
Sbornik: Mathematics 193:8 1151–1172 c©2002 RAS(DoM) and LMS
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On the irrationality measure for a qqq-analogue of ζ(2)ζ(2)ζ(2)

W. V. Zudilin

Abstract. A Liouville-type estimate is proved for the irrationality measure of the
quantities

ζq(2) =

∞∑
n=1

qn

(1− qn)2

with q−1 ∈ Z \ {0,±1}. The proof is based on the application of a q-analogue
of the arithmetic method developed by Chudnovsky, Rukhadze, and Hata and of
the transformation group for hypergeometric series — the group-structure approach
introduced by Rhin and Viola.

Bibliography: 21 titles.

Introduction

For a complex number q, |q| < 1, we consider the quantities

ζq(1) :=
∞∑
n=1

qn

1− qn
=
∞∑
n=1

σ0(n)qn, ζq(2) :=
∞∑
n=1

qn

(1− qn)2
=
∞∑
n=1

σ1(n)qn, (1)

where σk(n) =
∑
l|n l

k for k = 0, 1. Multiplying the series in (1) by (1−q)k, k = 1, 2,
and letting q → 1− 0 term by term we obtain the (divergent) harmonic series and
the (convergent) series for ζ(2), respectively. The irrationality of the q-harmonic
series ζq(1) with q = 1/p, where p ∈ Z\{0,±1}, has been proved by Bézivin [1] and
independently by Borwein [2]; the irrationality of ζq(2) for the same values of q has
been established by Duverney [3]. However, the general result of Nesterenko [4] on
arithmetic properties of the values of modular functions yields the transcendence
of ζq(2) for arbitrary algebraic q, 0 < |q| < 1. The aim of our work is to find the
irrationality measure of ζq(2) for q = 1/p, p ∈ Z \ {0,±1}. Namely, we prove
the following result.

Theorem. Let q = 1/p, where p ∈ Z \ {0,±1}, and let

ζq(2) =
∞∑
n=1

qn

(1− qn)2
=
∞∑
n=1

pn

(pn − 1)2
. (2)
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Then ζq(2) is an irrational number and the inequality

∣∣∣∣ζq(2)− a

b

∣∣∣∣ 6 |b|−4.07869375

has finitely many integer-valued solutions a and b.

We emphasize that Nesterenko’s Theorem 2 in [5] yields the estimate

∣∣∣∣ζq(2)− a

b

∣∣∣∣ > |b|−γ ln9 max{2,ln |b|}

for all a, b ∈ Z, where γ depends only on q ∈ Q, 0 < |q| < 1. Thus, the theorem we
prove here provides a qualitative improvement of the characteristics of irrationality
of the quantities (2) in the case when q−1 ∈ Z \ {0,±1}: it gives a Liouville-type
estimate for the irrationality measure. Recall that the irrationality exponent of a
real irrational number α is defined by the relation

µ = µ(α) := inf{c ∈ R : the inequality |α− a/b| 6 |b|−c has

finitely many solutions in a, b ∈ Z};

if µ(α) < +∞, then α is said to be of Liouville type. In this notation the statement
of the theorem can be written in the form of the following inequality:

µ(ζq(2)) 6 4.07869374 . . . . (3)

The proof of the theorem below is based on a q-analogue of the method pro-
posed by Rhin and Viola for sharpening the estimate of the irrationality measure
of ζ(2) = π2/6; namely, in [6] they prove the inequality µ(ζ(2)) 6 5.44124250 . . . ,
which is the best result of this kind for ζ(2) known to date. The above-mentioned
method, the group-structure approach, has been developed further to the record
value µ(ζ(3)) 6 5.51389062 . . . for the Apéry constant; the last result is also due
to Rhin and Viola [7]. In this paper we demonstrate the potentials of the group-
structure approach for the solution of another number-theoretic problem: we adhere
to the q-analogue of the general scheme of [6], [8], [9]. The main q-arithmetic ingre-
dients for the application of the Rhin–Viola method are established in [10], [11]; we
formulate them in § 1 to make our exposition self-contained. We prove the theorem
in § 2–6 and present in § 7 a sequence of linear forms that is a q-analogue of Apéry’s
sequence [12] used for the proof of the irrationality of ζ(2); of course, the sequence
in § 7 also ensures that ζq(2) is irrational of Liouville type for q−1 ∈ Z \ {0,±1}.
By these means we give an affirmative answer to Van Assche’s question [13] on the
proof of the irrationality of a q-extension of ζ(2) “in the spirit of Apéry”, although
we do not interpret Apéry’s q-sequence in terms of difference equations and/or
orthogonal polynomials.
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§ 1. qqq-arithmetic

Recall the standard q-notation (see [14], Chapter 1):

(a; q)n :=
n∏
ν=1

(1− aqν−1), (a1, a2, . . . , am; q)n := (a1; q)n(a2; q)n · · · (am; q)n,

Γq(t) :=
(q; q)∞
(qt; q)∞

(1− q)1−t, [n]q! := Γq(n+ 1) =
(q; q)n

(1− q)n
,[

n

k

]
q

:=
[n]q!

