ .

�à¥¤«®¦¥­¨¥ 1. �ãáâì ª®íää¨æ¨¥­âë áâ¥¯¥­­®£® àï¤  (20) ¤«ï «î¡ëå æ¥«ëå

­¥®âà¨æ â¥«ì­ëå u; v; n; s â ª¨å , çâ® 0 6 u < ps ¨ 0 6 v < p, ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î (21),   àï¤ g(z) ®¯à¥¤¥«ï¥âáï à §«®¦¥­¨¥¬

g(z) =
∞∑
m=1

A(m)D(1;m)zm =
∞∑
m=1

A(m)

( m∑
�=1

1

�

)
zm: (26)

�®£¤  eg(z)=f(z) ∈ Zp[[z]].

�®ª § â¥«ìáâ¢®. �¥­ïï áã¬¬¨à®¢ ­¨¥ ¢ (26), ¯à¨å®¤¨¬ ª à §«®¦¥­¨î

g(z) =
∞∑
�=1

1

�
f�(z);

£¤¥ àï¤ë f�(z) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (22). �«¥¤®¢ â¥«ì­®,

g(zp)

f(zp)
− p g(z)

f(z)
=
∞∑
�=1

1

�

f�(z
p)

f(zp)
− p

∞∑
�=1

1

�

f�(z)

f(z)

=
∞∑
�=1

1

�

(
f�(z

p)

f(zp)
− f�p(z)

f(z)

)
− p

∞∑
�=1
p-�

1

�

f�(z)

f(z)
∈ pzZp[[z]]; (27)

£¤¥ ª ¦¤®¥ á« £ ¥¬®¥ ¯¥à¢®© áã¬¬ë ¢ (27) «¥¦¨â ¢ pZp[[z]] ¯® «¥¬¬¥ 6,   ª ¦¤®¥ á« Ä
£ ¥¬®¥ ¢â®à®© { ¢ Zp[[z]], â ª ª ª f�(z) ∈ zZp[[z]], f(z) ∈ 1 + zZp[[z]] ¨ 1=� ∈ Zp ¤«ï
«î¡®£® æ¥«®£® �, ¢§ ¨¬­® ¯à®áâ®£® á p. �®«ãç¥­­®¥ ¢ª«îç¥­¨¥ (27) á®£« á­® «¥¬¬¥ 5
®§­ ç ¥â, çâ® eg(z)=f(z) ∈ Zp[[z]]. �à¥¤«®¦¥­¨¥ ¤®ª § ­®.

� ¤ «ì­¥©è¥¬ ­ ¬ ¯®­ ¤®¡ïâáï ­¥ª®â®àë¥ á¢®©áâ¢  p- ¤¨ç¥áª®© £ ¬¬ -äã­ªæ¨¨

�p(n) = (−1)n
p(n); £¤¥ 
p(n) =
n−1∏
k=1

(k;p)=1

k: (28)
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�¥¬¬  7. �«ï «î¡®£® æ¥«®£® n > 0 ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢®

(np)!

n!
= pn
p(1 + np):

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨ï (28) ¯®«ãç ¥¬


p(1 + np) =
(np)!

p · 2p · 3p · · ·np
=

(np)!

n! pn
;

®âªã¤  á«¥¤ã¥â âà¥¡ã¥¬®¥ â®¦¤¥áâ¢®.

�¥¬¬  8 [11, «¥¬¬  1.1]. �«ï ¢á¥å æ¥«ëå ¯®«®¦¨â¥«ì­ëå k; n; s ¢ë¯®«­¥­®

�p(k + nps) ≡ �p(k) (mod p
s):

�¥¬¬  9. �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì æ¥«ëå A(m) = AN (m), m = 0; 1; 2; : : : ,
®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (3). �®£¤  ¤«ï «î¡®£® æ¥«®£® ­¥®âà¨æ â¥«ì­®£® m

A(mp)

A(m)
= 1 + O(p)

¨ , ¢ ç áâ­®áâ¨ , ordpA(mp) = ordpA(m).

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬ ¬ 7, 8 ¤«ï «î¡®£® æ¥«®£® ¯®«®¦¨â¥«ì­®£® a ¯®Ä
«ãç ¥¬

(amp)!

