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�¡ ®æ¥­ª å á­¨§ã ¬­®£®ç«¥­®¢

®â §­ ç¥­¨© ­¥ª®â®àëå æ¥«ëå äã­ªæ¨©

� à ¡®â¥ ãáâ ­®¢«¥­ë ®æ¥­ª¨ á­¨§ã ¬­®£®ç«¥­®¢ ¨ «¨­¥©­ëå ä®à¬ ®â §­ ç¥Ä
­¨© E-äã­ªæ¨© ¢ à æ¨®­ «ì­®© â®çª¥, § ¢¨áïé¨¥ ®â ¢á¥å ª®íää¨æ¨¥­â®¢. �à¨Ä
¢¥¤¥­ë á«¥¤áâ¢¨ï ¤«ï ®¡®¡é¥­­ëå £¨¯¥à£¥®¬¥âà¨ç¥áª¨å E-äã­ªæ¨©.

�¨¡«¨®£à ä¨ï: 9 ­ §¢ ­¨©.

�¢¥¤¥­¨¥

�áâ®à¨ï ¢®¯à®á . � ¦­ë¬ ­ ¯à ¢«¥­¨¥¬ â¥®à¨¨ ¤¨®ä ­â®¢ëå ¯à¨¡«¨¦¥Ä

­¨© ¨ âà ­áæ¥­¤¥­â­ëå ç¨á¥« ï¢«ï¥âáï ¨áá«¥¤®¢ ­¨¥ ¯®¢¥¤¥­¨ï ¢¥«¨ç¨­ë

|h1�1 + · · ·+ hm�m|; hj ∈ Z; j = 1; : : : ;m; (0.1)

¤«ï § ¤ ­­ëå ¤¥©áâ¢¨â¥«ì­ëå �1; : : : ; �m,m > 1, ¨ ¥¥ ®æ¥­ª  á­¨§ã ¢ § ¢¨á¨¬®áâ¨

®â æ¥«ëå h1; : : : ; hm. � ª á«¥¤ã¥â ¨§ â¥®à¥¬ë �¨à¨å«¥ (á¬., ­ ¯à¨¬¥à, [1, £«.1,

§2, â¥®à¥¬  4]) ¤«ï «î¡®£® ¤¥©áâ¢¨â¥«ì­®£® H > 1 áãé¥áâ¢ãîâ æ¥«ë¥ ç¨á« 

h1; : : : ; hm â ª¨¥ , çâ®

|h1�1 + · · ·+ hm�m| < H−m+1; 0 < max
16j6m

{
|hj |

}
6 H:

�¥¬ á ¬ë¬, â¥®à¥¬  �¨à¨å«¥ ®â¢¥ç ¥â ­  ¢®¯à®á, áª®«ì ¬ «ë¬ ¬®¦¥â ¡ëâì ¢¥«¨Ä

ç¨­  (0.1) ¢ § ¢¨á¨¬®áâ¨ ®â

max
16j6m

{
|hj |

}
:

�à¨ íâ®¬  ¡á®«îâ­® ­¥ ãç¨âë¢ ¥âáï áâàãªâãà  ç¨á¥« �1; : : : ; �m. �§ ¬¥âà¨ç¥áª¨å

á®®¡à ¦¥­¨© [2, £«. I, â¥®à¥¬  12] á«¥¤ã¥â, çâ® ¯à¨ «î¡®¬ " > 0 ¤«ï ¯®çâ¨ ¢á¥å

(¢ á¬ëá«¥ ¬¥àë �¥¡¥£  ) â®ç¥ª �� = (�1; : : : ; �m) ∈ Rm áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï

C = C(��; ") > 0 â ª ï , çâ® ¤«ï ¯à®¨§¢®«ì­ëå æ¥«ëå h1; : : : ; hm, ­¥ à ¢­ëå

­ã«î ®¤­®¢à¥¬¥­­® , á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

|h1�1 + · · ·+ hm�m| > C(H1 · · ·Hm)−1H(logH)−m+1−";

£¤¥

Hj = max
{
1; |hj |

}
; j = 1; : : : ;m; H = max

{
e; max
16j6m

{Hj}
}
:

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥Ä
¤®¢ ­¨© (£à ­â ò 97-01-00181).

c© �.�. �ã¤¨«¨­ 1995
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�¤­ ª®, ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ­¥ ¨§¢¥áâ­® ­¨ ®¤­®£® ­ ¡®à  ç¨á¥« ��, ¤«ï ª®â®à®£®

¢ë¯®«­ï«®áì ¡ë â ª®¥ ­¥à ¢¥­áâ¢®.

�¥â®¤ë â¥®à¨¨ âà ­áæ¥­¤¥­â­ëå ç¨á¥« ¯®§¢®«ïîâ ¯à¨ á¯¥æ¨ «ì­®¬ ¢ë¡®à¥ ��

¯®«ãç âì ®æ¥­ª¨ á­¨§ã ¢¥«¨ç¨­ë (0.1) ¢¨¤ 

|h1�1 + · · ·+ hm�m| > CH−m+1−":

� â® ¦¥ ¢à¥¬ï, ¢ àï¤¥ à ¡®â, á¢ï§ ­­ëå, ­ ¯à¨¬¥à, á ®æ¥­ª ¬¨ ®âª«®­¥­¨ï à ¢­®Ä

¬¥à­® à á¯à¥¤¥«¥­­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ¢ ®æ¥­ª å

á­¨§ã ¬®¤ã«¥© «¨­¥©­ëå ä®à¬ (0.1), ¯à¨ç¥¬ ®æ¥­ª å, § ¢¨áïé¨å ®â ¢á¥å ª®íää¨æ¨Ä

¥­â®¢. �¯¥à¢ë¥, ¯® ¢á¥© ¢¨¤¨¬®áâ¨, ¯®¤®¡­ë© à¥§ã«ìâ â ¡ë« ¯®«ãç¥­ �. �¥©ª¥à®¬

¤«ï §­ ç¥­¨© íªá¯®­¥­âë [3]:

|h1e�1 + · · ·+ hme
�m | > C(H1 · · ·Hm)H1−
=

√
log log H :

�«ï íâ¨å æ¥«¥© ®­ ­¥áª®«ìª® ãâ®ç­¨« ¬¥â®¤, ¯à¥¤«®¦¥­­ë© �.�. �¨£¥«¥¬ [4], ­®

á¥àì¥§­®£® ®¡®¡é¥­¨ï áå¥¬  �¥©ª¥à  â ª ¨ ­¥ ¯®«ãç¨«  (¯®¯ëâª  á¤¥« âì íâ® á®Ä

¤¥à¦¨âáï ¢ à ¡®â¥ [5]).

� ¤ ç  ®æ¥­ª¨ á­¨§ã «¨­¥©­ëå ä®à¬ ®â ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« ¬®¦¥â ¡ëâì ¥áÄ

â¥áâ¢¥­­ë¬ ®¡à §®¬ ®¡®¡é¥­ . �¬¥­­®, ¬®¦­® ¨áá«¥¤®¢ âì ¯®¢¥¤¥­¨¥ ¢¥«¨ç¨­ë

|P (�1; : : : ; �m)|; P ∈ Z[y1; : : : ; ym]; (0.2)

¢ § ¢¨á¨¬®áâ¨ ®â ª®íää¨æ¨¥­â®¢ ¬­®£®ç«¥­  P (y1; : : : ; ym) (­ ¯à¨¬¥à, ¥£® ¢ëá®âë

H = H(P )) ¨ ¥£® áâ¥¯¥­¨ d = deg P .

�¯®¬ï­ãâë© ¢ëè¥ ¬¥â®¤ �¨£¥«ï ¯®§¢®«ï¥â ¯à®¢®¤¨âì íâ¨ ¨áá«¥¤®¢ ­¨ï ¢ á«ãÄ

ç ¥, ª®£¤  ¢ ª ç¥áâ¢¥ ç¨á¥« �1; : : : ; �m à áá¬ âà¨¢ îâáï §­ ç¥­¨ï ¢  «£¥¡à ¨ç¥áÄ

ª®© â®çª¥ � ∈ K \ {0}  ­ «¨â¨ç¥áª¨å äã­ªæ¨©

fj(z) =
∞∑
�=0

fj;�z
� ; fj;� ∈ K; j = 1; : : : ;m; � ∈ Z+ = {0; 1; 2; : : : }; (0.3)

á®áâ ¢«ïîé¨å ¢ á®¢®ªã¯­®áâ¨ à¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨©
d

dz
yl =

m∑
j=1

Qljyj ; l = 1; : : : ;m;

Qlj = Qlj(z) ∈ C(z); l; j = 1; : : : ;m;

(0.4)

¯¥à¢®£® ¯®àï¤ª . �à¨ íâ®¬ ª®íää¨æ¨¥­âë ¢ àï¤ å �¥©«®à  äã­ªæ¨© (0.3) ã¤®¢«¥Ä

â¢®àïîâ ­¥ª®â®àë¬ ¤®¯®«­¨â¥«ì­ë¬  à¨ä¬¥â¨ç¥áª¨¬ ãá«®¢¨ï¬, ®¯à¥¤¥«ïîé¨¬

ª« áá E-äã­ªæ¨©, ¨ â®çª  � ­¥ ï¢«ï¥âáï ®á®¡®© â®çª®© á¨áâ¥¬ë (0.4). �¥â®¤ �¨Ä

£¥«ï ¡ë« áãé¥áâ¢¥­­® ãá¨«¥­ ¢ à ¡®â å �.�.�¨¤«®¢áª®£®, ª®â®àë©, ¢ ç áâ­®áâ¨,

¤®ª § « ªà¨â¥à¨©  «£¥¡à ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ §­ ç¥­¨© E-äã­ªæ¨©. �®¤à®¡Ä

­ãî ¨áâ®à¨î íâ®£® ¢®¯à®á  ¬®¦­® ­ ©â¨ ¢ ¥£® ¬®­®£à ä¨¨ [1]. �à §ã ®â¬¥â¨¬,

çâ® ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥â à áá¬ âà¨¢ âìáï â®«ìª® á«ãç © K = Q, ¯®áª®«ìªã ¢á¥

®æ¥­ª¨, ¯®«ãç¥­­ë¥ ¢ ­¥¬, ¨¬¥îâ á¢®¨ ¥áâ¥áâ¢¥­­ë¥  ­ «®£¨ ¤«ï ¯à®¨§¢®«ì­®£®

ª®­¥ç­®£® à áè¨à¥­¨ï ¯®«ï à æ¨®­ «ì­ëå ç¨á¥«.
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�¯à¥¤¥«¥­¨¥ [6]. �ã­ªæ¨ï

f(z) =
∞∑
�=0

f�
�!
z� ; f� ∈ Q; � ∈ Z+;

­ §ë¢ ¥âáï E-äã­ªæ¨¥© , ¥á«¨ ¤«ï ­¥ª®â®à®© ¯®«®¦¨â¥«ì­®© ª®­áâ ­âë C á¯à ¢¥¤Ä

«¨¢® ­¥à ¢¥­áâ¢® |f� | < C�+1 ¯à¨ � ∈ Z+ ¨ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ­ âãÄ

à «ì­ëå ç¨á¥« {'n}∞n=1 â ª ï, çâ® 'nf� ∈ Z, � = 0; 1; : : : ; n, n ∈ N, ¨ 'n < Cn

¯à¨ n ∈ N.

� ­­®¥®¯à¥¤¥«¥­¨¥­¥áª®«ìª®®â«¨ç ¥âáï®âª« áá¨ç¥áª®£®®¯à¥¤¥«¥­¨ï�¨£¥«ï.

�¤­ ª®, ¢á¥ ¨§¢¥áâ­ë¥ E-äã­ªæ¨¨ (¢ á¬ëá«¥ �¨£¥«ï) á à æ¨®­ «ì­ë¬¨ ª®íää¨Ä

æ¨¥­â ¬¨ àï¤®¢ �¥©«®à , ï¢«ïîé¨¥áï à¥è¥­¨ï¬¨ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨©, ã¤®¢«¥â¢®àïîâ íâ®¬ã ®¯à¥¤¥«¥­¨î. � ç áâ­®áâ¨, íâ® ®â­®á¨âáï

ª® ¢á¥¬ æ¥«ë¬ £¨¯¥à£¥®¬¥âà¨ç¥áª¨¬ äã­ªæ¨ï¬ á à æ¨®­ «ì­ë¬¨ ¯ à ¬¥âà ¬¨

(á¬. [1, £«.5, §1]).
� 1984 £®¤ã �.�. �ã¤­®¢áª¨© [7] ¯à¥¤«®¦¨« ®à¨£¨­ «ì­ãî ª®­áâàãªæ¨î, ¯®§Ä

¢®«ïîéãî ¯®«ãç âì ®æ¥­ª¨ á­¨§ã «¨­¥©­ëå ä®à¬ ®â §­ ç¥­¨© E-äã­ªæ¨© (0.3),

ª ¦¤ ï ¨§ ª®â®àëå ã¤®¢«¥â¢®àï¥â á¢®¥¬ã «¨­¥©­®¬ã ®¤­®à®¤­®¬ã ¤¨ää¥à¥­æ¨Ä

 «ì­®¬ã ãà ¢­¥­¨î ¯à®¨§¢®«ì­®£® ¯®àï¤ª :

|h1f1(�) + · · ·+ hmfm(�)| > C(H1 · · ·Hm)−1H1−":

�à¨ íâ®¬ ­  á®¢®ªã¯­®áâì íâ¨å ãà ¢­¥­¨© ­ ª« ¤ë¢ «®áì ®ç¥­ì ¦¥áâª®¥ ®£à ­¨Ä

ç¨â¥«ì­®¥ ãá«®¢¨¥, áå®¦¥¥ á ãá«®¢¨¥¬ �¨£¥«ï. �à®¬¥ íâ®£®, �ã¤­®¢áª®¬ã ­¥ ã¤ Ä

«®áì ª®àà¥ªâ­® ®áãé¥áâ¢¨âì ¯¥à¥å®¤ ®â «¨­¥©­ëå ¯à¨¡«¨¦ îé¨å äã­ªæ¨®­ «ìÄ

­ëå ä®à¬, ­ §¢ ­­ëå ¨¬ £à ¤ã¨à®¢ ­­ë¬¨ ¯à¨¡«¨¦¥­¨ï¬¨ � ¤¥ , ª «¨­¥©­ë¬

ç¨á«®¢ë¬ ä®à¬ ¬. � æ¥«®¬, ¬¥â®¤ �ã¤­®¢áª®£® ï¢«ï«áï ­¥¯®áà¥¤áâ¢¥­­ë¬ à §Ä

¢¨â¨¥¬ ¬¥â®¤  �¨£¥«ï{�¨¤«®¢áª®£®. � «ì­¥©è ï à¥ «¨§ æ¨ï ª®­áâàãªæ¨¨ £à Ä

¤ã¨à®¢ ­­ëå ¯à¨¡«¨¦¥­¨© � ¤¥ ¢ à ¡®â¥ [8] ¯à¨¢¥«  ª ¤®ª § â¥«ìáâ¢ã â®ç­ëå ¯®

¯®àï¤ªã ®æ¥­®ª ¬¥àë ¨àà æ¨®­ «ì­®áâ¨ §­ ç¥­¨© E-äã­ªæ¨© (0.3):∣∣∣fl(�)− p

q

∣∣∣ > |q|−2−
(log log |q|)−1=(m+1)
; l = 1; : : : ;m;

á «¥£ª® ¯à®¢¥àï¥¬ë¬ ãá«®¢¨¥¬ ­  á®¢®ªã¯­®áâì à áá¬ âà¨¢ ¥¬ëå äã­ªæ¨©.