[k]q! [n− k]q!
=

(q; q)n
(q; q)k · (q; q)n−k

,

where k = 0, 1, . . . , n and n = 0, 1, 2, . . . .
Consider the cyclotomic polynomials

Φl(x) :=
l∏

k=1
(k,l)=1

(x− e2πik/l), deg Φl(x) = ϕ(l), l = 1, 2, . . . , (4)

where ϕ( · ) is the Euler totient function. As is well known, the coefficients of the
polynomials (4) are integers ([15], Theorem 13.3) and for each l = 1, 2, . . . the
polynomial Φl(x) is irreducible over Z ([15], Theorem 13.4; see also [16], § 60); in
addition, the formula

xn − 1 =
∏
l|n

Φl(x) (5)

holds. Since

(x;x)n = (1− x)(1− x2) · · · (1− xn) = ±
n∏
k=1

∏
l|k

Φl(x),

the factorization of (x;x)n in a product of irreducible polynomials contains only
polynomials (4) and

ordΦl(x)(x;x)n =
⌊
n

l

⌋
, l = 1, 2, . . . , (6)

where b · c is the integer part of a number. A simple consequence of (6) is the
formula

ordΦl(x)

[
n

k

]
x

=
⌊
n

l

⌋
−
⌊
k

l

⌋
−
⌊
n− k
l

⌋
, (7)

which makes it possible to regard cyclotomic polynomials as q-analogues of primes.
Formula (7) also yields the inclusions[

n

k

]
x

∈ Z[x], k = 0, 1, . . . , n, n = 0, 1, 2, . . . , (8)

which are usually deduced from the q-version of the Pascal triangle.
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The factorization (5) shows that the polynomial

Dn(x) :=
n∏
l=1

Φl(x) ∈ Z[x]

is the least common multiple of the polynomials x− 1, x2− 1, . . . , xn− 1 or, equiv-
alently, Dn(x) is the least-degree polynomial satisfying the inclusions

Dn(x) · 1
xk − 1

∈ Z[x], k = 1, 2, . . . , n.

Mertens’s formula ([17], [18], § 18.5, Theorem 330)∑
l6n

ϕ(l) =
3
π2
n2 +O(n log n),

which is the q-analogue of the prime number theorem in our case, leads to the
following results.

Lemma 1 (see [10], § 2; [13], Lemma 2). The following limit relation holds for each
p ∈ Z \ {0,±1}:

lim
n→∞

log |Dn(p)|
n2

=
3
π2

log |p|.

Lemma 2 (see [11], Lemma 1). The following limit relation holds for each integer
p ∈ Z \ {0,±1} and each half-open interval [u, v) ⊂ (0, 1) with u, v ∈ Q:

lim
n→∞

1
n2

∑
l:{n/l}∈[u,v)

log |Φl(p)| =
3
π2

(
ψ′(u)− ψ′(v)

)
log |p| = −3 log |p|

π2

∫ v

u

dψ′(z)

where {a} = a− bac and ψ(z) is the logarithmic derivative of the gamma function.

§ 2. qqq-hypergeometric construction

We fix integer parameters

(a, b) =
(
a1, a2, a3

b1, b2, b3

)
(9)

satisfying the conditions

min{a2, a3} > b1 = 1, a2 < b2, a3 < b3, a1 + a2 + a3 6 b2 + b3 − 1, (10)

and consider the q-basic hypergeometric series [14]

Gq(a, b) :=
Γq(a2) Γq(a3) Γq(b2 − a2) Γq(b3 − a3)

(1− q)2Γq(b2) Γq(b3)

× 3φ2

(
qa1 , qa2 , qa3

qb2 , qb3

∣∣∣∣ q, qb2+b3−a1−a2−a3

)
=

Γq(a2) Γq(a3) Γq(b2 − a2) Γq(b3 − a3)
(1− q)2Γq(b2) Γq(b3)

×
∞∑
t=0

(qa1 , qa2 , qa3 ; q)t
(qb1 , qb2 , qb3 ; q)t

qt(b2+b3−a1−a2−a3), (11)

which is absolutely convergent in the region |q| < 1. The obvious symmetry of the
quantity Gq(a, b) leads to the following result.
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Lemma 3. The quantity Gq(a, b) is stable under the transformation

σ :
(
a1, a2, a3

1, b2, b3

)
7→
(
a1, a3, a2

1, b3, b2

)
.

Hall’s identity ([14], formula (3.2.10))

3φ2

(
qa1 , qa2 , qa3

qb2 , qb3

∣∣∣∣ q, qb2+b3−a1−a2−a3

)
=

Γq(b2) Γq(b3) Γq(b2 + b3 − a1 − a2 − a3)
Γq(a2) Γq(b2 + b3 − a2 − a3) Γq(b2 + b3 − a1 − a2)

× 3φ2

(
qb3−a2 , qb2−a2 , qb2+b3−a1−a2−a3

qb2+b3−a2−a3 , qb2+b3−a1−a2

∣∣∣∣ q, qa2

)
gives rise to a ‘non-trivial’ transformation of the quantity Gq(a, b).

Lemma 4. The quantity Gq(a, b) is stable under the transformation

τ :
(
a1, a2, a3

1, b2, b3

)
7→
(
b3 − a2, b2 − a2, b2 + b3 − a1 − a2 − a3

1, b2 + b3 − a2 − a3, b2 + b3 − a1 − a2

)
.

The following statement presents recurrence relations for the quantity (11) that
are q-extensions of the identities obtained in the proof of Theorem 2.1 in [6], p. 31.