(am)!
= pam
p(1 + amp) = pam(−1)1+amp�p(1 + amp)

= pam(−1)1+amp�p(1)
(
1 + O(p)

)
= pam(−1)amp

(
1 + O(p)

)
;

®âªã¤ , ¯®«ì§ãïáì «¥¬¬®© 4, ­ å®¤¨¬ âà¥¡ã¥¬®¥:

A(mp)

A(m)
= p(a1+···+a�−b1−···−b�)m(−1)(a1+···+a�−b1−···−b�)mp

(
1 + O(p)

)
= 1 + O(p):

�¥¬¬  ¤®ª § ­ .

4. �®ª § â¥«ìáâ¢® â¥®à¥¬ 1, 2. �«ï ¯à®áâ®£® p ®¯à¥¤¥«¨¬ ­  ¬­®¦¥áâ¢¥

Cp := {� ∈ Q : � > 0; ordp � > 0}

®â®¡à ¦¥­¨¥
′ : Cp → Cp; � 7→ �′; (29)

¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã: ç¨á«® p�′ − � ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ ¯à¥¤áâ ¢¨â¥«¥¬ ª« á-
á  ¢ëç¥â®¢ −� (mod p) (¨­ë¬¨ á«®¢ ¬¨, �′ { ¬¨­¨¬ «ì­ë© í«¥¬¥­â Cp â ª®©, çâ®
p�′ − � ∈ Z).

�ãáâìN > 2 æ¥«®¥; ç¨á«  q1; q2; : : : ; qk ®¡à §ãîâ ¯®«­ë© ­ ¡®à ®áâ âª®¢ ¯à¨ ¤¥«¥­¨¨
­  N , ¢§ ¨¬­® ¯à®áâëå á N .
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�¥¬¬  10. �á«¨ ¯à®áâ®¥ p ­¥ ¤¥«¨â N , â® ®â®¡à ¦¥­¨¥ (29) ï¢«ï¥âáï ¡¨¥ªÄ

æ¨¥© ¬­®¦¥áâ¢  {qj=N}j=1;:::;k ­  á¥¡ï.

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§ q′j=N ®¡à § í«¥¬¥­â  qj=N , j = 1; : : : ; k, ¯à¨
®â®¡à ¦¥­¨¨ (29). �®£« á­® ®¯à¥¤¥«¥­¨î ¢ë¯®«­¥­®

pq′j ≡ qj (modN ); j = 1; : : : ; k:

�®áª®«ìªã p ¢§ ¨¬­® ¯à®áâ® á N , áãé¥áâ¢ã¥â p′ â ª®¥, çâ® pp′ ≡ 1 (modN ). �«¥¤®¢ Ä
â¥«ì­®,

{q′j}j=1;:::;k ≡ {p′qj}j=1;:::;k ≡ {qj}j=1;:::;k (modN );

®âªã¤  ¢¢¨¤ã ¬¨­¨¬ «ì­®áâ¨ q′j > 0 ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

�à¥¤«®¦¥­¨¥ 2. �ãáâì ¯à®áâ®¥ p ­¥ ï¢«ï¥âáï ¤¥«¨â¥«¥¬ N ¢ ãá«®¢¨ïå â¥®Ä

à¥¬ë 1 ¨«¨ ¤¥«¨â¥«¥¬ N1N2 · · ·Nr ¢ ãá«®¢¨ïå â¥®à¥¬ë 2. �®£¤  ¤«ï áâ¥¯¥­­®£®

àï¤  q(z) ¨§ ä®à¬ã«¨à®¢ª¨ á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

q(z) ∈ Zp[[z]].

�®ª § â¥«ìáâ¢®. �­®¦¥áâ¢® ¯ à ¬¥âà®¢ {qj=N}j=1;:::;k ®¡®¡é¥­­®£® £¨¯¥à£¥®Ä
¬¥âà¨ç¥áª®£® àï¤ 

f̂(z) := kFk−1

(
q1=N;q2=N; : : : ; qk−1=N;qk=N

1; 1; : : : ; 1

∣∣∣ z) (30)

¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï (29) ¯® «¥¬¬¥ 10. �®« £ ï

ĝ(z) :=
∞∑
m=1

DN (m)
(q1=N )m(q2=N )m · · · (qk=N )m

m!k
zm; (31)

á®£« á­® [5, â¥®à¥¬  4.1] ¯®«ãç ¥¬ áà ¢­¥­¨¥

ĝ(zp)

f̂(zp)
≡ p ĝ(z)

f̂(z)
(mod pZp[[z]]);

®âªã¤ , ¯à¨¬¥­ïï «¥¬¬ã 5, § ª«îç ¥¬, çâ® eĝ(z)=f̂(z) ∈ Zp[[z]]. �«¥¤®¢ â¥«ì­®,

q(z) = z · exp
(
g(z)

f(z)

)
= z · exp

(
ĝ(CN z)

f̂(CN z)

)
∈ zZp[[CN z]] = zZp[[z]]

¢ â¥®à¥¬¥ 1, £¤¥ ¬ë ¢®á¯®«ì§®¢ «¨áì ¢§ ¨¬­®© ¯à®áâ®â®© ¯®áâ®ï­­®© CN ¨§ (2) ¨ ç¨áÄ
«  p.