� ­ áâ®ïé¥© à ¡®â¥ á ¯®¬®éìî ­®¢ëå ¨¤¥© ¢ ¬¥â®¤¥ �¨£¥«ï{�¨¤«®¢áª®£® ª®­Ä

áâàãªæ¨ï £à ¤ã¨à®¢ ­­ëå ¯à¨¡«¨¦¥­¨© � ¤¥ à¥ «¨§®¢ ­  ¢ ¯®«­®¬ ®¡ê¥¬¥ ¤«ï

¯®«ãç¥­¨ï ®æ¥­®ª á­¨§ã ¢¥«¨ç¨­ (0.1) ¨ (0.2). �à¨ íâ®¬ ãá«®¢¨¥, ­ ª« ¤ë¢ ¥¬®¥ ­ 

á®¢®ªã¯­®áâì à áá¬ âà¨¢ ¥¬ëå äã­ªæ¨©, ï¢«ï¥âáï ¡®«¥¥ ¯à®áâë¬ ¯® áà ¢­¥­¨î á

ãá«®¢¨¥¬ �ã¤­®¢áª®£® ¨ ¢® ¬­®£¨å á«ãç ïå ¯à®¢¥à¥­®. �â® ¯®§¢®«ï¥â ¯®«ãç¨âì

á«¥¤áâ¢¨ï ¤«ï ª®­ªà¥â­ëå ®¡®¡é¥­­ëå £¨¯¥à£¥®¬¥âà¨ç¥áª¨å äã­ªæ¨©.

�á­®¢­ë¥ à¥§ã«ìâ âë. �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  «¨­¥©­ëå ®¤­®Ä

à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª  (0.4) «¥¦¨â ¢ ª« áÄ

á¥ W0, ¥á«¨ äã­ªæ¨¨, ¢å®¤ïé¨¥ ¢ ­¥ª®â®àãî äã­¤ ¬¥­â «ì­ãî ¬ âà¨æã à¥è¥­¨©

( jl)j;l=1;:::;m á¨áâ¥¬ë (0.4), ®¤­®à®¤­®  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë ­ ¤ C(z).

�â¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥ \­¥ª®â®àãî äã­¤ ¬¥­â «ì­ãî ¬ âà¨æã à¥è¥­¨©"

¬®¦­® § ¬¥­¨âì ­  \¯à®¨§¢®«ì­ãî äã­¤ ¬¥­â «ì­ãî ¬ âà¨æã à¥è¥­¨©", ¯®Ä

áª®«ìªã ¢á¥ â ª¨¥ ¬ âà¨æë ®â«¨ç îâáï ¬ âà¨ç­ë¬ ¬­®¦¨â¥«¥¬ á ¯®áâ®ï­­ë¬¨

ª®íää¨æ¨¥­â ¬¨.
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�¥®à¥¬  I. �ãáâì á®¢®ªã¯­®áâì E-äã­ªæ¨© f1(z); : : : ; fm(z),m > 2, ã¤®¢«¥Ä

â¢®àï¥â á¨áâ¥¬¥ «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (0.4) ¨§

ª« áá W0, � ∈ Q\{0} { ­¥®á®¡ ï â®çª  íâ®© á¨áâ¥¬ë ¨ d ∈ N. �®£¤  áãé¥áâÄ
¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ 
 = 
(f1; : : : ; fm;�; d) ¨ C = C(f1; : : : ; fm;

�; d) â ª¨¥ , çâ® ¤«ï «î¡®£® ®¤­®à®¤­®£® ¬­®£®ç«¥­  P ∈ Z[y1; : : : ; ym] áâ¥Ä

¯¥­¨ d ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®∣∣P (f1(�); : : : ; fm(�)
)∣∣ > C · |h1 · · ·hw|−1H1−
(log log H)−1=(m

2−m+2)
;

H = max
16i6w

{
|hi|
}
> 3;

£¤¥ h1; : : : ; hw { ¢á¥ ­¥­ã«¥¢ë¥ ª®íää¨æ¨¥­âë ¬­®£®ç«¥­  P (y1; : : : ; ym).

�§ â¥®à¥¬ë I ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â à¥§ã«ìâ â ®¡ ®æ¥­ª¥ á­¨§ã «¨­¥©­ëå

ä®à¬ ®â §­ ç¥­¨© E-äã­ªæ¨©.

�«¥¤áâ¢¨¥. �ãáâì á®¢®ªã¯­®áâì E-äã­ªæ¨© f1(z); : : : ; fm(z), m > 2, ã¤®¢Ä

«¥â¢®àï¥â á¨áâ¥¬¥ «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (0.4)

¨§ ª« áá  W0, � ∈ Q \ {0} { ­¥®á®¡ ï â®çª  íâ®© á¨áâ¥¬ë. �®£¤  áãé¥áâÄ

¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ 
 = 
(f1; : : : ; fm;�) ¨ C = C(f1; : : : ; fm;�)

â ª¨¥ , çâ®

|h1f1(�) + · · ·+ hmfm(�)| > C · (H1 · · ·Hm)−1H1−
(log log H)−1=(m
2−m+2)

;

hi ∈ Z; Hi = max
{
1; |hi|

}
; i = 1; : : : ;m; H = max

16i6m
{Hi} > 3:

�  á ¬®¬ ¤¥«¥, â¥®à¥¬  I ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ ­¥ª®â®à®£® ¡®«¥¥ ®¡é¥Ä

£® ãâ¢¥à¦¤¥­¨ï, ª®â®à®¥ ¨ ¡ã¤¥â ¤®ª §ë¢ âìáï ­¨¦¥. �«ï ¥£® ä®à¬ã«¨à®¢ª¨ ­ ¬

¯®­ ¤®¡¨âáï ¤®¯®«­¨â¥«ì­®¥ ¯®­ïâ¨¥. � ¤ «ì­¥©è¥¬ ¡ã¤¥â à áá¬ âà¨¢ âìáï á¨áÄ

â¥¬  «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª , à áÄ

¯ ¤ îé ïáï ­  m ¯®¤á¨áâ¥¬:

d

dz
yil =

mi∑
j=1

Q
(i)
lj yij ; l = 1; : : : ;mi;

Q
(i)
lj = Q

(i)
lj (z) ∈ Q(z); l; j = 1; : : : ;mi;

i = 1; : : : ;m; m > 2: (0.5)

�á«¨ � ∈ C { ­¥®á®¡ ï â®çª  á¨áâ¥¬ë (0.5), â® ®­  ï¢«ï¥âáï ­¥®á®¡®© â®çª®© ¨ ¤«ï

á¨áâ¥¬ë «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

d

dz
aij = −

mi∑
l=1

Q
(i)
lj ail; j = 1; : : : ;mi; i = 1; : : : ;m; (0.6)

á®¯àï¦¥­­®© ª á¨áâ¥¬¥ (0.5). �®íâ®¬ã áãé¥áâ¢ã¥â ­ ¡®à  ­ «¨â¨ç¥áª¨å ¢ ­¥ª®â®Ä

à®© ®ªà¥áâ­®áâ¨ â®çª¨ z = � äã­ªæ¨©

'ij = 'ij(z); j = 1; : : : ;mi; i = 1; : : : ;m; (0.7)

ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥ (0.6), â ª®©, çâ®

'ij(�) =

{
1 ¯à¨ j = 1;

0 ¯à¨ j = 2; : : : ;mi;
i = 1; : : : ;m: (0.8)

�á«¨ äã­ªæ¨¨ (0.7) ®¤­®à®¤­®  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë ­ ¤ C(z), â® ¡ã¤¥¬ £®¢®Ä

à¨âì, çâ® á¨áâ¥¬  (0.5) ¯à¨­ ¤«¥¦¨â ª« ááã W0(�).
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�¥®à¥¬  II. �ãáâì á®¢®ªã¯­®áâì E-äã­ªæ¨©

fil(z); l = 1; : : : ;mi; i = 1; : : : ;m; (0.9)

ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥Ä

­¨© (0.5) ¨§ ª« áá  W0(�). �«ï ¯à®¨§¢®«ì­®£® ®¤­®à®¤­®£® ¬­®£®ç«¥­ 

P = P (y1; : : : ; ym) ∈ Z[y1; : : : ; ym] áâ¥¯¥­¨ d ∈ N ¢¢¥¤¥¬ ¬­®¦¥áâ¢® ¬ã«ìÄ

â¨¨­¤¥ªá®¢ U â ª¨¬ ®¡à §®¬, çâ®

P (y1; : : : ; ym) =
∑
�u∈U

h�uy
u1
1 · · · y

um
m ;

h�u 6= 0; |�u| = u1 + · · ·+ um = d; �u ∈ U ;
(0.10)

¯à¨ íâ®¬ äã­ªæ¨¨

F�u(z) = fu111 (z)f
u2
21 (z) · · · f

um
m1 (z); �u ∈ U; (0.11)

«¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(z). �®£¤  áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®Ä

ï­­ë¥ 
 ¨ C, § ¢¨áïé¨¥ â®«ìª® ®â á®¢®ªã¯­®áâ¨ äã­ªæ¨© (0.9), ç¨á«  d ¨

­¥®á®¡®© â®çª¨ � ∈ Q \ {0}, â ª¨¥ , çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

∣∣P (f11(�); f21(�); : : : ; fm1(�)
)∣∣ > C

∏
�u∈U
|h�u|−1H1−
(log log H)−1=(m1+···+mm−m+2)

;

H = max
�u∈U

{
|h�u|

}
> 3:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë I. �«ï á®¢®ªã¯­®áâ¨ äã­ªæ¨© f1(z); : : : ; fm(z) ¨§

â¥®à¥¬ë I à áá¬®âà¨¬ m \à®««¨à®¢ ­ëå" ª®¯¨©

fil(z) ≡

{
fi−l+1(z); ¥á«¨ i− l > 0;

fi−l+1+m(z); ¥á«¨ i− l < 0;
i; l = 1; : : : ;m;

ª ¦¤ ï ¨§ ª®â®àëå ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ìÄ

­ëå ãà ¢­¥­¨©, ¯®«ãç¥­­®© ¨§ á¨áâ¥¬ë (0.4) ­¥ª®â®à®© ¯¥à¥áâ ­®¢ª®© ¨­¤¥ªá®¢.

�â¬¥â¨¬ áà §ã, çâ® ¯®áª®«ìªã ¨áå®¤­ë¥ äã­ªæ¨¨ f1(z); : : : ; fm(z), ¢å®¤ïâ ¢ ­¥ª®Ä

â®àãî äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã à¥è¥­¨© á¨áâ¥¬ë (0.4) ¨§ ª« áá  W0, ®­¨ ®¤­®Ä

à®¤­®  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë ­ ¤ C(z).

�ãáâì

 lj(z); l; j = 1; : : : ;m; (0.12)

{ í«¥¬¥­âë äã­¤ ¬¥­â «ì­®© ¬ âà¨æë à¥è¥­¨© á¨áâ¥¬ë (0.4), ¯à¥¢à é îé¥©áï

¢ ¥¤¨­¨ç­ãî ¬ âà¨æã ¢ â®çª¥ z = �:

 lj(�) = �lj ; l; j = 1; : : : ;m: (0.13)
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�à¨ íâ®¬ äã­ªæ¨¨ (0.12) ®¤­®à®¤­®  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë ­ ¤ C(z), ¯®áª®«ìÄ

ªã á¨áâ¥¬  (0.4) «¥¦¨â ¢ ª« áá¥ W0. �®£¤  í«¥¬¥­âë ®¡à â­®© ¬ âà¨æë(
 ̃lj(z)

)
l;j=1;:::;m =

(
 lj(z)

) −1
l;j=1;:::;m ;

ª ª à æ¨®­ «ì­ë¥ äã­ªæ¨¨ ®â (0.12), â ª¦¥ ®¤­®à®¤­®  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë

­ ¤ C(z), ¨, ªà®¬¥ â®£®, á®£« á­® (0.13) ¤«ï ­¨å ¢ë¯®«­¥­ë ãá«®¢¨ï ­®à¬¨à®¢ª¨ ¢

â®çª¥ z = �:

 ̃lj(�) = �lj ; l; j = 1; : : : ;m:

�áâ ¥âáï § ¬¥â¨âì, çâ® ®¤­®à®¤­®  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë¥ ­ ¤ C(z) äã­ªæ¨¨

'ij(z) =

{
 ̃i;j+i−1; ¥á«¨ j + i− 1 6 m;

 ̃i;j+i−1−m; ¥á«¨ j + i− 1 > m;
i; j = 1; : : : ;m;

ã¤®¢«¥â¢®àïîâ á®¢®ªã¯­®áâ¨ á®¯àï¦¥­­ëå á¨áâ¥¬ ¨ ãá«®¢¨ï¬ (0.8), â.¥. á¨áâ¥¬ 

¤«ï äã­ªæ¨© (0.9) «¥¦¨â ¢ ª« áá¥ W0(�). �ã­ªæ¨¨ (0.11) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤

C(z) ¢¢¨¤ã  «£¥¡à ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ äã­ªæ¨© fi(z) ≡ fi1(z), i = 1; : : : ;m.

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë I ¯à¨¬¥­¨¬ â¥®à¥¬ã II.