Lemma 5. The following identity holds:

qb2+b3−a1−a2−a3Gq

(
a1, a2, a3

b1, b2, b3

)
= Gq

(
a1, a2 − 1, a3 − 1
b1, b2 − 1, b3 − 1

)
−Gq

(
a1 − 1, a2 − 1, a3 − 1

b1, b2 − 1, b3 − 1

)
. (12)

Proof. Since

(qa1 ; q)t+1

(q; q)t+1
− (qa1−1; q)t+1

(q; q)t+1
=

(qa1 ; q)t
(q; q)t

· (1− qa1+ν)− (1− qa1−1)
1− qν+1

= qa1−1 (qa1 ; q)t
(q; q)t

,

it follows that

∞∑
t=0

(qa1 , qa2−1, qa3−1; q)t
(q, qb2−1, qb3−1; q)t

qtc −
∞∑
t=0

(qa1−1, qa2−1, qa3−1; q)t
(q, qb2−1, qb3−1; q)t

qtc

=
∞∑
t=0

(
(qa1 , qa2−1, qa3−1; q)t+1

(q, qb2−1, qb3−1; q)t+1
− (qa1−1, qa2−1, qa3−1; q)t+1

(q, qb2−1, qb3−1; q)t+1

)
q(t+1)c

= qc+a1−1 (1− qa2−1)(1− qa3−1)
(1− qb2−1)(1− qb3−1)

∞∑
t=0

(qa1 , qa2 , qa3 ; q)t
(q, qb2 , qb3 ; q)t

qtc, (13)
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where c = b2 + b3 − a1 − a2 − a3. On the other hand, we have

∞∑
t=0

(qa1−1, qa2−1, qa3−1; q)t
(q, qb2−1, qb3−1; q)t

qtc −
∞∑
t=0

(qa1−1, qa2−1, qa3−1; q)t
(q, qb2−1, qb3−1; q)t

qt(c+1)

=
∞∑
t=0

(qa1−1, qa2−1, qa3−1; q)t
(q, qb2−1, qb3−1; q)t

(1− qt)qtc

=
∞∑
t=0

(qa1−1, qa2−1, qa3−1; q)t+1

(q, qb2−1, qb3−1; q)t+1
(1− qt+1)q(t+1)c

= qc
(1− qa1−1)(1− qa2−1)(1− qa3−1)

(1− qb2−1)(1− qb3−1)

∞∑
t=0

(qa1 , qa2 , qa3 ; q)t
(q, qb2 , qb3 ; q)t

qtc. (14)

Summing the left-hand and the right-hand sides of relations (13) and (14) we obtain

∞∑
t=0

(qa1 , qa2−1, qa3−1; q)t
(q, qb2−1, qb3−1; q)t

qtc −
∞∑
t=0

(qa1−1, qa2−1, qa3−1; q)t
(q, qb2−1, qb3−1; q)t

qt(c+1)

= qc
(1− qa2−1)(1− qa3−1)
(1− qb2−1)(1− qb3−1)

∞∑
t=0

(qa1 , qa2 , qa3 ; q)t
(q, qb2 , qb3 ; q)t

qtc. (15)

Finally, multiplying both sides of equality (15) by

Γq(a2 − 1) Γq(a3 − 1) Γq(b2 − a2) Γq(b3 − a3)
(1− q)2Γq(b2 − 1) Γq(b3 − 1)

we arrive at the required relation (12).

In the next section, we show that the quantities (11) so constructed are linear
forms in 1 and ζq(2).

§ 3. Arithmetic of linear forms

We associate with the parameters (9) another collection c of ten integers:

c00 = (b1 + b2 + b3)− (a1 + a2 + a3)− 2,

cjk =
{
aj − bk for k = 1,
bk − aj − 1 for k = 2, 3,

j, k = 1, 2, 3.
(16)

By (10) the set
{c00, c21, c22, c33, c31} (17)

consists of non-negative integers, while the integers in the set

{c11, c23, c13, c12, c32} (18)
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can be negative. Note also that the old parameters (9) are uniquely recovered from
the elements of either of the sets (17) and (18):

a1 = c22 + c33 − c00 + 1, a2 = c21 + 1, a3 = c31 + 1,
b1 = 1, b2 = c21 + c22 + 2, b3 = c31 + c33 + 2;

a1 = c11 + 1, a2 = c11 + c13 − c23 + 1, a3 = c11 + c12 − c32 + 1,
b1 = 1, b2 = c11 + c12 + 2, b3 = c11 + c13 + 2.

By Lemmas 3, 4 and formulae (16) the action of the transformations σ and τ on
the parameters c is as follows:

σ :
(
c00, c21, c22, c33, c31

c11, c23, c13, c12, c32

)
7→
(
c00, c31, c33, c22, c21

c11, c32, c12, c13, c23

)
, (19)

τ :
(
c00, c21, c22, c33, c31

c11, c23, c13, c12, c32

)
7→
(
c21, c22, c33, c31, c00

c23, c13, c12, c32, c11

)
. (20)

Thus the transformations σ and τ rearrange the 10-element set

c :=
(
c00, c21, c22, c33, c31

c11, c23, c13, c12, c32

)
, (21)

but do not change the quantity

Hq(c) := Gq(a, b). (22)

Denote by G0 ⊂ S10 the group generated by the permutations (19) and (20); since
the order of σ is 5 and the order of τ is 2, the group G0 contains ten elements.