�á¥ à ááã¦¤¥­¨ï á ­¥®¡å®¤¨¬®© ¬®¤¨ä¨ª æ¨¥© áâ¥¯¥­­ëå à §«®¦¥­¨© (30), (31) ¨
§ ¬¥­®© CN ­ CN1CN2 · · ·CNr ®áâ îâáï ¢ á¨«¥ ¨ ¤«ï àï¤  q(z) ¢ â¥®à¥¬¥ 2. �¥¬ á ¬ë¬,
âà¥¡ã¥¬®¥ ¯à¥¤«®¦¥­¨¥ ¤®ª § ­® ¯®«­®áâìî.

� ª¨¬ ®¡à §®¬, ­ ¬ ®áâ ¥âáï ¤®ª § âì à¥¤ãæ¨à®¢ ­­ë¥ ¢¥àá¨¨ â¥®à¥¬ 1, 2 â®«ìª®
¤«ï ¯à®áâëå p, ¤¥«ïé¨å N ¨«¨ N1N2 · · ·Nr á®®â¢¥âáâ¢¥­­®.
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�¥¬¬  11. �ãáâì p { ¯à®áâ®© ¤¥«¨â¥«ì ç¨á«  N , ¯®á«¥¤®¢ â¥«ì­®áâì æ¥«ëå
A(m) = AN (m), m = 0; 1; 2; : : : , ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (3). �®£¤  ¤«ï «î¡ëå æ¥«ëå
­¥®âà¨æ â¥«ì­ëå u; n; s, 0 6 u < ps, ¢ë¯®«­¥­®

ordp
A(u+ nps)

A(u)
> 0: (32)

�®ª § â¥«ìáâ¢®. �®áª®«ìªã p | N , ¤«ï ¢á¥å æ¥«ëå ­¥®âà¨æ â¥«ì­ëå v;m, 0 6
v < p, á®£« á­® (3) ¨¬¥¥¬

A(v +mp)

A(mp)
= DvN

v∏
i=1

(q1 + (i− 1)N +mNp) · · · (qk + (i− 1)N +mNp)

i+mp

= DvN
(q1 · · · qk)v

v!

(
1 + O(p)

)
;

£¤¥

DN = N−k · CN =
∏
p|N

pk=(p−1): (33)

�«¥¤®¢ â¥«ì­®,

ordp
A(v +mp)

A(mp)
= ordpD

v
N =

kv

p− 1
: (34)

�®á¯®«ì§ã¥¬áï ¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨. �à¨
s = 0 ¨¬¥¥¬ u = 0, â ª çâ® ®æ¥­ª  (32) ¯à¨­¨¬ ¥â ¢¨¤ ord pA(n) > 0,   ¯®á«¥¤­¥¥
­¥à ¢¥­áâ¢® á«¥¤ã¥â ¨§ «¥¬¬ë 1.

�®ª ¦¥¬ â¥¯¥àì ®æ¥­ªã (32) ¤«ï s > 1, áç¨â ï ¥¥ ¤®ª § ­­®© ¤«ï¬¥­ìè¨å §­ ç¥­¨© s.
�à¥¤áâ ¢¨¬ ç¨á«® u ¢ ¢¨¤¥ u = v + u1p, £¤¥ 0 6 v < p ¨ 0 6 u1 < ps−1. �®£¤ ,
¯à¨¬¥­ïï (34) ¨ «¥¬¬ã 9, ¯®«ãç ¥¬

ordp
A(u+ nps)

A(u)
= ordpA(v + u1p + nps)− ordpA(v + u1p)

=

(
ordpA(u1p + nps)− kv

p− 1

)
−
(
ordpA(u1p)−

kv

p− 1

)
= ordpA(u1 + nps−1)− ordpA(u1) = ordp

A(u1 + nps−1)

A(u1)
> 0;

£¤¥ ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® á«¥¤ã¥â ¨§ ¨­¤ãªæ¨®­­®£® ¯à¥¤¯®«®¦¥­¨ï. �¥¬ á ¬ë¬, ®æ¥­Ä
ª  (32) ¤®ª § ­  ¤«ï «î¡ëå æ¥«ëå ­¥®âà¨æ â¥«ì­ëå u; n; s, 0 6 u < ps.