�à¨«®¦¥­¨ï. � ª ç¥áâ¢¥ ¨««îáâà æ¨¨ ¯à¨¬¥­¥­¨ï â¥®à¥¬ë II ¬ë ¢®á¯®«ìÄ

§ã¥¬áï ª« áá¨ç¥áª¨¬ à¥§ã«ìâ â®¬ �¨£¥«ï [4] ¤«ï §­ ç¥­¨© äã­ªæ¨¨

K�(z) =
∞∑
�=0

(−1)�

�!(�+ 1)�

(z
2

)2�
; � ∈ Q \ {−1;−2; : : : };

(�+ 1)0 = 1; (�+ 1)� = (�+ 1) · · · (�+ �); � = 1; 2; : : : ;

ã¤®¢«¥â¢®àïîé¥© «¨­¥©­®¬ã ®¤­®à®¤­®¬ã ãà ¢­¥­¨î ¢â®à®£® ¯®àï¤ª 

y′′ +
2�+ 1

z
y′ + y = 0:

�¥®à¥¬  III. �ãáâì

�i ∈ Q \ {−1;−2; : : : }; �i 6=
2�− 1

2
; � ∈ Z; i = 1; : : : ;m;

�i1 ± �i2 =∈ Z; i1; i2 = 1; : : : ;m; i1 6= i2;

�1; : : : ; �n ∈ Q \ {0}; �2j1 6= �2j2 ; j1; j2 = 1; : : : ; n; j1 6= j2:

�®£¤  áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥ C ¨ 
, § ¢¨áïé¨¥ â®«ìª® ®â

¯ à ¬¥âà®¢ �1; : : : ; �m, �1; : : : ; �n ¨ ­ âãà «ì­®£® ç¨á«  d, ¨ ®¡« ¤ îé¨¥ á«¥Ä

¤ãîé¨¬ á¢®©áâ¢®¬ : ¤«ï ¯à®¨§¢®«ì­®£® (­¥ ®¡ï§ â¥«ì­® ®¤­®à®¤­®£® ) ¬­®Ä

£®ç«¥­  P ®â ¯¥à¥¬¥­­ëå yij , i = 1; : : : ;m, j = 1; : : : ; n, ¨¬¥îé¥£® æ¥«ë¥

ª®íää¨æ¨¥­âë ¨ áâ¥¯¥­ì d, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®∣∣∣P ∣∣yij=K�i (�j)

∣∣∣ > C|�|−1H1−
(log log H)−1=(mn+2)
;

£¤¥ � { ¯à®¨§¢¥¤¥­¨¥ ¢á¥å ­¥­ã«¥¢ëå ª®íää¨æ¨¥­â®¢ ¬­®£®ç«¥­  P , H > 3 {

¥£® ¢ëá®â .
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�®ª § â¥«ìáâ¢®. �ã­ªæ¨¨ y1 = K�(�z), y2 = K′�(�z) á®áâ ¢«ïîâ à¥è¥­¨¥

á¨áâ¥¬ë «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

d

dz

(
y1
y2

)
=

(
0 1

−�2 −2�+1
z

)(
y1
y2

)
:

�®®â¢¥âáâ¢ãîé ï á®¯àï¦¥­­ ï á¨áâ¥¬  ¨¬¥¥â ¢¨¤

d

dz

(
a1
a2

)
=

(
0 �2

−1 2�+1
z

)(
a1
a2

)
: (0.14)

�á«¨ a1(z); a2(z) { «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë (0.14), â® äã­ªæ¨ï '(z) = a1(z=�
2)

¢¬¥áâ¥ á® á¢®¥© ¯à®¨§¢®¤­®©  (z) = '′(z) = a2(z=�
2) á®áâ ¢«ï¥â à¥è¥­¨¥ á¨áâ¥¬ë

d

dz

(
'

 

)
=

(
0 1

− 1
�2

2�+1
z

)(
'

 

)
:

� ªãî äã­ªæ¨î '(z) á ãá«®¢¨ï¬¨ '(�2) = a1(1) = 1, '′(�2) = a2(1) = 0 ®¡®§­ Ä

ç¨¬ ç¥à¥§ '�;�(z).

�®á¯®«ì§ã¥¬áï â¥¯¥àì «¥¬¬®© 1 [1, £«.9, §1]: ¯à¨ § ¤ ­­®¬ ¢ ãá«®¢¨¨ â¥®à¥¬ë

¢ë¡®à¥ ¯ à ¬¥âà®¢ �1; : : : ; �m, �1; : : : ; �n äã­ªæ¨¨

'�i;�j (z); '′�i;�j (z); i = 1; : : : ;m; j = 1; : : : ; n;

 «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë ­ ¤ C(z). �® íâ® ®§­ ç ¥â, çâ® á¨áâ¥¬  ¤¨ää¥à¥­æ¨Ä

 «ì­ëå ãà ¢­¥­¨©, ª®â®à®© ã¤®¢«¥â¢®àïîâ äã­ªæ¨¨

f0(z) = 1; fij;1(z) = K�i(�jz); fij;2(z) = K′�i(�jz); i = 1; : : : ;m; j = 1; : : : ; n;

«¥¦¨â ¢ ª« áá¥ W0(�). �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë III ¯à¨¬¥­¨¬

â¥®à¥¬ã II.

� ¬¥ç ­¨¥. �á«®¢¨¥ ¯à¨­ ¤«¥¦­®áâ¨ á¨áâ¥¬ë (0.6) ª« ááã W0(�) ¤«ï § ¤ ­Ä

­®© ­¥®á®¡®© â®çª¨ z = � á« ¡¥¥ ãá«®¢¨ï ­®à¬ «ì­®áâ¨ �¨£¥«ï ¤«ï íâ®© á¨áâ¥¬ë.

§1. �á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï

� ­£ ç¨á«®¢ëå«¨­¥©­ëåä®à¬ á¯¥æ¨ «ì­®£® ¢¨¤ . �¡®§­ ç¨¬ç¥à¥§M

¬®¤ã«ì«¨­¥©­ëåä®à¬®â ¯¥à¥¬¥­­ëå y1; : : : ; ym ­ ¤ ª®«ìæ®¬ C[z]. � ª¨¬®¡à §®¬,

í«¥¬¥­âë R ∈M ¨¬¥îâ ¢¨¤

R =
m∑
k=1

Pk(z)yk; Pk(z) ∈ C[z]; k = 1; : : : ;m:

� áá¬®âà¨¬ á¨áâ¥¬ã «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥àÄ

¢®£® ¯®àï¤ª 

y′l =
m∑
j=1

Qljyj ; Qlj = Qlj(z) ∈ C(z); l; j = 1; : : : ;m: (1.1)
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�ë¡¥à¥¬ ¬­®£®ç«¥­ T = T (z) ¤«ï á¨áâ¥¬ë (1.1) â ª¨¬ ®¡à §®¬, çâ® TQlj ∈ C[z],
l; j = 1; : : : ;m.

�¯à¥¤¥«¨¬ ­  M ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

D =
@

@z
+

m∑
l=1

( m∑
j=1

Qljyj

)
@

@yl
; (1.2)

á¢ï§ ­­ë© á á¨áâ¥¬®© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (1.1). �á«¨ R ∈ M, â® ®ç¥Ä

¢¨¤­®, çâ® ¨ TDR ∈ M. �«¥¤®¢ â¥«ì­®, TD :M → M. �à®¬¥ â®£® [1, £«.3, §4],
¥á«¨ y1; : : : ; ym ¥áâì ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1.1), â®

DR =
d

dz
R = R′:

� áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî «¨­¥©­ãî ä®à¬ã ¨§ M

R[0] =
m∑
k=1

P
[0]
k (z)yk; P

[0]
k (z) ∈ C[z]; k = 1; : : : ;m; (1.3)

¨ ¯®«®¦¨¬

R[n+1] = TDR[n]; n > 0: (1.4)

�®«ì§ãïáì ¯à¨¢¥¤¥­­ë¬ ¢ëè¥ à ááã¦¤¥­¨¥¬, ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® R[n] ∈ M,

n > 1, ¨­ë¬¨ á«®¢ ¬¨,

R[n] =
m∑
k=1

P
[n]
k (z)yk; P

[n]
k (z) ∈ C[z]; n > 0; k = 1; : : : ;m:

� ¯®¬®éìî ®¯à¥¤¥«¥­¨ï (1.2) ®¯¥à â®à  D ¨ à ¢¥­áâ¢  (1.4) ­ å®¤¨¬ á«¥¤ãîé¨¥

à¥ªãàà¥­â­ë¥ ä®à¬ã«ë:

P
[n+1]
k (z) = T (z)

(
d

dz
P
[n]
k (z)+

m∑
l=1

P
[n]
l (z)Qlk(z)

)
; n > 0; k = 1; : : : ;m: (1.5)

�ã¤¥¬ ¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨¥¬ 
 = {1; : : : ;m}.
� íâ®¬ ¯ã­ªâ¥ ¬ë ¤®ª ¦¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�à¥¤«®¦¥­¨¥ 1.1. �ãáâì ¤«ï § ¤ ­­®© «¨­¥©­®© ä®à¬ë (1.3) ¨§ M à ­£

­ ¤ C(z) ª¢ ¤à â­®© ¬ âà¨æë(
P
[n]
k (z)

)
n=0;1;:::;m−1;k∈
; (1.6)

£¤¥ ¢å®¤ïé¨¥ ¢ ­¥¥ ¬­®£®ç«¥­ë ®¯à¥¤¥«ïîâáï á®£« á­® ä®à¬ã« ¬ (1.5), à ¢¥­

¢ â®ç­®áâ¨ m̃. �«ï ¯à®¨§¢®«ì­®£® ¯®¤¬­®¦¥áâ¢  
̃ ⊂ 
, Card 
̃ = m̃,

¯®«®¦¨¬

�(
̃; z) = det
(
P
[n]
k (z)

)
n=0;1;:::;m̃−1;k∈
̃:

�ãáâì � ∈ C { ­¥®á®¡ ï â®çª  á¨áâ¥¬ë (1.1), â.¥. T (�) 6= 0, ¨ ¨§¢¥áâ­® , çâ®

max

̃

{
ord
z=�

�(
̃; z)
}
= q;

£¤¥ ¬ ªá¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦­ë¬ ¬­®¦¥áâ¢ ¬ 
̃ ⊂ 
, Card 
̃ = m̃,

¤«ï ª®â®àëå �(
̃; z) 6≡ 0. �®£¤  à ­£ ­ ¤ C ç¨á«®¢®© ¬ âà¨æë(
P
[n]
k (�)

)
n=0;1;:::;m̃+q−1;k∈


à ¢¥­ ¢ â®ç­®áâ¨ m̃.
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� ¬¥ç ­¨¥. �  á ¬®¬ ¤¥«¥, ¢ ¤ «ì­¥©è¥¬ ¯®­ ¤®¡¨âáï ­¥ áä®à¬ã«¨à®¢ ­­®¥

ãâ¢¥à¦¤¥­¨¥,   â®«ìª® ¬¥å ­¨§¬ ¥£® ¤®ª § â¥«ìáâ¢ . �¥á¬®âàï ­  íâ®, ¯à¥¤«®Ä

¦¥­¨¥ 1.1 ¯à¥¤áâ ¢«ï¥âáï ­ ¬ á®¤¥à¦ â¥«ì­ë¬ ¨ ¢¥áì¬  ¯®«¥§­ë¬ ª ª ®¡®¡é¥­¨¥

®¤­®© «¥¬¬ë �¨£¥«ï (á¬. [1, £«.3, §7, «¥¬¬  10]).

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 7 [1, £«.3, §4] äã­¤ ¬¥­â «ì­ãî á¨áâ¥¬ã

à¥è¥­¨© (
yk�(z)

)
k∈
;�=1;:::;m (1.7)

¤«ï (1.1) ¬®¦­® ¢ë¡à âì â ª¨¬ ®¡à §®¬, çâ® ä®à¬ë R[0]; R[1]; R[2]; : : : ®¡à é îâÄ

áï ¢ ­ã«ì ¯à¨ ¯®¤áâ ­®¢ª¥ ¢ ­¨å ¢¬¥áâ® ¯¥à¥¬¥­­ëå y1; : : : ; ym ª ¦¤®£® ¨§ m − m̃
à¥è¥­¨© y1�; : : : ; ym� , � = m̃ + 1; : : : ;m. �â¬¥â¨¬ áà §ã, çâ® ¢á¥ äã­ªæ¨¨, ¢å®¤ïÄ

é¨¥ ¢ ¬ âà¨æã (1.7),  ­ «¨â¨ç­ë ¢ â®çª¥ z = �, ¯®áª®«ìªã ®­  ­¥ ï¢«ï¥âáï ®á®¡®©

â®çª®© á¨áâ¥¬ë (1.1).

�«ï à¥§ã«ìâ â  ¯®¤áâ ­®¢ª¨ äã­ªæ¨© y1�; : : : ; ym� , � = 1; : : : ;m, ¢¬¥áâ® ¯¥à¥Ä

¬¥­­ëå y1; : : : ; ym ¢ ä®à¬ã R[n] ∈M ¢¢¥¤¥¬ ®¡®§­ ç¥­¨¥

R[n]� = R[n]� (z) =
∑
k∈


P
[n]
k (z)yk�(z); n > 0; � = 1; : : : ; !: (1.8)

�®£¤  á®£« á­® ¢ë¡®àã ¬ âà¨æë (1.7)

R[n]� (z) ≡ 0; n > 0; � = m̃ + 1; : : : ;m: (1.9)

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ á«¥¤ãîé¨¥ äã­ªæ¨¨,  ­ «¨â¨ç­ë¥ ¢ â®çª¥ z = �:

�(z) = det
(
yk�(z)

)
k∈
;�=1;:::;m ;

�(
̃; z) = det
(
yk�(z)

)
k∈
\
̃;�=m̃+1;:::;m ; 
̃ ⊂ 
; Card 
̃ = m̃

(¢ á«ãç ¥ m̃ = m áç¨â ¥¬ �(
; z) ≡ 1).

�¥¬¬  1.2. �ãáâì N { ¯à®¨§¢®«ì­®¥ ¯®¤¬­®¦¥áâ¢® Z+ = {0; 1; 2; : : : } â Ä
ª®¥ , çâ® CardN = m̃, ¨ 
̃ ⊂ 
, Card 
̃ = m̃. �®£¤  á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

det
(
P
[n]
k (z)

)
n∈N;k∈
̃ · �(z) = det

(
R[n]� (z)

)
n∈N;�=1;:::;m̃ · �(
̃; z): (1.10)

�®ª § â¥«ìáâ¢®. �® ¯à ¢¨«ã ã¬­®¦¥­¨ï ¬ âà¨æ ¨ á®£« á­® ®¡®§­ ç¥­¨ï¬

(1.8) ¨¬¥¥¬ (
P
[n]
k (z)

�ik

)
n∈N;i∈
\
̃;k∈


(
yk�(z)

)
k∈
;�=1;:::;m

=

(
R
[n]
� (z)

yi�(z)

)
n∈N;i∈
\
̃;�=1;:::;m

; (1.11)

3 � â¥¬ â¨ç¥áª¨© á¡®à­¨ª, â. 187, ò12



66 �.�. �������

£¤¥ ç¥à¥§ �ik ®¡®§­ ç¥­ á¨¬¢®« �à®­¥ª¥à . �¢¨¤ã à ¢¥­áâ¢ (1.9) ­ å®¤¨¬

det

(
R
[n]
� (z)

yi�(z)

)
n∈N;i∈
\
̃;�=1;:::;m

= det
(
R[n]� (z)

)
n∈N;�=1;:::;m̃ · det

(
yi�(z)

)
i∈
\
̃;�=m̃+1;:::;m ;

  ªà®¬¥ â®£®,

det

(
P
[n]
k (z)

�ik

)
n∈N;i∈
\
̃;k∈


= det
(
P
[n]
k (z)

)
n∈N;k∈
̃:

�®íâ®¬ã ¯®á«¥ ¯¥à¥å®¤  ®â ¬ âà¨æ ª ®¯à¥¤¥«¨â¥«ï¬ à ¢¥­áâ¢® (1.11) ¯à¨¬¥â

¢¨¤ (1.10).