Note also that formulae (16) allow one to write the recurrence relations of
Lemma 5 in the following form:

qc00+1Hq(c) = Hq

(
c00, c21 − 1, c22, c33, c31 − 1
c11, c23, c13 − 1, c12 − 1, c32

)
−Hq

(
c00 + 1, c21 − 1, c22, c33, c31 − 1
c11 − 1, c23, c13, c12, c32

)
. (23)

To each set of parameters (9) and the corresponding set (16) we assign the
quantity

m = m(c) := c00 + c21 + c22 + c33 + c31 = c11 + c23 + c13 + c12 + c32

= 2(b1 + b2 + b3)− (a1 + a2 + a3)− 3; (24)

we shall denote bym1 = m1(c) andm2 = m2(c) the two successive maxima (located
at distinct places in the set (18); see also [7], p. 273); the fact that m1 > 0 and
m2 > 0 is proved in [6], Theorem 2.1. We set

M0 = M0(c) :=
{
c00c21 + c31c33 − c21c33 if c21 6 c31,

c00c31 + c21c22 − c31c22 if c21 > c31,
= M0(σc),

M = M(c) := max
g∈G0
{M0(gc)} = max

06j64
{M0(τ jc)} > 0,

(25)

where gc denotes the action of the permutation g ∈ G0 on the set (21). The above
definitions ensure the stability of the quantities

Hq(c), m(c), m1(c), m2(c), M(c)

under the action of the group G0.
Note that ζq(2) is not a rational (nor even algebraic) function over C(q).
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Proposition 1. The following inclusion holds:

x−M ·Dm1(x)Dm2(x) ·Hq(c) ∈ Z[x]ζq(2) + Z[x], where x = q−1. (26)

Proof. We prove the lemma by induction on the quantity

m(c) = c00 + c21 + c22 + c33 + c31; (27)

note that each term in (27) is non-negative.
As the induction basis we take the cases when at least three of the parame-

ters (17) are zero. Two cases are possible: the three vanishing parameters either
succeed or do not succeed one another in the cyclic set (17) (that is, we mean that
the parameter c00 succeeds c31). With the help of several applications of the cyclic
permutation (19) the first case can be reduced to

c22 = c33 = c31 = 0, (28)

and the second case to
c00 = c22 = c33 = 0; (29)

a direct computation shows that M(c) = 0 in both cases. We start with the second
case.

If (29) holds, then
c11 = c22 + c33 − c00 = 0;

hence

a1 = c11 + 1 = 1, b2 = c22 + a2 + 1 = a2 + 1, b3 = c33 + a3 + 1 = a3 + 1.

Consequently,

Hq(c) = Gq

(
1, a2, a3

1, a2 + 1, a3 + 1

)
=

Γq(a2) Γq(a3)
(1− q)2Γq(a2 + 1) Γq(a3 + 1)

· 3φ2

(
q, qa2 , qa3

qa2+1, qa3+1

∣∣∣∣ q, q)
=

1
(1− qa2)(1− qa3)

∞∑
t=0

(qa2 , qa3 ; q)t
(qa2+1, qa3+1; q)t

qt

=
∞∑
t=0

qt

(1− qt+a2)(1− qt+a3)
.

If a2 = a3, then

Hq(c) = q−a2

∞∑
t=0

qt+a2

(1− qt+a2)2
= q−a2

( ∞∑
n=1

−
a2−1∑
n=1

)
qn

(1− qn)2

= q−a2ζq(2)− q−a2

a2−1∑
n=1

qn

(1− qn)2
= xa2ζq(2)− xa2

a2−1∑
n=1

xn

(xn − 1)2
,
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which yields the inclusion

x−a2 ·Da2−1(x)2 ·Hq(c) ∈ Z[x]ζq(2) + Z[x]. (30)

If a2 6= a3, then (assuming without loss of generality that a2 < a3)

Hq(c) =
1

qa2 − qa3

∞∑
t=0

(
1

1− qt+a2
− 1

1− qt+a3

)
=

1
qa2 − qa3

a3−1∑
n=a2

1
1− qn

=
xa3

xa3−a2 − 1
· xa2

a3−1∑
n=a2

xn−a2

xn − 1
,

therefore
x−(a2+a3) ·Da3−a2(x)Da3−1(x) ·Hq(c) ∈ Z[x]. (31)

The inclusions (30) and (31) mean that the required relation (26) holds in the
case (29) because

{c11, c23, c13, c12, c32} = {0, a3 − a2, a3 − 1, a2 − 1, a2 − a3}.

Consider now the case (28). The situation when c00 = 0 was investigated above,
therefore we assume that c00 > 0, so that a1 6 0 and the series in (11) terminates.
In the same vein, without loss of generality we assume that c21 > 0 (otherwise,
applying the permutation τ we return to the case (29)) and, as a consequence,
a2 > 1. We have

b2 = c22 + a2 + 1 = a2 + 1, a3 = c31 + 1 = 1, b3 = c33 + a3 + 1 = 2,

which yields

Hq(c) = Gq

(
a1, a2, 1
1, a2 + 1, 2

)
=

Γq(a2)
(1− q)2Γq(a2 + 1)

· 3φ2

(
qa1 , qa2 , q

qa2+1, q2

∣∣∣∣ q, q−a1+2

)
=

1
(1− q)(1− qa2)

∞∑
t=0

(qa1 , qa2 ; q)t
(q2, qa2+1; q)t

qt(−a1+2). (32)

Setting n = −a1 > 0 we write the last series as follows:

Hq(c) =
n−1∑
t=0

(q−n; q)t
(q; q)t+1

· qt(n+2)

1− qt+a2
=
n−1∑
t=0

(q−n; q)t
(q; q)t

· qt(n+2)

(1− qt+1)(1− qt+a2)

=
n−1∑
t=0

(−1)txt(t+1)/2

[
n

t

]
x

· x
(t+1)+(t+a2)−t(n+2)

(xt+1 − 1)(xt+a2 − 1)

= xa2+1−n(n+1)/2
n−1∑
t=0

(−1)t
[
n

t

]
x

· x(n−t)(n−t−1)/2

(xt+1 − 1)(xt+a2 − 1)
. (33)
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By (8) formula (33) leads to the inclusion

x−(a2+1)+n(n+1)/2 ·Dn(x)Da2+n−1(x) ·Hq(c) ∈ Z[x]. (34)

On the other hand, the sum on the right-hand side of (32) has another representa-
tion:

Hq(c) =
qa1−2

(1− qa1−1)(1− qa2−1)

∞∑
t=0

(qa1−1, qa2−1; q)t+1

(q, qa2 ; q)t+1
q(t+1)(−a1+2)

=
qa1−2

(1− qa1−1)(1− qa2−1)

(
2φ1

(
qa1−1, qa2−1

qa2

∣∣∣∣ q, q−a1+2

)
− 1
)
.