�¥¬¬  12. �ãáâì ¯à®áâ®¥ p ¤¥«¨â N . �®£¤  í«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áÄ

â¨ (3) ¤«ï «î¡ëå æ¥«ëå ­¥®âà¨æ â¥«ì­ëå u; v; n; s â ª¨å , çâ® 0 6 u < ps ¨

0 6 v < p, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (21).

2 � â¥¬ â¨ç¥áª¨¥ § ¬¥âª¨, â. 71, ¢. 5
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�®ª § â¥«ìáâ¢®. �¬¥¥¬

A(v + up + nps+1)

A(up + nps+1)

=
v∏
i=1

CN (q1=N + i− 1 + up + nps+1) · · · (qk=N + i− 1 + up + nps+1)

i+ up + nps+1

= DvN

v∏
i=1

(q1 + (i− 1)N + uNp + nNps+1) · · · (qk + (i− 1)N + uNp + nNps+1)

i+ up + nps+1

= DvN

v∏
i=1

(q1 + (i− 1)N + uNp) · · · (qk + (i− 1)N + uNp)

i+ up

(
1 + O(ps+1)

)
=
A(v + up)

A(up)

(
1 + O(ps+1)

)
; (35)

£¤¥ ¯®áâ®ï­­ ï DN ®¯à¥¤¥«¥­  ¢ (33).
�¥¯¥àì ¬ë ¢®á¯®«ì§ã¥¬áï ä ªâ®à¨ «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ (18) ¨ á¢®©áâ¢ ¬¨ p- ¤¨-

ç¥áª®© £ ¬¬ -äã­ªæ¨¨. �®£« á­® «¥¬¬¥ 7 ¤«ï «î¡®£® æ¥«®£® ¯®«®¦¨â¥«ì­®£® a ¢ë¯®«Ä
­¥­®

(aup)!

(au)!
= pau
p(1 + aup)

¨

(a(up + nps+1))!

(a(u+ nps))!
= pa(u+np

s)
p(1 + aup + anps+1)

= pa(u+np
s)(−1)1+aup+anp

s+1
�p(1 + aup + anps+1)

= pau+anp
s
(−1)1+aup+anp

s+1
�p(1 + aup)

(
1 + O(ps+1)

)
= (−p)anp

s (aup)!

(au)!

(
1 + O(ps+1)

)
; (36)

£¤¥ ¬ë â ª¦¥ ¯à¨¬¥­¨«¨ «¥¬¬ã 8. �®«ì§ãïáì â¥¯¥àì «¥¬¬®© 4 ¨ á®®â­®è¥­¨ï¬¨ (36)
¤«ï a ∈ {a1; : : : ; a�; b1; : : : ; b�}, ­ å®¤¨¬

A(up + nps+1)

A(u+ nps)
=
A(up)

A(u)

(
1 + O(ps+1)

) �∏
j=1

(−p)ajnp
s
�∏
i=1

(−p)−binp
s

=
A(up)

A(u)

(
1 + O(ps+1)

)
(37)

á®£« á­® (19).
�®á«¥ ¯¥à¥¬­®¦¥­¨ï á®®â­®è¥­¨© (35) ¨ (37) ¯®«ãç ¥¬

A(v + up + nps+1)

A(u+ nps)
=
A(v + up)

A(u)

(
1 + O(ps+1)

)
;

®âªã¤ 
A(v + up + nps+1)

A(v + up)
=
A(u+ nps)

A(u)

(
1 + O(ps+1)

)
: (38)

�®£« á­® «¥¬¬¥ 11 ¯à ¢ ï ç áâì (38) «¥¦¨â ¢ Zp, ®âªã¤  ¨ á«¥¤ã¥â ¢ª«îç¥­¨¥ (21).
�¥¬¬  ¤®ª § ­ .
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�«¥¤áâ¢¨¥. �ãáâì ¯à®áâ®¥ p ¤¥«¨â ª ¦¤®¥ ¨§ ç¨á¥« N1; N2; : : : ; Nr. �®£¤ 

í«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áâ¨ (8) ¤«ï «î¡ëå æ¥«ëå ­¥®âà¨æ â¥«ì­ëå u; v; n; s
â ª¨å , çâ® 0 6 u < ps ¨ 0 6 v < p, ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (21).