�¥¬¬  1.3. �á«¨ ¤«ï 
̃ ⊂ 
, Card 
̃ = m̃, ¢ë¯®«­¥­® �(
̃;�) 6= 0, â®

�(
̃; z) 6≡ 0. �á«¨ ¯à¨ íâ®¬

ord
z=�

�(
̃; z) = p;

â® à ­£ ç¨á«®¢®© ¬ âà¨æë

(
P
[n]
k (�)

)
n=0;1;:::;m̃+p−1;k∈
̃ (1.12)

à ¢¥­ m̃.

�®ª § â¥«ìáâ¢®. � á«ãç ¥ N = {0; 1; : : : m̃ − 1} á®£« á­® â®¦¤¥áâ¢ã «¥¬Ä
¬ë 1.2 ¨¬¥¥¬

�(
̃; z) · �(z) = det
(
R[n]� (z)

)
n=0;1;:::;m̃−1;�=1;:::;m̃ · �(
̃; z): (1.13)

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® �(
̃; z) 6≡ 0 ¨ ¢ â® ¦¥ ¢à¥¬ï �(
̃; z) ≡ 0, â® ¯®«ãç¨¬, çâ®

det
(
R
[n]
� (z)

)
n=0;1;:::;m̃−1;�=1;:::;m̃ ≡ 0. �âáî¤  ¨ ¨§ à ¢¥­áâ¢  (1.13) § ª«îç ¥¬,

çâ® �(
̃; z) ≡ 0 ¤«ï «î¡®£® ¬­®¦¥áâ¢  
̃ ⊂ 
, Card 
̃ = m̃, ¨­ë¬¨ á«®¢ ¬¨, çâ®

à ­£ ¬ âà¨æë (
P
[n]
k (z)

)
n=0;1;:::;m̃−1;k∈
 (1.14)

¬¥­ìè¥ m̃. � ¤àã£®© áâ®à®­ë, à ­£ ¬ âà¨æë (1.6) à ¢¥­ m̃ ¨ ¯® «¥¬¬¥ 6 [1, £«.3,

§4] à ­£ ¬ âà¨æë (1.14) â ª¦¥ à ¢¥­ m̃. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ®§­ ç ¥â, çâ®

¢ á«ãç ¥ �(
̃; z) 6≡ 0 ¨¬¥¥¬ �(
̃; z) 6≡ 0.

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã ¢â®à®© ç áâ¨ «¥¬¬ë. �«ï § ¤ ­­®£® ¬­®¦¥áâ¢  
̃

¯®«®¦¨¬ �(z) = �(
̃; z) ¨ ¯¥à¥¯¨è¥¬ à ¢¥­áâ¢® (1.13) ¢ ¢¨¤¥

�(z) · �(z) = det
(
R[n]� (z)

)
n=0;1;:::;m̃−1;�=1;:::;m̃; (1.15)
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£¤¥ �(z) = �(z)=�(
̃; z) {  ­ «¨â¨ç¥áª ï ¢ â®çª¥ z = � äã­ªæ¨ï, ¯®áª®«ìªã

�(
̃;�) 6= 0. �¥à¥¯¨è¥¬ ä®à¬ã«ë (1.4) ¤«ï äã­ªæ¨© (1.8):

R[n+1]� (z) = T (z)
d

dz
R[n]� (z); n > 0; � = 1; : : : ; m̃: (1.16)

�®«ì§ãïáì á®®â­®è¥­¨ï¬¨ (1.15), (1.16), ¯à ¢¨«®¬ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ®¯à¥¤¥«¨Ä

â¥«ï ¯® áâà®ª ¬ ¨ â®¦¤¥áâ¢®¬ «¥¬¬ë 1.2, ¯®«ãç ¥¬

(
T (z)

d

dz

)p(
�(z)�(z)

)
=
(
T (z)

d

dz

)p
det
(
R[n]� (z)

)
n=0;1;:::;m̃−1;�=1;:::;m̃

=
∑

�0+···+�m̃−1=p
�0;:::;�m̃−1>0

p!

�0! · · · �m̃−1!
det
(
R[n+�n]� (z)

)
n=0;1;:::;m̃−1;�=1;:::;m̃

=
∑

�0+···+�m̃−1=p
�0;:::;�m̃−1>0

p!

�0! · · · �m̃−1!
det
(
P
[n+�n]
k (z)

)
n=0;1;:::;m̃−1;k∈
̃ · �(z): (1.17)

�â¬¥â¨¬, çâ® ¯®á«¥¤­¥¥ â®¦¤¥áâ¢® ¢ á«ãç ¥ m̃ = m ¡ë«® ¤®ª § ­® ¢ ¤¨¯«®¬­®©

à ¡®â¥ �.�. �¨â¥­ª® ¢ 1987 £®¤ã. �ã­ªæ¨ï �(z) ¢ â®çª¥ z = �  ­ «¨â¨ç­  ¨ ¯à¨­¨Ä

¬ ¥â ­¥­ã«¥¢®¥ §­ ç¥­¨¥; ¯® ãá«®¢¨î T (�) 6= 0. �®íâ®¬ã, ¥á«¨ p { â®ç­ë© ¯®àï¤®ª

­ã«ï ¢ â®çª¥ z = � ¬­®£®ç«¥­  �(z), â® ¯®¤áâ ­®¢ª  z = � ¢ â®¦¤¥áâ¢® (1.17) á

¯®á«¥¤ãîé¨¬ ¤¥«¥­¨¥¬ ®¡¥¨å ç áâ¥© ­  �(�) ¤ áâ á®®â­®è¥­¨¥

0 6= T p(�)�(p)(�) =
∑

�0+···+�m̃−1=p
�0;:::;�m̃−1>0

p!

�0! · · · �m̃−1!
det
(
P
[n+�n]
k (�)

)
n=0;1;:::;m̃−1;k∈
̃:

�âáî¤  á«¥¤ã¥â, çâ® ¤«ï ­¥ª®â®à®£® ­ ¡®à  �0; : : : ; �m̃−1, �0 + · · · + �m̃−1 = p,

­¥®âà¨æ â¥«ì­ëå æ¥«ëå ç¨á¥« ¢ë¯®«­¥­®

det
(
P
[n+�n]
k (�)

)
n=0;1;:::;m̃−1;k∈
̃ 6= 0;

  íâ®, ¢ á¢®î ®ç¥à¥¤ì, ®§­ ç ¥â, çâ® à ­£ ç¨á«®¢®© ¬ âà¨æë (1.12) ¢ â®ç­®áâ¨

à ¢¥­ m̃.

�¥à­¥¬áï â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã ¯à¥¤«®¦¥­¨ï 1.1.

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¤«ï «î¡®£® ¬­®¦¥áâ¢  
̃ ⊂ 
, Card 
̃ = m̃, ¢ë¯®«­¥­®

�(
̃;�) = 0, â® á®£« á­® ®¯à¥¤¥«¥­¨î ¬¨­®à®¢ �(
̃; z) áâ®«¡æë ç¨á«®¢®© ¬ âà¨æë(
yk�(�)

)
k∈
̃;�=m̃+1;:::;m «¨­¥©­® § ¢¨á¨¬ë. �â®, ®¤­ ª®, ¯à®â¨¢®à¥ç¨â â®¬ã, çâ®

¬ âà¨æ  (1.7) ï¢«ï¥âáï äã­¤ ¬¥­â «ì­®© ¬ âà¨æ¥© à¥è¥­¨© á¨áâ¥¬ë (1.1), ¤«ï

ª®â®à®© â®çª  z = � ï¢«ï¥âáï ­¥®á®¡®©. �®íâ®¬ã �(
̃;�) 6= 0, ¯® ªà ©­¥© ¬¥à¥,

¤«ï ®¤­®£® â ª®£® 
̃. �áâ ¥âáï ¢®á¯®«ì§®¢ âìáï «¥¬¬®© 1.3 ¨ â¥¬ ä ªâ®¬, çâ®

p 6 q.

3*
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�¥¬¬  � «®çª¨­ . �§« £ ¥¬®¥ ­¨¦¥ ãâ¢¥à¦¤¥­¨¥ ï¢«ï¥âáï ®¤­¨¬ ¨§ ª«îÄ

ç¥¢ëå ¬®¬¥­â®¢ ®¯¨áë¢ ¥¬®£® ¢ à ¡®â¥ ¬¥â®¤ . �£® «î¡¥§­® ¯à¥¤®áâ ¢¨«  ¢â®àã

�.�. � «®çª¨­.

�¥¬¬  1.4 (�.�. � «®çª¨­). �ãáâì

�(z) =
s∑

�=p

��
�!
z� ; �� ∈ Z; |�� | 6 �; � = p; p + 1; : : : ; s;

s = deg�(z); p = ord
z=0

�(z) > 2; q = ord
z=�

�(z); � ∈ C; |�| 6
p−√p
1 +
√
p
:

�®£¤ 

q 6
2 log(s�)

log p
: (1.18)

�®ª § â¥«ìáâ¢®. �à¨ |�| = p ¨¬¥¥¬

|�(�)| 6 (s− p + 1)
�

p!
pp;

£¤¥ ¨á¯®«ì§®¢ ­® ­¥à ¢¥­áâ¢®

p�

�!
6
pp

p!
¯à¨ � > p:

�®áª®«ìªã

�(z) =
1

2�i

∮
|�|=p

zp(z − �)q

�p(� − �)q
�(�)

� − z
d�;

  â ª¦¥
s− p + 1

p− 1
6
s

p
;

¯à¨ |z| = 1 ¯®«ãç ¥¬

|�(z)| 6 1

2�

∮
|�|=p

(1 + |�|)q

pp(p− |�|)q
s− p + 1

p− 1

�

p!
pp d� 6 s�

(
1 + |�|
p− |�|

)q 1
p!

6 s�

(
1
√
p

)q 1
p!
:

� «¥¥ ¨¬¥¥¬

�p =
p!

2�i

∮
|z|=1

�(z)

zp+1
dz;

®âªã¤ 

|�p| 6 p! · max
|z|=1

|�(z)| 6 s�p−q=2:

� ¤àã£®© áâ®à®­ë, ç¨á«® �p ï¢«ï¥âáï æ¥«ë¬ ¨ ®â«¨ç­® ®â ­ã«ï, â.¥. |�p| > 1,

®âªã¤ 

pq=2 6 s�;
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çâ® ¯®á«¥ «®£ à¨ä¬¨à®¢ ­¨ï ¤ ¥â ­¥à ¢¥­áâ¢® (1.18). �¥¬¬  ¤®ª § ­ .

�à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ g(z) ¢ ¢¨¤¥ áâ¥¯¥­­®£® àï¤ 

g(z) =
∞∑
�=0

g�
�!
z� ; g� ∈ C; (1.19)

­ §®¢¥¬ ­®à¬ «ì­ë¬ à §«®¦¥­¨¥¬ äã­ªæ¨¨ ,   ç¨á«  g� , � ∈ Z+, { ª®íää¨æ¨¥­Ä
â ¬¨ ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨ äã­ªæ¨¨ . �á«¨ ¯à¨ íâ®¬ äã­ªæ¨ï g(z) ï¢«ïÄ

¥âáï ¬­®£®ç«¥­®¬, â.¥. áâ¥¯¥­­®© àï¤ (1.19) á®¤¥à¦¨â «¨èì ª®­¥ç­®¥ ª®«¨ç¥áâ¢®

á« £ ¥¬ëå, â® ¡ã¤¥¬ ¯®« £ âì

‖g(z)‖ = max
�

{
|g� |
}
:

�¥¬¬  1.5 [8]. �«ï ¬­®£®ç«¥­  g(z) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢  :

 ) ‖g′(z)‖ 6 ‖g(z)‖;
¡) ‖g1(z) + g2(z)‖ 6 ‖g1(z)‖+ ‖g2(z)‖;

¢) ‖g1(z)g2(z)‖ 6
(
deg g1(z) + deg g2(z)

deg g1(z)

)
‖g1(z)‖ · ‖g2(z)‖.

�à¨¢¥¤¥¬ â¥¯¥àì ­¥®¡å®¤¨¬®¥ ¢ ¤ «ì­¥©è¥¬ á«¥¤áâ¢¨¥ ¨§ «¥¬¬ë 1.4.

�¥¬¬  1.6. �ãáâì ¤«ï äã­ªæ¨¨

�(z) = det
(
Pnk(z)

)
n;k=1;:::;m̃;

£¤¥ ¬­®£®ç«¥­ë Pnk(z) ∈ C[z] ¨¬¥îâ æ¥«ë¥ ª®íää¨æ¨¥­âë ¢ ­®à¬ «ì­®¬

à §«®¦¥­¨¨ ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

deg Pnk(z) 6 d; ‖Pnk(z)‖ 6 H; n; k = 1; : : : ; m̃;

¨§¢¥áâ­® , çâ®

ord
z=0

�(z) > p;

ç¨á«® p ¤®áâ â®ç­® ¢¥«¨ª® , â®çª  z = � ä¨ªá¨à®¢ ­ . �®£¤ 

ord
z=�

�(z) <
2m̃

log p

(
logH + 2d(1 + log m̃)

)
:

�®ª § â¥«ìáâ¢®. � áªàë¢ ï �(z) ª ª ®¯à¥¤¥«¨â¥«ì, ¯® «¥¬¬¥ 1.5 ¯®«ãç¨¬

‖�(z)‖ 6
∑
�∈Sm̃

‖P1�(1)(z)P2�(2)(z) · · ·Pm̃�(m̃)(z)‖ 6 m̃! · (m̃d)!
(d!)m̃

·Hm̃

6 m̃m̃ · (m̃d)
m̃d

(d=e)m̃d ·H
m̃ = m̃m̃(d+1)em̃dHm̃:

�áâ «®áì ¢®á¯®«ì§®¢ âìáï «¥¬¬®© 1.4 ¨ â¥¬ ä ªâ®¬, çâ® deg�( z) 6 m̃d < em̃d:

ord
z=�

�(z) 6
2 log(deg�(z) · ‖�(z)‖)

log p
<

2 log(m̃m̃(d+1)e2m̃dHm̃)

log p

6
2m̃

log p

(
logH + 2d(1 + log m̃)

)
;

çâ® ¨ âà¥¡®¢ «®áì.
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§2. �à ¤ã¨à®¢ ­­ë¥ ¯à¨¡«¨¦¥­¨ï � ¤¥

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë II ¢®á¯®«ì§ã¥¬áï ã¯®¬ï­ãâ®© ¢ëè¥ ª®­áâàãªæ¨¥©

à ¡®âë [7].