Next, Heine’s q-analogue ([14], formula (1.5.2)) of Gauss’s summation formula
allows one to represent the last q-basic series in closed form:

Hq(c) =
qa1−2

(1− qa1−1)(1− qa2−1)

(
(q; q)−a1+1

(qa2 ; q)−a1+1
− 1
)

= −q−1 (q; q)n
(qa2−1; q)n+2

− q−n−2

(1− q−n−1)(1− qa2−1)

= −xa2(n+2)+n (x;x)n
(xa2−1;x)n+2

− xa2+n+1

(1− xn+1)(xa2−1 − 1)
,

which proves the inclusion

x−(a2+n+1) · (xn+1 − 1)(x;x)a2+n+1 ·Hq(c) ∈ Z[x]. (35)

Since the polynomialx is coprime with the polynomials Dn(x),Da2+n−1(x),xn+1−1,
and (x;x)a2+n+1, the inclusions (34), (35) can be written as follows:

x−(a2+n+1) ·Dn(x)Da2+n−1(x) ·Hq(c) ∈ Z[x]

or, equivalently, returning to the parameter a1 = −n,

x−(a2−a1+1) ·D−a1(x)Da2−a1−1(x) ·Hq(c) ∈ Z[x].

From the relation

{c11, c23, c13, c12, c32} = {a1 − 1,−a2 + 1,−a1 + 1, a2 − a1, a2 − 1},

we see that the required inclusion (26) holds again. We have thus established the
induction basis.

Assume that at least three elements of the set (17) are non-zero and the required
inclusion (26) has been proved for each set c′ with m(c′) < m(c).

We consider the case M(c) = 0 first. Among the three non-zero parameters we
can always take two that do not succeed one another in the cyclic set (17); the cyclic
permutation (20) allows one to work with an G0-equivalent set c in which c21 > 0
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and c31 > 0. Then the inclusion (26) follows from the recurrence relations (23) and
the induction hypothesis, because for the sets

c′ =
(
c00, c21 − 1, c22, c33, c31 − 1
c11, c23, c13 − 1, c12 − 1, c32

)
,

c′′ =
(
c00 + 1, c21 − 1, c22, c33, c31 − 1
c11 − 1, c23, c13, c12, c32

) (36)

we have

m1(c′) 6 m1(c), m2(c′) 6 m2(c), m1(c′′) 6 m1(c), m2(c′′) 6 m2(c),
(37)

and M(c′) > 0, M(c′′) > 0.
Now let M(c) > 0. In view of the G0-stability of the quantity M(c) we may

assume that M0(c) = M(c). If, in addition, c21 > 0 and c31 > 0, then apply-
ing identities (23) as before in combination with the induction hypothesis for the
sets (36) and bearing in mind relations (37) and

M(c′) >M0(c′) = M0(c)− c00 = M(c)− c00,

M(c′′) >M0(c′′) = M0(c)− c00 + min{c21 − 1, c31 − 1}
>M0(c)− c00 = M(c)− c00

we arrive at the required inclusion (26) again.
Assume that in the set c with M0(c) = M(c) > 0 at least one of the parame-

ters c21 and c31 is non-zero. Both parameters cannot vanish simultaneously because
if c21 = c31 = 0, then M0(c) = 0. Without loss of generality we may assume that
c21 = 0 and c31 > 0, since M0(c) = M0(σc). As follows from the definition (25),
in our case M(c) = M0(c) = c31c33 > 0, which, in particular, yields c33 > 0. At
least one of the parameters c00 and c22 is non-zero because c21 = 0 and the set (17)
contains at most two parameters equal to zero. If c00 > 0, then we consider iden-
tity (23) for the set τ4c:

x−c31−1Hq(τ4c) = Hq(c′)−Hq(c′′), (38)

where

c′ =
(
c31, c00 − 1, c21, c22, c33 − 1
c32, c11, c23 − 1, c13 − 1, c12

)
,

c′′ =
(
c31 + 1, c00 − 1, c21, c22, c33 − 1
c32 − 1, c11, c23, c13, c12

)
.

(39)

From the G0-stability of the quantities m1(c) and m2(c) for the sets (39) we deduce
the estimates (37). Moreover,

M(c′) >M0(τc′) = c31(c33 − 1) = M(c)− c31,

M(c′′) >M0(τc′′) = (c31 + 1)(c33 − 1) >M(c)− c31,

which in combination with the induction hypothesis for the sets (39) and iden-
tity (38) yields the inclusion (26). If c22 > 0, then similar arguments with τ4c
replaced by τ3c also yield the inclusion (26). This completes the proof of the
induction step and Proposition 1.
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§ 4. Group structure for ζq(2)ζq(2)ζq(2)

We shall require stronger restrictions on the parameters (9) than in (10):

{b1 = 1} 6 {a1, a2, a3} < {b2, b3}, a1 + a2 + a3 6 b1 + b2 + b3 − 2. (40)

Then all the parameters (16) are non-negative and in addition to the transforma-
tions σ and τ one can consider, on the one hand, all possible permutations of the
parameters a1, a2, a3 and, on the other hand, the transposition of the parameters
b2 and b3. These permutations do not change the quantity

Γq(a1)
Γq(b2 − a2) Γq(b3 − a3)

·Gq(a, b) =
[c11]q!