�®ª § â¥«ìáâ¢®. �®®â­®è¥­¨ï (38) ¨ (32) á¯à ¢¥¤«¨¢ë ¤«ï «î¡®© ¨§ ¯®á«¥¤®Ä
¢ â¥«ì­®áâ¥© A(m) = ANj (m), j = 1; : : : ; r, m = 0; 1; 2; : : : . �âáî¤  ¬ë ¯®«ãç ¥¬
¢ª«îç¥­¨¥ (21) ¤«ï í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (8).

�à¥¤«®¦¥­¨¥ 3. �ãáâì ¯à®áâ®¥ p ï¢«ï¥âáï ¤¥«¨â¥«¥¬ N ¢ ãá«®¢¨ïå â¥®à¥Ä

¬ë 1 ¨«¨ ¤¥«¨â¥«¥¬ N1N2 · · ·Nr ¢ ãá«®¢¨ïå â¥®à¥¬ë 2. �®£¤  ¤«ï áâ¥¯¥­­®£®

àï¤  q(z) ¨§ ä®à¬ã«¨à®¢ª¨ á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

q(z) ∈ Zp[[z]].

�®ª § â¥«ìáâ¢®. �«ï ¯à®áâ®âë ¬ë ®£à ­¨ç¨¬áï ¤®ª § â¥«ìáâ¢®¬ ¯à¥¤«®¦¥­¨ï
¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë 1. �å¥¬  à ááã¦¤¥­¨© ®áâ ¥âáï ­¥¨§¬¥­­®© ¨ ¢ ®¡é¥¬
á«ãç ¥, ª®£¤  ¯à®áâ®¥ p ¤¥«¨â ª ¦¤®¥ Nj , j = 1; : : : ; r.

�à¥¤áâ ¢¨¬ äã­ªæ¨î (6) ¢ ¢¨¤¥ áã¬¬ë g(z) = g1(z) + g2(z), £¤¥

g1(z) =
∞∑
m=1

A(m)
k∑
j=1

D

(
qj
N
;m

)
zm; g2(z) = −k

∞∑
m=1

A(m)D(1;m)zm;

¨ ¤®ª ¦¥¬, çâ® egi(z)=f(z) ∈ Zp[[z]], i = 1; 2.

�â¬¥â¨¬, çâ®

D

(
qj
N
;m

)
= N

m∑
n=1

1

qj + (n− 1)N
∈ pZp; j = 1; : : : ; k; m = 1; 2; : : : ; (39)

¯®áª®«ìªã N ¤¥«¨âáï ­  p,   §­ ¬¥­ â¥«ì ª ¦¤®£® á« £ ¥¬®£® ¢ (39) ¢§ ¨¬­® ¯à®áâ
á N (¨, §­ ç¨â, á p). �à®¬¥ â®£®, ¢á¥ í«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áâ¨ (3) «¥¦ â ¢ Zp,
f(z) ∈ 1 + zZp[[z]]. �«¥¤®¢ â¥«ì­®, g1(z) ∈ pzZp[[z]] ¨ g1(z)=f (z) ∈ pzZp[[z]], â ª çâ®
¤«ï àï¤  g1(z)=f (z) ãá«®¢¨ï «¥¬¬ë 5 ¢ë¯®«­¥­ë. � á¨«ã «¥¬¬ë 5 ¬ë ¯®«ãç ¥¬ ¢ª«îÄ
ç¥­¨¥ eg1(z)=f(z) ∈ Zp[[z]].

�®£« á­® «¥¬¬¥ 12 í«¥¬¥­âë ¯®á«¥¤®¢ â¥«ì­®áâ¨ (3) ¯®á«¥ ¤®¬­®¦¥­¨ï ­  æ¥«®¥ ç¨áÄ
«® −k ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (21). �®íâ®¬ã ¨§ ¯à¥¤«®¦¥­¨ï 1 á«¥¤ã¥â ¢ª«îç¥­¨¥
eg2(z)=f(z) ∈ Zp[[z]].

�ª®­ç â¥«ì­®,

q(z) = zeg(z)=f(z) = zeg1(z)=f(z) · zeg2(z)=f(z) ∈ zZp[[z]];

çâ® ¨ âà¥¡®¢ «®áì.

�®£« á­® á«¥¤áâ¢¨î ¨§ «¥¬¬ë 3 ¯à¨¬¥­¥­¨¥ ¯à¥¤«®¦¥­¨© 2, 3 ¤®ª §ë¢ ¥â â¥®à¥¬ë 1
¨ 2.

2*
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