�¡®§­ ç¨¬ ç¥à¥§ T (z) ­ ¨¬¥­ìè¨© ®¡é¨© §­ ¬¥­ â¥«ì à æ¨®­ «ì­ëå ª®íää¨Ä

æ¨¥­â®¢ á¨áâ¥¬ë (0.5):

T (z) ∈ Z[z]; T (z)Q
(i)
lj (z) ∈ Z[z]; l; j = 1; : : : ;mi; i = 1; : : : ;m: (2.1)

�¨áâ¥¬ë ¯à¨¡«¨¦ îé¨å äã­ªæ¨®­ «ì­ëå ä®à¬, áâà®ïé¨¥áï ­¨¦¥, ¡ã¤ãâ § Ä

¢¨á¥âì ®â ­ âãà «ì­ëå ¯ à ¬¥âà®¢ M�u, �u ∈ U . �®«®¦¨¬

M = max
�u∈U
{M�u}; N =

[
(logM)1=(m1+m2+···+mm−m+2)] > d;

" =
∑
�u∈U

m∑
i=1

ui∑
v=1

mi − 1

N +mi − v
� 1

N
; min

�u∈U
{M�u} > 3"M;

(2.2)

¯à¨ íâ®¬ ¡ã¤¥¬ áç¨â âì M ¤®áâ â®ç­® ¡®«ìè¨¬. (�¤¥áì ¨ ¤ «¥¥ ª¢ ¤à â­ë¬¨

áª®¡ª ¬¨ ¬ë ®¡®§­ ç ¥¬ æ¥«ãî ç áâì ç¨á« .) �ãª¢ë C á ­¨¦­¨¬¨ ¨­¤¥ªá ¬¨ ¨ M

á® èâà¨å ¬¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤«ï ®¡®§­ ç¥­¨ï ¯®«®¦¨â¥«ì­ëå ¯®áâ®ï­­ëå,

§ ¢¨áïé¨å â®«ìª® ®â äã­ªæ¨© (0.9), á¨áâ¥¬ë (0.5), ç¨á¥« � ¨ d. �®«®¦¨¬ â ª¦¥

�a = (�a1; : : : ; �am), £¤¥ �ai = (ai1; : : : ; aimi), i = 1; : : : ;m, ¨ �� = (��1; : : : ; ��m) {

¬ã«ìâ¨¨­¤¥ªá, £¤¥ ��i = (�i1; : : : ; �imi), i = 1; : : : ;m, ¯à¨ç¥¬ ¢á¥ ª®¬¯®­¥­âë �ij
¬ã«ìâ¨¨­¤¥ªá  ­¥®âà¨æ â¥«ì­ë,   ¥á«¨ ¢ ­¥ª®â®à®© áã¬¬¥ ¢áâà¥â¨«®áì á« £ ¥¬®¥

å®âï ¡ë á ®¤­®© ª®¬¯®­¥­â®© �ij < 0, â® áç¨â ¥¬ íâ® á« £ ¥¬®¥ ®âáãâáâ¢ãîé¨¬

(à ¢­ë¬ ­ã«î). �«ï íª®­®¬¨¨ ¬¥áâ  ¢ ä®à¬ã« å ¡ã¤¥¬ ¯¨á âì

�a�� =
∏

i=1;:::;m
j=1;:::;mi

a
�ij
ij ; |��i| =

mi∑
j=1

�ij ; i = 1; : : : ;m:

�¢¥¤¥¬ ¬­®¦¥áâ¢ 


�u = 
�u(N ) = {�� : |��i| = N − ui; i = 1; : : : ;m}; �u ∈ U;


 = 
(N ) =
⋃
�u∈U


�u; � = �(N ) = {�s : |�si| = N; i = 1; : : : ;m};

á®®â¢¥âáâ¢ãîé¨¬¨ ¬ «¥­ìª¨¬¨ ¡ãª¢ ¬¨ ®¡®§­ ç¨¬ ª®«¨ç¥áâ¢  í«¥¬¥­â®¢ ¢

­¨å [1, £«.2, §7, «¥¬¬  7]:

!�u = Card
 �u =
m∏
i=1

(
N +mi − 1− ui

mi − 1

)
; �u ∈ U;

! = Card
 =
∑
�u∈U

!�u; � = Card� =
m∏
i=1

(
N +mi − 1

mi − 1

)
:
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�áª®¬ë¥ «¨­¥©­ë¥ ä®à¬ë ¨¬¥îâ ¢¨¤

R(z; �a) =
∑
�u∈U

P�u(z; �a)
m∏
i=1

(
ai1fi1(z) + · · ·+ aimifimi(z)

)N−ui ; (2.3)

£¤¥ ¬­®£®ç«¥­ë P�u(z; �a) ®¤­®à®¤­ë¯® ª ¦¤®© ª®¬¯®­¥­â¥ �ai, i = 1; : : : ;m, ¨ ¨¬¥îâ

¢¨¤

P�u(z; �a) =
∑
��∈
�u

�a��P��(z); �u ∈ U: (2.4)

�ã­ªæ¨®­ «ì­ãî «¨­¥©­ãî ä®à¬ã (2.3) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

R(z; �a) =
∑
�s∈�

�a�sR�s(z); (2.5)

£¤¥

R�s(z) =
∑
�u∈U

∑
�r=(�r1;:::;�rm)

|�ri|=ui; i=1;:::;m

m∏
i=1

ui!

ri1! · · · rimi !
P�s−�r(z) �f

�r(z); �s ∈ �: (2.6)

�¥¬¬  2.1. �«ï ­ âãà «ì­ëå M�u, �u ∈ U , ¨ ¢ë¡à ­­ëå á®£« á­® (2.2) ç¨á¥«

M , N ¨ " áãé¥áâ¢ãîâ ¬­®£®ç«¥­ë P��(z) ∈ Q[z], �� ∈ 
, ã¤®¢«¥â¢®àïîé¨¥

á«¥¤ãîé¨¬ ãá«®¢¨ï¬ :

1) ­¥ ¢á¥ ®­¨ â®¦¤¥áâ¢¥­­® à ¢­ë ­ã«î ;

2) deg P�� < M ¤«ï ¢á¥å �� ∈ 
;
3) ord

z=0
P�� >M −M�u ¤«ï ¢á¥å �� ∈ 
�u, �u ∈ U ;

4) ª®íää¨æ¨¥­âë ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨ íâ¨å ¬­®£®ç«¥­®¢ ï¢«ïîâÄ

áï æ¥«ë¬¨ ç¨á« ¬¨ , ®£à ­¨ç¥­­ë¬¨ ¯® ¬®¤ã«î ¢¥«¨ç¨­®© C
M="
0 ;

5) ¯®àï¤®ª ­ã«ï ¢ â®çª¥ z = 0 ª ¦¤®© ¨§ «¨­¥©­ëå äã­ªæ¨®­ «ì­ëå

ä®à¬ (2.6) ­¥ ­¨¦¥

K =

[∑
�u∈U

!�u
�
M�u − "M

]
:

�®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë ¯à®¢®¤¨âáï ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¤®ª § â¥«ìÄ

áâ¢® «¥¬¬ë 1.1 [8].

� ¬¥ç ­¨¥ 1. �¬¥¥¬

!�u
�

=
m∏
i=1

(
N +mi − 1− ui

mi − 1

)
(
N +mi − 1

mi − 1

) =
m∏
i=1

(N +mi − 1− ui)!
(N +mi − 1)!

· N !

(N − ui)!

=
m∏
i=1

(N − ui + 1) · · · (N − 1)N

(N +mi − ui) · · · (N +mi − 2)(N +mi − 1)

=
m∏
i=1

ui∏
v=1

(
1− mi − 1

N +mi − v

)
> 1−

m∑
i=1

ui∑
v=1

mi − 1

N +mi − v
; �u ∈ U;
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®âªã¤ 

K =

[∑
�u∈U

!�u
�
M�u − "M

]
=

[∑
�u∈U

M�u −
∑
�u∈U

(
1− !�u

�

)
M�u − "M

]

>

[∑
�u∈U

M�u −
∑
�u∈U

m∑
i=1

ui∑
v=1

mi − 1

N +mi − v
M − "M

]
=

[∑
�u∈U

M�u − 2"M

]
:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¤ ¥â \¡®«¥¥ ­ £«ï¤­®¥" ¯à¥¤áâ ¢«¥­¨¥ ¢¥«¨ç¨­ë K.

� ¬¥ç ­¨¥ 2. � ª ç¥áâ¢¥ ¤®¯®«­¥­¨ï ª «¥¬¬¥ 2.1 âà¥¡ã¥â ®¡®á­®¢ ­¨ï ä ªâ

R(z; �a) 6≡ 0 ¤«ï ¯®áâà®¥­­®© ä®à¬ë R(z; �a). �à¥¤¨ ¢á¥å ¬ã«ìâ¨¨­¤¥ªá®¢ �s ∈ �

â ª¨å, çâ® ¢ ­ ¡®à¥

P�s−�r(z); |�ri| = ui; i = 1; : : : ;m;

¥áâì å®âï ¡ë ®¤¨­ ­¥­ã«¥¢®© ¬­®£®ç«¥­, ¢ë¡¥à¥¬ �s′ á ­ ¨¡®«ìè¥© ¢®§¬®¦­®© áã¬Ä

¬®© s′11 + s′21 + · · ·+ s′m1. �®£¤ 

R�s′(z) =
∑
�u∈U

P�s′−u1�e11−u2�e21−···−um�em1(z)f
u1
11 (z)f

u2
21 (z) · · · f

um
m1 (z) 6≡ 0

¢¢¨¤ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ äã­ªæ¨© (0.11) ­ ¤ C(z) ¨ á®£« á­® ¢ë¡®àã �s′ ∈ �.
�âáî¤  ¨ ¢ëâ¥ª ¥â, çâ® R(z; �a) 6≡ 0. (�¥à¥§ �eij ¬ë ®¡®§­ ç ¥¬ ¬ã«ìâ¨¨­¤¥ªá, ã

ª®â®à®£® ­  ¬¥áâ¥ á ­®¬¥à®¬ ij áâ®¨â ¥¤¨­¨æ ,   ­  ®áâ «ì­ëå ¬¥áâ å { ­ã«¨.)

�«ï à §¬­®¦¥­¨ï ¯®áâà®¥­­®© á®£« á­® «¥¬¬¥ 2.1 ä®à¬ë R(z; �a) ¢ ä®à¬ë â®£®

¦¥ ¢¨¤  ¢¢¥¤¥¬ «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

D =
@

@z
−

m∑
i=1

(mi∑
j=1

(mi∑
l=1

Q
(i)
lj (z)ail

)
@

@aij

)
;

á¢ï§ ­­ë© á á®¢®ªã¯­®áâìîá¨áâ¥¬«¨­¥©­ëå®¤­®à®¤­ëå¤¨ää¥à¥­æ¨ «ì­ëåãà ¢Ä

­¥­¨© (0.6). �®£¤ 

D

mi∑
j=1

aijfij(z) =

mi∑
j=1

aij
@fij
@z

(z)−
mi∑
j=1

(mi∑
l=1

Q
(i)
lj (z)ail

)
fij(z)

=

mi∑
l=1

ail
@fil
@z

(z)−
mi∑
l=1

ail

mi∑
j=1

Q
(i)
lj (z)fij(z)

=

mi∑
l=1

ail

(
f ′il(z)−

mi∑
j=1

Q
(i)
lj (z)fij(z)

)
= 0; i = 1; : : : ;m: (2.7)

�®íâ®¬ã äã­ªæ¨®­ «ì­ë¥ ä®à¬ë ¢¨¤  (2.3) ¯®á«¥ ¯à¨¬¥­¥­¨ï ª ­¨¬ ®¯¥à â®à  D

¨ ã¬­®¦¥­¨ï ­  T (z) ¯¥à¥å®¤ïâ ¢ ä®à¬ë â®£® ¦¥ ¢¨¤  (á ¤àã£¨¬¨ ª®íää¨æ¨¥­â Ä

¬¨-¬­®£®ç«¥­ ¬¨ P��(z), �� ∈ 
).
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�®«®¦¨¬

P
[0]
�� (z) =P��(z); �� ∈ 
;

R
[0]
�s (z) =R�s(z); �s ∈ �;

£¤¥ P��(z), �� ∈ 
, ¨ R�s(z), �s ∈ �, { ¯®áâà®¥­­ë¥ ¢ «¥¬¬¥ 2.1 ¬­®£®ç«¥­ë ¨ ®â¢¥ç Ä

îé¨¥ ¨¬ äã­ªæ¨¨ (2.6),

R[0](z; �a) =
∑
�s∈�

�a�sR
[0]
�s (z):

�®£¤  äã­ªæ¨®­ «ì­ë¥ ä®à¬ë

R[n](z; �a) =
(
T (z)D

)n
R[0](z; �a); n > 0;

¨¬¥îâ ¢¨¤

R[n](z; �a) =
∑
�u∈U

P
[n]
�u (z; �a)

m∏
i=1

(
ai1fi1(z) + · · ·+ aimifimi(z)

)N−ui ; n > 0;

¨ ¢å®¤ïé¨¥ ¢ ­¨å ¬­®£®ç«¥­ë ®â z ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ à¥ªãàà¥­â­ë¬ á®Ä

®â­®è¥­¨ï¬:

P
[n+1]
�� (z) = T (z)

(
d

dz
P
[n]
�� (z)−

m∑
i=1

mi∑
l;j=1

(�ij − �lj + 1)Q
(i)
lj (z)P

[n]
��−�eil+�eij (z)

)
;

n > 0; �� ∈ 
:
(2.8)

�­ «®£¨ç­ë¬ á®®â­®è¥­¨ï¬ ã¤®¢«¥â¢®àïîâ ¨ ®â¢¥ç îé¨¥ ª ¦¤®© äã­ªæ¨®­ «ìÄ

­®© ä®à¬¥

R[n](z; �a) =
∑
�s∈�

�a�sR
[n]
�s (z); n > 0;

¬­®£®ç«¥­ë R
[n]
�s (z), �s ∈ �, n > 0, ®â äã­ªæ¨© (0.9):

R
[n+1]
�s (z) = T (z)

(
d

dz
R
[n]
�s (z)−

m∑
i=1

mi∑
l;j=1

(sij − �lj + 1)Q
(i)
lj (z)R

[n]
�s−�eil+�eij (z)

)
;

n > 0; �s ∈ �:
(2.9)

�á«¨ ¢¢¥áâ¨ ®¡®§­ ç¥­¨¥

t = max
{
deg T;max

i;l;j
{deg TQ(i)

lj }
}
;

â® ¨§ «¥¬¬ë 2.1 ¨ á®®â­®è¥­¨© (2.8), (2.9) ¨¬¥¥¬:

deg P
[n]
�� < M + tn; n > 0; �� ∈ 
; (2.10)

ord
z=0

P
[n]
�� >M −M�u − n; n > 0; �� ∈ 
�u; �u ∈ U; (2.11)

ord
z=0

R
[n]
�s > K − n; n > 0; �s ∈ �: (2.12)
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�¥¬¬  2.2.  ) �®íää¨æ¨¥­âë ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨ ¬­®£®ç«¥­®¢

P
[n]
�� (z), n > 0, �� ∈ 
, ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨. �à®¬¥ â®£® , á¯à ¢¥¤«¨¢ë

®æ¥­ª¨

max
��∈


{
‖P [n]�� (z)‖

}
6 (C1N )n

(M + tn − 1)!