[c22]q! [c33]q!
·Hq(c). (41)

Hence (41) is stable under the action of the ‘(a, b)-trivial’ group G1 generated by
the permutations

a1 = (a1 a3), a2 = (a1 a3), b = (b2 b3). (42)

In terms of the parameters c the actions of the permutations (42) can be expressed
as follows:

a1 = (c11 c31)(c12 c32)(c13 c33), a2 = (c21 c31)(c22 c32)(c23 c33),

b = (c12 c13)(c22 c23)(c32 c33).
(43)

Regarding the group
G = 〈G0,G1〉 = 〈σ, τ, a1, a2, b〉

as a permutation group of the 10-element set c and bearing in mind the G0-
stability of the quantity (22) and the G1-stability of the quantity (41) we arrive at
the following result.

Lemma 6 (cf. [6], § 3; [9], Lemma 14). The quantity

Hq(c)
Πq(c)

, where Πq(c) = [c00]q! [c21]q! [c22]q! [c33]q! [c31]q!,

is stable under the action of the group G.

Note that the quantity (24) is also G-stable.
It is proved in [6] that the group G ⊂ S10 has order 120. The second-order

permutations (43) and

h = (c00 c22)(c11 c33)(c13 c31)

can be taken for generators of this group ([9], § 6); then we have σ = a2 b and
τ = (a2 a1 b h)2.

With the help of the easily verified identity

[n]q! = x−n(n−1)/2[n]x!, where x = q−1,

Lemma 6 yields the G-stability of the quantity
Hq(c)

x−N(c)Πx(c)
, (44)

where we set

N(c) :=
c00(c00 − 1) + c21(c21 − 1) + c22(c22 − 1) + c33(c33 − 1) + c31(c31 − 1)

2
.

(45)
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Lemma 7. The quantity M(c) +N(c) is stable under the action of the group G.

Proof. Of course, this can be proved using the definitions (25) and (45) of the
quantities M(c) and N(c), respectively. The cumbersome brute force examination
arising in this way makes the proof rather boring, therefore we content ourselves
with mentioning that it is enough to verify the statement for a ‘sufficiently general’
set of parameters (a, b) and the corresponding set c. Using a special program
for the PARI-GP calculator we have verified the claim of the lemma for all sets of
parameters (9) satisfying conditions (40) such that b2 + b3 6 100. This completes
the proof of the lemma.

Denoting by m∗1 and m∗2, m∗1 > m
∗
2, the two successive maxima of the 10-element

set c, by Proposition 1 we obtain the inclusion

x−M ·Dm∗1
(x)Dm∗2

(x) ·Hq(c) ∈ Z[x]ζq(2) + Z[x], where x = q−1. (46)

Moreover, the quantities m∗1 and m∗2 (by contrast with the quantities m1 and m2

introduced in § 3) are G-stable.
For a fixed set of parameters (a, b) satisfying conditions (40) and for the corre-

sponding set (16) we consider now the polynomial

Ω(x) :=
m∗1∏
l=1

Φνll (x) ∈ Z[x],

where

νl := max
g∈G

ordΦl(x)
Πx(c)
Πx(gc)

, l = 1, 2, . . . . (47)

Proposition 2. The following inclusion holds:

x−M ·Dm∗1
(x)Dm∗2

(x) ·Ω−1(x) ·Hq(c) ∈ Z[x]ζq(2)+Z[x], where x = q−1. (48)

Proof. In view of the G-stability of the quantities M(c) + N(c), m∗1(c), m∗2(c),
and (44), we conclude from the inclusion (46) that for each permutation g ∈ G the
linear form

x−M(c) ·Dm∗1(c)(x)Dm∗2(c)(x) · Πx(gc)
Πx(c)

·Hq(c)

= x−M(c)−N(c)+N(gc) ·Dm∗1(c)(x)Dm∗2(c)(x) ·Hq(gc)

= x−M(gc) ·Dm∗1(gc)(x)Dm∗2(gc)(x) ·Hq(gc)

belongs to Z[x]ζq(2) + Z[x]. We now recall that ζq(2) as a function of x = q−1 is
irrational over Q(x), and that the factorization of Πx(gc), g ∈ G, in a product of
irreducible polynomials contains only polynomials (4). Using the inequalities

νl = 0 for l > m∗1, νl 6 1 for m∗2 < l 6 m∗1

proved in [6] we obtain the required inclusion (48). The proof of the proposition is
complete.
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By the G0-stability of the quantity Hq(c) it is sufficient to consider the action
of representatives of left cosets of the quotient G/G0 (of order 12) in the (ordered)
5-element set c′ = (c00, c21, c22, c33, c31) to determine the exponents (47): we have

νl = max
g∈G/G0

ordΦl(x)
Πx(c)
Πx(gc)

= max
g∈G/G0

(⌊
c00

l

⌋
+
⌊
c21

l

⌋
+
⌊
c22

l

⌋
+
⌊
c33

l

⌋
+
⌊
c31

l

⌋
−
⌊

gc00

l

⌋
−
⌊

gc21

l

⌋
−
⌊

gc22

l

⌋
−
⌊

gc33

l

⌋
−
⌊

gc31

l

⌋)
, l = 1, 2, . . . ,m∗1,

(49)

by (6). We take the following representatives:

g0 = id, g1 = a1 a2 a1, g2 = a1, g3 = a2,

g4 = a1 a2, g5 = a2 a1, g6 = h a1 a2 a1, g7 = h a2,

g8 = h a1 a2, g9 = h a2 a1, g10 = h a1 a2 a1 h a2, g11 = h a1 a2 a1 h a2 a1.