(M − 1)!
· CM="

0 ; n > 0; (2.13)

®âªã¤  ¯à¨ n < C2"M

max
��∈


{
‖P [n]�� (z)‖

}
< MC3"M : (2.14)

¡) �à¨ n < C2"M ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ ∣∣R[n]�s∗ (�)
∣∣ < MC4"M−K ; �s∗ = N (�e11 + �e21 + · · ·+ �em1): (2.15)

�®ª § â¥«ìáâ¢®.  ) �¥à¢ ï ç áâì ãâ¢¥à¦¤¥­¨ï ¢ëâ¥ª ¥â ¨§ á®®â­®è¥­¨©

(2.8) ¨ ¢ë¡®à  (2.1) ¬­®£®ç«¥­  T (z). �®«®¦¨¬

C5 =

(
1 +

m∑
i=1

m2
i

)
·max

{
‖T‖;max

i;l;j

{
‖TQ(i)

lj ‖
}}

¨ ¢®á¯®«ì§ã¥¬áï à¥ªãàà¥­â­ë¬¨ á®®â­®è¥­¨ï¬¨ (2.8) ¨ ­¥à ¢¥­áâ¢ ¬¨ «¥¬¬ë 1.5:

max
��∈


{
‖P [n+1]�� (z)‖

}
6

(
M + t(n + 1) − 1

t

)
· C5N ·max

��∈


{
‖P [n]�� (z)‖

}
; n > 0;

®âªã¤  ¯à®áâ ï ¨­¤ãªæ¨ï ¯® n ¤ ¥â ®æ¥­ªã

max
��∈


{
‖P [n]�� (z)‖

}
6

(
C5N

t!

)n (M + tn − 1)!

(M − 1)!
·max
��∈


{
‖P [0]�� (z)‖

}
6

(
C5N

t!

)n (M + tn − 1)!

(M − 1)!
· CM="

0 ; n > 0;

  §­ ç¨â, á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (2.13). �¥à ¢¥­áâ¢  (2.14) ¯®«ãç îâáï ¨§ (2.13) á

ãç¥â®¬

(M + tn − 1)!

(M − 1)!
·Nn < (2M)tn ·Mn; C

M="
0 = o(M"M ) ¯à¨ M →∞

¨ n < C2"M .

¡) �ãáâì P
[n]
��;� , � ∈ Z+, { ª®íää¨æ¨¥­âë ¢ ­®à¬ «ì­®¬ à §«®¦¥­¨¨ ¬­®£®ç«¥­®¢

P
[n]
�� (z), n > 0, �� ∈ 
, á®®â¢¥âáâ¢¥­­®; R

[n]
�s∗;�, � ∈ Z+, { ª®íää¨æ¨¥­âë ¢ ­®à¬ «ìÄ

­®¬ à §«®¦¥­¨¨ ä®à¬ R
[n]
�s∗ (z), n > 0; F�u;� , � ∈ Z+, �u ∈ U , { ª®íää¨æ¨¥­âë ¢

­®à¬ «ì­®¬ à §«®¦¥­¨¨ äã­ªæ¨© (0.11). �®£¤  á®£« á­® ä®à¬ã«¥ (2.6)

R
[n]
�s∗ (z) =

∑
�u∈U

P
[n]
�s∗−u1�e11−u2�e21−···−um�em1(z)F�u(z); n > 0;
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¨ §­ ç¨â,

R
[n]
�s∗;� =

∑
�u∈U

�∑
�=0

(
�

�

)
P
[n]
�s∗−u1�e11−u2�e21−···−um�em1;�F�u;�−� ; � ∈ Z+; n > 0:

(2.16)

�à¨ íâ®¬

R
[n]
�s∗;� = 0; � < K − n; n < C2"M:

�®íâ®¬ã, ¥á«¨ ¢ á®®â­®è¥­¨¨ (2.16) ¢®á¯®«ì§®¢ âìáï ®æ¥­ª ¬¨ (2.14) ¨ ®¯à¥¤¥«¥Ä

­¨¥¬ E-äã­ªæ¨¨ ¤«ï á®¢®ªã¯­®áâ¨ (0.11), â® ¯®«ãç ¥¬ (¯à¨ � > K − n)

|R[n]�s∗;�| 6 CardU ·
�∑

�=0

(
�

�

)
max
��∈


{
‖P [n]�� (z)‖

}
C�+1 < C�+1

6 MC3"M ;

®âªã¤ 

|R[n]�s∗ (�)| =
∣∣∣∣ ∑
�>K−n

R
[n]
�s∗;�
�!

��
∣∣∣∣ < MC3"M

∑
�>K−n

|�|�

�!
C�+1
6 :

�®«ì§ãïáì ­¥à ¢¥­áâ¢®¬

∑
�>K−n

|�|�

�!
C�+1
6 6

|�|K−nCK−n+1
6

(K − n)!
∑

�>K−n

(
C6|�|

)�−K+n

(�−K + n)!

=
|�|K−nCK−n+1

6
(K − n)!

eC6|�|

<
(
C6|�|

)CardU·M( e

K − n

)K−n
eC6|�|

<
(
C6|�|

)CardU·M( e

M

)K
eC6|�|

< eC6|�|
(
C6|�|e

)CardU·M
M−K ;

¯®áª®«ìªã M < K − n 6 K < CardU ·M , ¯®«ãç ¥¬

|R[n]�s∗ (�)| < MC3"MeC6|�|(C6|�|e)CardU·MM−K :

�®á«¥¤­ïï ®æ¥­ª  á ãç¥â®¬

eC6|�|(C6|�|e)CardU·M = o(M"M ) ¯à¨ M →∞

¤ ¥â (2.15).
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§3. �¨á«®¢ë¥ ¯à¨¡«¨¦ îé¨¥ ä®à¬ë

� ­ áâ®ïé¥¬ ¯ à £à ä¥ ®áãé¥áâ¢«ï¥âáï âà ¤¨æ¨®­­ë© ¤«ï ¬¥â®¤  �¨£¥«ï{

�¨¤«®¢áª®£® ¯¥à¥å®¤ ®â ¯®áâà®¥­­ëå äã­ªæ¨®­ «ì­ëå ª ç¨á«®¢ë¬ ¯à¨¡«¨¦ îÄ

é¨¬ ä®à¬ ¬. �¤­ ª®, ¤«ï íâ¨å æ¥«¥© ¨á¯®«ì§ã¥âáï ­®¢ ï áå¥¬  à ááã¦¤¥­¨©.

� ­£ ç¨á«®¢ëå ¯à¨¡«¨¦ îé¨å ä®à¬. � ª ¦¤ë¬ �s ∈ � ã¤®¡­® á¢ï§ âì

äã­ªæ¨î I�s : U → 
, ¤¥©áâ¢ãîéãî ¯® ¯à ¢¨«ã

I�s(�u) = �s− u1�e11 − u2�e21 − · · · − um�em1; �u = (u1; u2; : : : ; um) ∈ U:

�à¨ íâ®¬ äã­ªæ¨ï I�s ®¯à¥¤¥«¥­  ­¥ ®¡ï§ â¥«ì­® ¤«ï ¢á¥å �u ∈ U , ¯®áª®«ìªã ¬ã«ìÄ
â¨¨­¤¥ªá ¢ ¯à ¢®© ç áâ¨ ¥¥ ®¯à¥¤¥«¥­¨ï ­¥ ¢á¥£¤  ¨¬¥¥â ­¥®âà¨æ â¥«ì­ë¥ ª®®à¤¨Ä

­ âë.

� ­®¢ëå ®¡®§­ ç¥­¨ïå ¬­®£®ç«¥­ë R
[n]
�s∗ (z), n > 0, �s∗ = N (�e11+�e21+ · · ·+�em1),

®â äã­ªæ¨© f11(z); f21(z); : : : ; fm1(z) ¯¥à¥¯¨èãâáï ¢ ¢¨¤¥

R
[n]
�s∗ (z) =

∑
�u∈U

P
[n]
I�s∗ (�u)

(z)F�u(z); n > 0: (3.1)

�®«®¦¨¬


∗ =
⋃
�u∈U
{I�s∗(�u)}; !∗ = Card
∗ = CardU:

� ¦­ë¬ ¬®¬¥­â®¬ ¬¥â®¤  �¨£¥«ï{�¨¤«®¢áª®£® ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® â®£®

ä ªâ , çâ® äã­ªæ¨®­ «ì­ë© ®¯à¥¤¥«¨â¥«ì, á®áâ ¢«¥­­ë© ¨§ ¯®áâà®¥­­ëå ä®à¬, ¢

­ è¥¬ á«ãç ¥ { íâ® det
(
P
[n]
�� (z)

)
n=0;1;:::;!−1;��∈
, ®â«¨ç¥­ ®â ­ã«ï. �¬¥­­® â ª®¥

ãâ¢¥à¦¤¥­¨¥ ¡ë«® ¤®ª § ­® �ã¤­®¢áª¨¬ ¢ áâ âì¥ [7] á ¯®¬®éìî ãá«®¢¨ï ­®à¬ «ìÄ

­®áâ¨ �¨£¥«ï ¤«ï á®¢®ªã¯­®áâ¨ á¨áâ¥¬ (0.6). �  á ¬®¬ ¤¥«¥, ¢ ç¨á«®¢ëå ¯à¨«®¦¥Ä

­¨ïå ­ ¬ ¯®­ ¤®¡ïâáï â®«ìª® ä®à¬ë (3.1). �®íâ®¬ã ¬®¦­® ¢®á¯®«ì§®¢ âìáï ¡®«¥¥

á« ¡ë¬  ­ «®£®¬ ãª § ­­®£® ãâ¢¥à¦¤¥­¨ï, ­ ª« ¤ë¢ ï ¬¥­¥¥ ¦¥áâª¨¥ (¯® áà ¢Ä

­¥­¨î á ãá«®¢¨¥¬ ­®à¬ «ì­®áâ¨) ®£à ­¨ç¥­¨ï (á¬. ¯® íâ®¬ã ¯®¢®¤ã § ¬¥ç ­¨¥ ª

â¥®à¥¬¥ III).

�à¥¤«®¦¥­¨¥ 3.1. �ãáâì á¨áâ¥¬  «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ìÄ

­ëå ãà ¢­¥­¨© (0.5) «¥¦¨â ¢ ª« áá¥ W0(�), äã­ªæ¨¨ (0.11) «¨­¥©­® ­¥§ Ä

¢¨á¨¬ë ­ ¤ C(z) ¨ M ¤®áâ â®ç­® ¢¥«¨ª® , M > M ′. �®£¤  à ­£ ç¨á«®¢®©

¬ âà¨æë (
P
[n]
�� (�)

)
n=0;1;:::;!+[C7"M ];��∈
∗

¢ â®ç­®áâ¨ à ¢¥­ !∗.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬,çâ®à ­£á®¢®ªã¯­®áâ¨«¨­¥©­ëåä®à¬ R[n](z; �a),

n = 0; 1; 2; : : : , à ¢¥­ !̃, !̃ 6 !. �à¨ íâ®¬ !̃ > 1, ¯®áª®«ìªã R[0](z; �a) 6≡ 0 (á¬. ¯®

íâ®¬ã ¯®¢®¤ã § ¬¥ç ­¨¥ 2 ª «¥¬¬¥ 2.1).

�«ï ¯à®¨§¢®«ì­®£® à¥è¥­¨ï

aij = aij(z); j = 1; : : : ;mi; i = 1; : : : ;m;
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á¨áâ¥¬ë (0.6) ­ ¡®à äã­ªæ¨©

x��(z) = �a��(z)
m∏
i=1

(
ai1(z)fi1(z) + · · ·+ aimi(z)fimi(z)

)N−ui ; �� ∈ 
�u; �u ∈ U;

á®áâ ¢«ï¥â à¥è¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

d

dz
x�� = −

m∑
i=1

mi∑
l;j=1

�ijQ
(i)
lj (z)x��−�eij+�eil ; �� ∈ 
; (3.2)

¯®àï¤ª  !. � ª á«¥¤ã¥â ¨§ «¥¬¬ë 7 [1, £«. 3, §4], áãé¥áâ¢ã¥â â ª ï äã­¤ ¬¥­â «ìÄ
­ ï ¬ âà¨æ  à¥è¥­¨©

(
x��;�(z)

)
��∈
;�=1;:::;! á¨áâ¥¬ë (3.2), çâ® ¥á«¨ ®¡®§­ ç¨âì

R[n]� (z) =
∑
��∈


P
[n]
�� (z)x��;�(z); n > 0; � = 1; : : : ; !;

â®

R[n]� (z) ≡ 0; n > 0; � = !̃ + 1; : : : ; !: (3.3)

�®«®¦¨¬, á«¥¤ãï ®¡®§­ ç¥­¨ï¬ §1,

�(z) = det(x��;�)��∈
;�=1;:::;! ;

�(
̃; z) = det(x��′;�)��′∈
\
̃;�=!̃+1;:::;! ; 
̃ ⊂ 
; Card 
̃ = !̃

(áç¨â ¥¬ �(
; z) = 1 ¢ á«ãç ¥ !̃ = !).

�¥¬¬  3.2. � á«ãç ¥ M > M ′ áãé¥áâ¢ã¥â ¬­®¦¥áâ¢® 
̃ ⊂ 
, Card 
̃ = !̃,

á®¤¥à¦ é¥¥ 
∗, â ª®¥ , çâ® �(
̃;�) 6= 0.

�®ª § â¥«ìáâ¢®. �á«¨ !̃ = !, â® ¤®áâ â®ç­® ¯®«®¦¨âì 
̃ = 
. �®íâ®¬ã

¨­â¥à¥á­ë¬ ¯à¥¤áâ ¢«ï¥âáï â®«ìª® á«ãç © !̃ < !.

�ãáâì ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë ­¥¢¥à­® ¨ �(
̃;�) = 0 ¤«ï «î¡®£® 
̃ ⊂ 
, 
̃ ⊃ 
∗,

Card 
̃ = !̃. �â® ®§­ ç ¥â, çâ® à ­£ ç¨á«®¢®© ¬ âà¨æë

(
x��;�(�)

)
��∈
\
∗;�=!̃+1;:::;!