(50)

Then

g0c
′ = (c00, c21, c22, c33, c31), g1c

′ = (c00, c11, c12, c33, c31),

g2c
′ = (c00, c21, c22, c13, c11), g3c

′ = (c00, c31, c32, c23, c21),

g4c
′ = (c00, c11, c12, c23, c21), g5c

′ = (c00, c31, c32, c13, c11),

g6c
′ = (c22, c33, c12, c11, c13), g7c

′ = (c22, c13, c32, c23, c21),

g8c
′ = (c22, c33, c12, c23, c21), g9c

′ = (c22, c13, c32, c31, c33),

g10c
′ = (c12, c23, c32, c31, c33), g11c

′ = (c12, c23, c32, c13, c11).

(51)

§ 5. Evaluation of linear forms and their coefficients

In this section we assume that the set of integer parameters (9) satisfies condi-
tions (40). Using the following explicit expression for the quantity (22):

Gq(a, b) = Aζq(2)−B,
A = Aq(a, b) = Aq(c) ∈ Q(q), B = Bq(a, b) = Bq(c) ∈ Q(q),

(52)

we shall evaluate |Gq(a, b)| and |A| for |q| 6 1/2.
We start from a new representation for the quantity (11). Namely, consider the

function

Rq(t) = Rq(a, b; t) :=
Γq(b2 − a2) Γq(b3 − a3)
(1− q)2Γq(a1 − b1 + 1)

· qt(b1+b2+b3−a1−a2−a3−2)

× Γq(t+ a1) Γq(t+ a2) Γq(t+ a3)
Γq(t+ b1) Γq(t+ b2) Γq(t+ b3)

(53)

and write formula (11) as follows:

Gq(a, b) =
∞∑
t=0

Rq(t)qt. (54)
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Proposition 3. Suppose that c00 = b2 + b3 − a1 − a2 − a3 − 1 > 5 and |q| 6 1/2.
Then the estimates

3−3(b2+b3) < |Gq(a, b)| < 33(b2+b3) (55)

hold.

Proof. From the functional equation

Γq(t+ 1) =
1− qt

1− q
Γq(t) (56)

for the Γq-function we deduce

Rq(t+ 1)
Rq(t)

=
(1− qt+a1)(1− qt+a2)(1− qt+a3)
(1− qt+b1)(1− qt+b2)(1− qt+b3)

· qc00 ;

hence
|Rq(t+ 1)qt+1|
|Rq(t)qt|

6
(1 + |q|)3

(1− |q|)3
· |q|c00+1 6 33 · 2−(c00+1) <

1
2
. (57)

Applying the estimate (57) to the series in (54) we obtain

|Gq(a, b)| 6 |Rq(0)| ·
(

1 +
|Rq(1)q|
|Rq(0)|

+
|Rq(2)q2|
|Rq(0)|

+
|Rq(3)q3|
|Rq(0)|

+ · · ·
)

< |Rq(0)| ·
(

1 +
1
2

+
1
22

+
1
23

+ · · ·
)

= 2|Rq(0)| (58)

and, on the other hand,

|Gq(a, b)| > |Rq(0)| ·
(

1− |Rq(1)q|
|Rq(0)|

)
>

1
2
|Rq(0)|. (59)

We now use the trivial inequalities

3−n 6
(

1− |q|
1 + |q|

)n
6 |Γq(n+ 1)| 6

(
1 + |q|
1− |q|

)n
6 3n, n = 0, 1, 2, . . . ,

for the estimate of all the Γq-factors in Rq(0). Since

(b2−a2−1)+(b3−a3−1)+(a1−b1)+(a1+a2+a3−3)+(b1+b2+b3−3) < 3(b2+b3)−1,

this leads to the estimates

3−3(b2+b3)+1 < |Rq(0)| < 33(b2+b3)−1. (60)

Combining inequalities (58)–(60) we obtain the required estimates (55). The proof
of the proposition is complete.
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Proposition 4. The coefficient A = Aq(a, b) ∈ Q(q) in the representation (52)
for |q| 6 1/2 has the estimate

|A| < 32(b2+b3) · |q|a1(a1−1)/2+a2(a2−1)/2+a3(a3−1)/2−(b2−1)(b3−1). (61)

Proof. It will be useful to introduce an ordered version (a∗, b∗) of the set of param-
eters (a, b); namely,

b∗1 = 1 < a∗1 6 a
∗
2 6 a

∗
3 < b∗2 6 b

∗
3,

{a∗1, a∗2, a∗3} = {a1, a2, a3}, {b∗1, b∗2, b∗3} = {b1, b2, b3}.
By functional equation (56) we obtain

Γq(t+ aj)
Γq(t+ bj)

=


(1− qt+bj )(1− qt+bj+1) · · · (1− qt+aj−1)

(1− q)aj−bj
if j = 1,

(1− q)bj−aj
(1− qt+aj )(1− qt+aj+1) · · · (1− qt+bj−1)

if j = 2, 3;

thus, Rq(t) in (53) is a rational function of the variable T = qt over Q(q) = Q(q−1):

Rq(t) =
[b2 − a2 − 1]q! [b3 − a3 − 1]q!