¬¥­ìè¥ ! − !̃ ¨ áãé¥áâ¢ã¥â â ª ï ­¥âà¨¢¨ «ì­ ï «¨­¥©­ ï ç¨á«®¢ ï ª®¬¡¨­ æ¨ï(
x∗��(z)

)
��∈
 áâ®«¡æ®¢ ¬ âà¨æë

(
x��;�(z)

)
��∈
;�=!̃+1;:::;! ;

çâ®

x∗��(�) = 0; �� ∈ 
 \ 
∗: (3.4)
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� ª¨¬ ®¡à §®¬, áâ®«¡¥æ
(
x∗��(z)

)
��∈
 ï¢«ï¥âáï ­¥âà¨¢¨ «ì­ë¬ à¥è¥­¨¥¬ á¨áâ¥Ä

¬ë (3.2), ¯à¨ç¥¬ á®£« á­® (3.3) ¢ë¯®«­¥­®∑
��∈


P
[n]
�� (z)x∗��(z) ≡ 0; n > 0: (3.5)

�à®áâà ­áâ¢® à¥è¥­¨© á¨áâ¥¬ë (3.2), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (3.4), ¨¬¥¥â

à §¬¥à­®áâì !∗. �ã¦¥ à §¬¥à­®áâì ¨¬¥¥â ¯à®áâà ­áâ¢®, ¯®à®¦¤¥­­®¥ à¥è¥­¨ï¬¨

x��(z) = A�u �'
��(z); A�u ∈ C; �� ∈ 
�u; �u ∈ U; (3.6)

á¨áâ¥¬ë (3.2), £¤¥ ãç áâ¢ãîé¨¥äã­ªæ¨¨ (0.7) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (0.6) ¨ ãá«®Ä

¢¨ï¬ (0.8). � â® ¦¥ ¢à¥¬ï à¥è¥­¨ï ¢¨¤  (3.6) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (3.4). �®íÄ

â®¬ã ¢¥à­® ¨ ®¡à â­®¥. � ª¨¬ ®¡à §®¬, ¯®«ãç¥­­®¥ à¥è¥­¨¥
(
x∗��(z)

)
��∈
 ¯à¥¤áâ Ä

¢¨¬® ¢ ¢¨¤¥

x∗��(z) = A�u �'
��(z); �� ∈ 
�u; �u ∈ U; (3.7)

á ­¥ª®â®àë¬¨ ä¨ªá¨à®¢ ­­ë¬¨ ¯®áâ®ï­­ë¬¨ A�u ∈ C.
�®áª®«ìªã à¥è¥­¨¥ (3.7) á¨áâ¥¬ë (3.2) ­¥âà¨¢¨ «ì­®, A�u′ 6= 0 ¤«ï ­¥ª®â®à®£®

�u′ ∈ U . � ¤àã£®© áâ®à®­ë,∑
�u∈U

A�u
∑
��∈
�u

P
[n]
�� (z) �'��(z) ≡ 0; n > 0;

á®£« á­® (3.5), ®âªã¤ 

P
[n]
�� (z) ≡ 0; n > 0; �� ∈ 
�u′ ; (3.8)

¢¢¨¤ã ®¤­®à®¤­®©  «£¥¡à ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ äã­ªæ¨© (0.7) ­ ¤ C(z).

� ª ª ª !̃ > 1, áãé¥áâ¢ãîâ ¬ã«ìâ¨¨­¤¥ªáë �s ∈ � â ª¨¥, çâ® áà¥¤¨ ¬­®£®ç«¥­®¢

P
[n]
�s−�r(z); n > 0; |�r| = ui; i = 1; : : : ;m;

¥áâì ­¥­ã«¥¢ë¥. �ë¡¥à¥¬ áà¥¤¨ â ª¨å �s ¬ã«ìâ¨¨­¤¥ªá �s′ á ­ ¨¡®«ìè¥© áã¬¬®©

s′11 + s′21 + · · ·+ s′m1. �®£¤  ¢ ª ¦¤®© ä®à¬¥

R
[n]
�s′ (z) =

∑
�u∈U

∑
�r=(�r1;:::;�rm)
|�ri|=ui;i=1;:::;m

m∏
i=1

ui!

ri1! · · · rimi !
P
[n]
�s′−�r(z)

�f �r(z)

=
∑
�u∈U

P
[n]
I�s′ (�u)

(z)fu111 (z)f
u2
21 (z) · · · f

um
m1 (z); n > 0; (3.9)

ãç áâ¢ã¥â ­¥ ¡®«¥¥ !∗ ¬­®£®ç«¥­®¢. �¥à¥§ !̃′ ®¡®§­ ç¨¬ à ­£ á®¢®ªã¯­®áâ¨

ä®à¬ (3.9) ­ ¤ C(z). �¢¨¤ã ¢ë¡®à  �s′ ¨¬¥¥¬ !̃′ > 1,   á®£« á­® (3.8) !̃′ < !∗.

� ª¨¬ ®¡à §®¬, ¤«ï ­¥ª®â®à®£® ­¥¯ãáâ®£® ¯®¤¬­®¦¥áâ¢ 


̃′ ⊂ 
′ =
⋃
�u∈U
{I�s′(�u)}; Card 
̃′ = !̃′;
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¨ à æ¨®­ «ì­ëå äã­ªæ¨©

D��;��′(z); �� ∈ 
̃′; ��′ ∈ 
′ \ 
̃′;

¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

P
[n]
��′ (z) =

∑
��∈
̃′

P
[n]
�� (z)D��;��′(z); n > 0; ��′ ∈ 
′ \ 
̃′: (3.10)

�â® ®§­ ç ¥â, çâ® áãé¥áâ¢ã¥â 
̃ ⊂ 
, Card 
̃ = !̃, á®¤¥à¦ é¥¥ 
̃′, â ª®¥, çâ® á

à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨

D��;��′(z); �� ∈ 
̃; ��′ ∈ 
 \ 
̃; (3.11)

á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

R
[n]
��′ (z) =

∑
��∈
̃

P
[n]
�� (z)D��;��′(z); n > 0; ��′ ∈ 
 \ 
̃;

¯à¨ íâ®¬

D��;��′ = 0; �� ∈ 
̃ \ 
̃′; ��′ ∈ 
′ \ 
̃′:

� ááã¦¤ ï â ª¦¥, ª ª ¨ ¢ à ¡®â¥ [8, §3] ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 3.3, á ¯®¬®Ä

éìî  ­ «®£  «¥¬¬ë 3.1 ¨ «¥¬¬ë 3.2 ¬®¦­® ¯®ª § âì, çâ® ¤«ï à æ¨®­ «ì­ëå äã­ªÄ

æ¨© (3.11) áãé¥áâ¢ã¥â ¯à¥¤áâ ¢«¥­¨¥

D��;��′(z) =
B��;��′(z)

B(z)
; B;B��;��′ ∈ C[z]; B 6≡ 0;

degB 6 C8!N; degB��;��′ 6 C8!N; �� ∈ 
̃; ��′ ∈ 
 \ 
̃;
(3.12)

£¤¥ ¯®áâ®ï­­ ï C8 § ¢¨á¨â â®«ìª® ®â á®¢®ªã¯­®áâ¨ äã­ªæ¨© (0.9).

� ª¨¬ ®¡à §®¬, ¤«ï ­¥ª®â®à®£® ¬­®¦¥áâ¢  N ⊂ {0; 1; : : : ; !̃ − 1}, CardN = !̃′,

¢ë¯®«­¥­®

�(z) = det
(
P
[n]
�� (z)

)
n∈N;��∈
̃′ 6≡ 0;

¨ á®£« á­® ®æ¥­ª ¬ (2.10) ­ å®¤¨¬, çâ®

deg� < !̃′M + !2t: (3.13)

�§ ¯à¥¤áâ ¢«¥­¨ï (3.12) ¨ à ¢¥­áâ¢ (3.10) á«¥¤ã¥â, çâ®

B(z)R
[n]
�s′ (z) =

∑
��∈
̃′

P
[n]
�� (z)B(z) �f �s

′−��(z) +
∑

��′∈
′\
̃′
P
[n]
��′ (z)B(z)

�f �s
′−��′(z)

=
∑
��∈
̃′

P
[n]
�� (z)

(
B(z) �f �s

′−��(z) +
∑

��′∈
′\
̃′
B��;��′(z) �f

�s′−��′(z)

)
=
∑
��∈
̃′

P
[n]
�� (z)x̃��(z); n ∈ N ; (3.14)
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£¤¥ äã­ªæ¨¨ x̃�� ∈ C[z; f11; f21; : : : ; fm1], �� ∈ 
̃′, ¨¬¥îâ áâ¥¯¥­ì ­¥ ¢ëè¥ C8!N ¯®

z ¨ áâ¥¯¥­ì d ¯® £àã¯¯¥ f11; f21; : : : ; fm1. �à®¬¥ â®£®, x̃�� 6≡ 0, �� ∈ 
̃′, ¯®áª®«ìªã

B(z) 6≡ 0,   äã­ªæ¨¨ (0.11), ¢å®¤ïé¨¥ ¢ ä®à¬ë x̃��, �� ∈ 
̃′, «¨­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤

C(z). �® â¥®à¥¬¥ 1 [9] (¨ § ¬¥ç ­¨î ª ­¥© ­  á«ãç ©  «£¥¡à ¨ç¥áª®© § ¢¨á¨¬®áâ¨

äã­ªæ¨© (0.9)) ¯®àï¤®ª ­ã«ï ª ¦¤®© ¨§ äã­ªæ¨© x̃��(z) ¢ â®çª¥ z = 0­¥ ¯à¥¢®áå®¤¨â

C9(C8!N + 1)dm1+···+mm < C10!N:

�® ¯®áâà®¥­¨î ¬­®¦¥áâ¢® 
̃′ ¯¥à¥á¥ª ¥âáï á ª ¦¤ë¬ ¬­®¦¥áâ¢®¬ 
 �u, �u ∈ U ,

­¥ ¡®«¥¥ ç¥¬ ¯® ®¤­®¬ã í«¥¬¥­âã. �®«®¦¨¬

U ′ = {�u : 
̃′ ∩ 
�u 6= ∅} ⊂ U; CardU ′ = !̃′:

�ãáâì �u∗ ∈ U â ª®¢®, çâ® M = M�u∗ . �á«¨ �u∗ ∈ U ′, â® ¯®«®¦¨¬ �r = 
̃′ ∩ 
�u∗ , ¢

¯à®â¨¢­®¬ á«ãç ¥ áç¨â ¥¬ �r ­¥ª®â®àë¬ í«¥¬¥­â®¬ ¬­®¦¥áâ¢  
̃′. � ®¡®¨å á«ãç ïå

¬­®¦¥áâ¢®

U ′′ = {�u : 
̃′ \ {�r} ∩ 
�u 6= ∅} ⊂ U ′; CardU ′′ = CardU ′ − 1 = !̃′ − 1;

­¥ á®¤¥à¦¨â �u∗.

�¬­®¦¨¬ â¥¯¥àì ¬ âà¨æã

(
P
[n]
�� (z)

)
n∈N;��∈
̃′ ;

®¯à¥¤¥«¨â¥«ì ª®â®à®© à ¢¥­ �( z), á¯à ¢  ­  ¬ âà¨æã

(
x̃��(z) | ���;��′

)
��∈
̃′;��′∈
̃′\{�r};

®¯à¥¤¥«¨â¥«ì ª®â®à®© à ¢¥­ x̃�r. �®«ãç¥­­ ï ¢ à¥§ã«ìâ â¥ íâ®£® ã¬­®¦¥­¨ï ¬ âÄ

à¨æ  (
B(z)R

[n]
�s′ (z) | P

[n]
��′ (z)

)
n∈N;��′∈
̃′\{�r}

á®£« á­® (3.14) ¡ã¤¥â ¨¬¥âì ­¥­ã«¥¢®© ®¯à¥¤¥«¨â¥«ì �( z)x̃�r(z). � ¯¥à¢®¬ áâ®«¡æ¥

íâ®© ¬ âà¨æë áâ®ïâ äã­ªæ¨®­ «ì­ë¥ ä®à¬ë, ¯®àï¤®ª ­ã«ï ª®â®àëå ¢ â®çª¥ z = 0

¢ á®®â¢¥âáâ¢¨¨ á ®æ¥­ª ¬¨ (2.12) ­¥ ­¨¦¥ K − !̃; ¯®àï¤®ª ­ã«ï ¢ â®çª¥ z = 0

¬­®£®ç«¥­®¢ P
[n]
��′ (z), n ∈ N , á®£« á­® (2.11) ­¥ ­¨¦¥ M − M�u − !̃, ��′ ∈ 
�u,

��′ ∈ 
̃′ \ {�r}. �®íâ®¬ã

ord
z=0

�x̃�r > K +
∑
�u∈U ′′

(M −M�u)− !̃′ · !̃ > K +
∑
�u∈U ′′

(M −M�u)− !2;
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®âªã¤ 

ord
z=0

� > K +
∑
�u∈U ′′

(M −M�u)− !2 − ord
z=0

x̃�r

> K +
∑
�u∈U ′′

(M −M�u)− !2 − C10!N

> CardU ′′ ·M +
∑

�u∈U\U ′′
M�u − 2"M − !2 − C10!N

= !̃′M +
∑

�u∈U\U ′′
�u 6=�u∗

M�u − 2"M − !2 − C10!N:

�®¯®áâ ¢«ïï ¯®á«¥¤­îî ®æ¥­ªã á ­¥à ¢¥­áâ¢®¬ (3.13), § ª«îç ¥¬, çâ®∑
�u∈U\U ′′
�u 6=�u∗

M�u < 2"M + !2(t + 1) + C10!N < 3"M

¤«ï ¢á¥å M > M ′. �ã¬¬¨à®¢ ­¨¥ ¢ «¥¢®© ç áâ¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¯à®¨áå®Ä

¤¨â ¯® ­¥¯ãáâ®¬ã ¬­®¦¥áâ¢ã, ¯®áª®«ìªã Card U ′′ = !̃′ − 1 6 !∗ − 2 = Card U − 2.

� ¤àã£®© áâ®à®­ë, M�u > 3"M ¤«ï ¢á¥å �u ∈ U á®£« á­® ®¯à¥¤¥«¥­¨î ¯ à ¬¥âà®¢

¯®áâà®¥­¨ï, çâ® ¯à®â¨¢®à¥ç¨â ¯®á«¥¤­¥¬ã ­¥à ¢¥­áâ¢ã.

�¥¬ á ¬ë¬, ¨áå®¤­®¥ ¯à¥¤¯®«®¦¥­¨¥ ï¢«ï¥âáï «®¦­ë¬,   á«¥¤®¢ â¥«ì­®, ¢ëÄ

¯®«­¥­® ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 3.2.

�«ï ¢ë¡à ­­®£® ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 3.2 ¬­®¦¥áâ¢  
̃ ⊂ 
, Card 
̃ = !̃,

®¡®§­ ç¨¬ �(z) = det
(
P
[n]
�� (z)

)
n=0;1;:::;!̃−1;��∈
̃. �® «¥¬¬¥ 1.3 �(z) 6≡ 0. �à®Ä

¬¥ â®£®, ¥á«¨ ¢ ¬ âà¨æ¥, á®®â¢¥âáâ¢ãîé¥© ®¯à¥¤¥«¨â¥«î �( z), ­¥ª®â®àë© áâ®«Ä

¡¥æ § ¬¥­¨âì á ¯®¬®éìî ­¥¢ëà®¦¤¥­­®£® «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï ­  áâ®«¡¥æ(
R
[n]
�s∗ (z)

)
n=0;1;:::;!̃−1, â® á®£« á­® ®æ¥­ª ¬ (2.12) ¬ë ¯®«ãç¨¬, çâ®

ord
z=0

�(z) > K − !̃ >M: (3.15)

�®¤áâ ¢«ïï ®æ¥­ª¨ (2.10), (2.13) ¨ (3.15) ¢ «¥¬¬ã 1.6, ¯®«ãç¨¬, çâ®

ord
z=�

�(z) <
2!̃

logM

(
log
(
(C1N )!̃

(M + t!̃ − 1)!

(M − 1)!
C
M="
0

)
+ 2(M + t!̃ − 1)(1 + log !̃)

)
6

2!

logM

(
! log(C1N ) + t! log(2M) +

M

"
logC0 + 2(M + t!)(1 + log !)

)
6
C11!M

" logM
6 C7"M; (3.16)

¯®áª®«ìªã
!

" logM
� "

¢ á¨«ã ¢ë¡®à  (2.2).

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¯à¥¤«®¦¥­¨ï 3.1 ®áâ ¥âáï ¯®¤áâ ¢¨âì ®æ¥­Ä

ªã (3.16) ¢ «¥¬¬ã 1.3 ¨ ¢®á¯®«ì§®¢ âìáï â¥¬, çâ® 
 ∗ ⊂ 
̃.
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�à¨ä¬¥â¨ç¥áª¨¥ á¢®©áâ¢  ç¨á«®¢ëå ä®à¬. � íâ®¬ ¯ã­ªâ¥ ¬ë ¯®¤ëâ®Ä

¦¨¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ¨, á«¥¤ãï à ¡®â¥ �. �¥©ª¥à  [3], ®áãé¥áâ¢¨¬ ¤®ª § Ä

â¥«ìáâ¢® â¥®à¥¬ë II.

�à¥¤«®¦¥­¨¥ 3.3. �ãáâì á¨áâ¥¬  «¨­¥©­ëå ®¤­®à®¤­ëå ¤¨ää¥à¥­æ¨ «ìÄ

­ëå ãà ¢­¥­¨© (0.5) «¥¦¨â ¢ ª« áá¥ W0(�), äã­ªæ¨¨ (0.11) «¨­¥©­® ­¥§ ¢¨Ä

á¨¬ë ­ ¤ C(z) ¨ M > M ′. �®£¤  áãé¥áâ¢ãîâ æ¥«ë¥ ç¨á«  �
[n]
�u , ã¤®¢«¥â¢®Ä

àïîé¨¥ ®æ¥­ª ¬

|�[n]�u | < MM�u+C12"M ; n = 1; : : : ;CardU; �u ∈ U; (3.17)

â ª¨¥ , çâ® ¤«ï ç¨á«®¢ëå ä®à¬

�[n] =
∑
�u∈U

�
[n]
�u F�u(�) =

∑
�u∈U

�
[n]
�u fu111 (�)f

u2
21 (�) · · · f

um
m1 (�); n = 1; : : : ;CardU;

(3.18)

á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

|�[n]| < M−
∑

�u∈U M�u+M+C13"M ; n = 1; : : : ;CardU; (3.19)

¨ , ªà®¬¥ â®£® ,

det
(
�
[n]
�u
)
n=1;:::;CardU ;�u∈U 6= 0: (3.20)

�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ¯à¥¤«®¦¥­¨¥¬ 3.1: áãé¥áâ¢ãîâ æ¥«ë¥ ç¨áÄ

«  �1; : : : ; �!∗ , 0 6 �1 < · · · < �!∗ 6 ! + [C7"M ] < C2"M , !∗ = CardU , â ª¨¥,

çâ®

det
(
P
[�n]
�� (�)

)
n=1;:::;!∗;��∈
∗ 6= 0:

�ãáâì � = a=b, £¤¥ a ∈ Z, b ∈ N. �«ï æ¥«ëå ç¨á¥«

�
[n]
�u = bM+t�n(M + t�n)!P

[n]
I�s∗ (�u)

(�); n = 1; : : : ; !∗; �u ∈ U;

á®£« á­® ®æ¥­ª¥ (2.14) ¨¬¥¥¬

|�[n]�u | < bM+t�n(M + t�n)!

M+t�n−1∑
�=max{0;M−M�u−�n}

MC3"M

�!
|�|�

< bM+tC2"M |a|Me|�|(2e)M (2M)(t+1)C2"MMM�u

6MM�u+C12"M ; n = 1; : : : ; !∗; �u ∈ U;
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¯®áª®«ìªã

M+t�−1∑
�=max{0;M−M�u−�}

MC3"M

�!
|�|� < |�|max{0;M−M�u−�}

max{0;M −M�u − �}!

∞∑
�=0

|�|�

�!

6
|a|M

max{0;M −M�u − �}!
· e|�|;

(M + t�)!

max{0;M −M�u − �}!
<

(M + t� + �)!

(M −M�u)!
<

(2M)M+t�+�

(M −M�u)M−M�u · e−(M−M�u)

<
(2M)M+t�+�

MM−M�u · e−M
= (2e)M (2M)(t+1)�MM�u ;

� <
M

t + 1
; �u ∈ U:

� ¯®á«¥¤­¥© ®æ¥­ª¥ ¬ë ¯à¨¬¥­¨«¨ ­¥à ¢¥­áâ¢®

MM−M�u

(M −M�u)M−M�u
=

(
1 +

M�u
M −M�u

)M−M�u
< eM�u ; �u ∈ U:

�¥¯¥àì ¢®á¯®«ì§ã¥¬áï ®æ¥­ª®© (2.15) ¤«ï ¯®«ãç¥­­ëå ä®à¬ (3.18):

|�[n]| = bM+t�n(M + t�n)!|R[�n]�s∗ (�)| < bM+tC2"M (2M)M+tC2"MMC4"M−K

6M−
∑

�u∈U M�u+M+C13"M ; n = 1; : : : ; !∗:

�à¥¤«®¦¥­¨¥ ¤®ª § ­®.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë II. �®«®¦¨¬

C14 =
1

2
min
�u∈U

{
|F�u(�)|

}
;

C15 = max

{
3; (!∗ − 2)C12 + C13 +

1

"(M ′) ·M ′ logM ′
log

!∗!

C14

}
;

£¤¥ ¯®áâ®ï­­ë¥ M ′; C12; C13 ®¯à¥¤¥«¥­ë ¢ ¯à¥¤«®¦¥­¨¨ 3.3, !∗ = CardU ¨

" = "(M) � (logM)−1=(m1+···+mm−m+2) (3.21)

®¯à¥¤¥«ï¥âáï ¨§ à ¢¥­áâ¢ (2.2). �®£¤  ¯à¨ ¢á¥å M > M ′ ¡ã¤ãâ á¯à ¢¥¤«¨¢ë ­¥à Ä

¢¥­áâ¢  C15 > 3 ¨

!∗!M (!∗−2)C12"M+C13"M−C15"M 6 C14: (3.22)

�«ï § ¤ ­­®© ç¨á«®¢®© ä®à¬ë

r =
∑
�u∈U

h�uF�u(�); h�u ∈ Z \ {0}; �u ∈ U; (3.23)
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®¡®§­ ç¨¬ ç¥à¥§ M ­ ¨¬¥­ìè¥¥ æ¥«®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ã

M (1−C15")M > H = max
�u∈U

{
|h�u|

}
> 3: (3.24)

�®£¤  ¤«ï ¢á¥å M > M ′′ ¢ë¯®«­¥­® H > MM=2 ¨, ¢ ç áâ­®áâ¨,

log logH > logM + log logM − log 2 > logM;

®âªã¤  ¨ ¨§ (3.21)

κ = κ(H) = (log logH)−1=(m1+···+mm−m+2) > C16":

�«¥¤®¢ â¥«ì­®, ¯à¨ M > M ′′ á¯à ¢¥¤«¨¢  ®æ¥­ª 

M"M < H2" < H2κ=C16 : (3.25)

�®§ì¬¥¬ �u∗ ∈ U â ª¨¬ ®¡à §®¬, çâ® H = |h�u∗ |, ¨ ¯®«®¦¨¬ M�u∗ = M . �¥«ë¥

ç¨á« M�u, �u 6= �u∗, ¢ë¡¥à¥¬ â ª, çâ®¡ë ®­¨ ã¤®¢«¥â¢®àï«¨ ­¥à ¢¥­áâ¢ ¬

M�u >
log |h�u|
logM

+ C15"M > M�u − 1; �u ∈ U \ {�u∗}; (3.26)

®âªã¤ , ¢ ç áâ­®áâ¨,

M�u >
log |h�u|
logM

+ C15"M > C15"M > 3"M; �u ∈ U \ {�u∗}: (3.27)

�§ ãá«®¢¨© (3.24) ¨ (3.26) á«¥¤ã¥â, çâ®

M >
logH

logM
+ C15"M >

log |h�u|
logM

+ C15"M > M�u − 1; �u ∈ U \ {�u∗};

®âªã¤ 

M =M�u∗ = max
�u∈U
{M�u}: (3.28)

�á«®¢¨ï (3.27) ¨ (3.28) ®¡¥á¯¥ç¨¢ îâ ¢ë¡®à (2.2). �à®¬¥ â®£®, ¬®¦­® áç¨â âì

M > M ′ ¨ M > M ′′, ¯®áª®«ìªã ä®à¬ (3.23), ¤«ï ª®â®àëå M 6 max{M ′;M ′′},
â®«ìª® ª®­¥ç­®¥ ª®«¨ç¥áâ¢®,   §­ ç¨â, ¤«ï ­¨å ¢¥à­  ®æ¥­ª  â¥®à¥¬ë. �â ª, ¬®¦­®

¢®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥­¨¥¬ 3.3. �®à¬ë (3.18) á®£« á­® ãá«®¢¨î (3.20) «¨­¥©Ä

­® ­¥§ ¢¨á¨¬ë. �®íâ®¬ã áà¥¤¨ ­¨å ¬®¦­® ¢ë¡à âì m − 1 ä®à¬ã, ¤«ï ®¯à¥¤¥«¥­Ä

­®áâ¨ �[2]; : : : ; �[!
∗], â ª, çâ® ä®à¬ë r; �[2]; : : : ; �[!

∗] ¡ã¤ãâ «¨­¥©­® ­¥§ ¢¨á¨¬ë. �§

æ¥«ëå ª®íää¨æ¨¥­â®¢ íâ¨å ä®à¬ á®áâ ¢¨¬ ®¯à¥¤¥«¨â¥«ì

� = det


h�u
�
[2]
�u
...

�
[!∗]
�u


�u∈U

;
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®â«¨ç­ë© ®â ­ã«ï ¢¢¨¤ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ ä®à¬ (3.23) ¨ (3.18). �®áª®«ìªã

� ∈ Z, ¨¬¥¥¬ |� | > 1. � ¬ âà¨æ¥, á®®â¢¥âáâ¢ãîé¥© ®¯à¥¤¥«¨â¥«î � , ª áâ®«¡æã

á ­®¬¥à®¬ �u∗, ¤®¬­®¦¥­­®¬ã ­  F�u∗(�), ¯à¨¡ ¢¨¬ ®áâ «ì­ë¥ áâ®«¡æë á ­®¬¥à ¬¨

�u ∈ U \{�u∗}, ¤®¬­®¦¥­­ë¥ ­  F�u(�) á®®â¢¥âáâ¢¥­­®. �¯à¥¤¥«¨â¥«ì ¯®«ãç¨¢è¥©áï
¬ âà¨æë à ¢¥­ �F�u∗(�),   á ¤àã£®© áâ®à®­ë, ¥£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

�1r +
!∗∑
n=2

�n�
[n];

£¤¥ �n {  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥ í«¥¬¥­â  n-© áâà®ª¨ ¨ áâ®«¡æ  á ­®¬¥à®¬ �u∗

¢ � . �«¥¤®¢ â¥«ì­®,

|�1| · |r| =
∣∣∣∣�F�u∗(�)− !∗∑

n=2
�n�

[n]
∣∣∣∣ > |� | · |F�u∗(�)| − !∗∑

n=2
|�n| · |�[n]|

> |F�u∗(�)| −
!∗∑
n=2
|�n| · |�[n]| > 2C14 −

!∗∑
n=2
|�n| · |�[n]|: (3.29)

� ¯®¬®éìî ®æ¥­®ª (3.17) ¨ ¯®áª®«ìªã

|h�u| 6MM�u−C15"M ; �u ∈ U \ {�u∗};

¨§ (3.26), ­ å®¤¨¬

|�1| < (!∗ − 1)!
∏
�u 6=�u∗

MM�u+C12"M ; (3.30)

|�n| < (!∗ − 1)!
∏
�u 6=�u∗

MM�u ·M (!∗−2)C12"M−C15"M ; n = 2; : : : ; !∗;

®âªã¤  á®£« á­® (3.19) ¨ (3.22) ¨¬¥¥¬

|�n| · |�[n]| < (!∗ − 1)!M (!∗−2)C12"M−C15"M+C13"M 6
C14
!∗

; n = 2; : : : ; !∗:

�®¤áâ ¢«ïï ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ (3.29), ¨¬¥¥¬

|�1| · |r| > 2C14 − (!∗ − 1)
C14
!∗

> C14;

®âªã¤ , ¨á¯®«ì§ãï (3.25), (3.26), (3.30), ­ å®¤¨¬

|r| > C14|�1|−1 >
C14

(!∗ − 1)!

∏
�u 6=�u∗

(
|h�u|MC15"M+1+C12"M

)−1
>

C14
(!∗ − 1)!

∏
�u 6=�u∗

|h�u|−1 ·H−2(!
∗−1)(C15+1+C12)κ=C16 :

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ â®ç­®áâ¨ ®§­ ç ¥â ®æ¥­ªã â¥®à¥¬ë II á C = C14=(!
∗−1)!

¨ 
 = 2(!∗ − 1)(C15 + 1 + C12)=C16.
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