[a1 − b1]q!
· (1− qb1T ) · · · (1− qa1−1T )

(1− q)a1−b1

× (1− q)b2−a2−1

(1− qa2T ) · · · (1− qb2−1T )
· (1− q)b3−a3−1

(1− qa3T ) · · · (1− qb3−1T )

× T b2+b3−a1−a2−a3−1. (62)

Since the degree of the denominator of (62) regarded as a function of T is greater
by 2 than the degree of its numerator, it follows that

Rq(t) = O(T−2) as T →∞; (63)

so that Rq(t) can be expanded in a sum of partial fractions:

Rq(t) =
b∗2−1∑
k=a∗3

Ak
(1− qkT )2

+
b∗3−1∑
k=a∗2

Bk
1− qkT

.

Condition (63) yields
b∗3−1∑
k=a∗2

Bkq
−k = −

b∗3−1∑
k=a∗2

ResT=q−k Rq(t) = ResT=∞Rq(t) = 0;

consequently,

Gq(a, b) =
∞∑
t=0

(b∗2−1∑
k=a∗3

Akq
t

(1− qt+k)2
+
b∗3−1∑
k=a∗2

Bkq
t

1− qt+k

)

=
b∗2−1∑
k=a∗3

Akq
−k

∞∑
t=0

qt+k

(1− qt+k)2
+
b∗2−1∑
k=a∗3

Bkq
−k

∞∑
t=0

qt+k

1− qt+k

=
b∗2−1∑
k=a∗3

Akq
−k
( ∞∑
l=1

−
k−1∑
l=1

)
ql

(1− ql)2
+
b∗3−1∑
k=a∗2

Bkq
−k
( ∞∑
l=1

−
k−1∑
l=1

)
ql

1− ql

= Aζq(2)−B,
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where

A =
b∗2−1∑
k=a∗3

Akq
−k, (64)

B =
b∗2−1∑
k=a∗3

Akq
−k

k−1∑
l=1

ql

(1− ql)2
+
b∗3−1∑
k=a∗2

Bkq
−k

k−1∑
l=1

ql

1− ql

are rational functions of the variable q. Using the representation (62) we obtain
explicit formulae for the coefficients Ak, a∗3 6 k < b∗2 (recall that b1 = 1):

Ak = Rq(t)(1− qkT )2
∣∣
T=q−k

= Rq(t)(1− qt+k)2
∣∣
t=−k

= (−1)a1−b1q(a1−b1)(a1+b1−2k−1)/2

[
k − b1
a1 − b1

]
q

× (−1)k−a2q(k−a2)(k−a2+1)/2

[
b2 − a2 − 1
k − a2

]
q

× (−1)k−a3q(k−a3)(k−a3+1)/2

[
b3 − a3 − 1
k − a3

]
q

· q−k(b2+b3−a1−a2−a3−1)

= (−1)a1+a2+a3−1qa1(a1−1)/2+a2(a2−1)/2+a3(a3−1)/2−k(b2+b3−3)+k2

×
[
k − b1
a1 − b1

]
q

[
b2 − a2 − 1
k − a2

]
q

[
b3 − a3 − 1
k − a3

]
q

, a∗3 6 k < b∗2.

The function k2−k(b2+b3−2) decreases for k between a∗3 and b∗2−1 = min{b2, b3}−1
and takes its minimum value −(b2 − 1)(b3 − 1) for k = b∗2 − 1. In addition,∣∣∣∣[ k − b1a1 − b1

]
q

∣∣∣∣ =
∣∣∣∣ (1− qk−a1+1) · · · (1− qk−b1)
(1− q)(1− q2) · · · (1− qa1−b1)

∣∣∣∣ 6 (1 + |q|
1− |q|

)a1−b1
,∣∣∣∣[bj − aj − 1

k − aj

]
q

∣∣∣∣ =
∣∣∣∣ (1− q)(1− q2) · · · (1− qbj−aj−1)
(1− q) · · · (1− qbj−k−1) · (1− q) · · · (1− qk−bj )

∣∣∣∣
6

(
1 + |q|
1− |q|

)bj−aj−1

, j = 2, 3.

Hence

|Akq−k| 6
(

1 + |q|
1− |q|

)a1−a2−a3+b2+b3−3

× |q|a1(a1−1)/2+a2(a2−1)/2+a3(a3−1)/2−(b2−1)(b3−1), a∗3 6 k < b∗2.

Finally, using the inequalities a1 < b2 and

1 + |q|
1− |q|

6 3

for |q| 6 1/2 and the fact that the sum in (64) contains at most b3 < 3b3 terms we
arrive at the required estimate (61). The proof of the proposition is complete.
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§ 6. Irrationality measure for ζq(2)ζq(2)ζq(2)

Finally, we fix a set of integer parameters (directions) (α,β) satisfying the con-
ditions

{β1 = 0} 6 {α1, α2, α3} 6 {β2, β3}, α1 + α2 + α3 6 β1 + β2 + β3, (65)

and for each n = 0, 1, 2, . . . assign to this set starting data (9) as follows:

a1 = α1n+ 1, a2 = α2n+ 1, a3 = α3n+ 1,
b1 = β1n+ 1, b2 = β2n+ 2, b3 = β3n+ 2.

(66)

Then defining a set of auxiliary parameters c by the rule

c00 = (β1 + β2 + β3)− (α1 + α2 + α3),

cjk =
{
αj − βk for k = 1,
βk − αj for k = 2, 3,

j, k = 1, 2, 3,
(67)

we see that the 10-element set c · n corresponds to the set of parameters (66) as
prescribed by (16). We associate with the set (67) the previously defined charac-
teristics m(c), m∗1(c), m∗2(c), M(c) and consider the function

ω0(z) = max
06k611

(
bc00 · zc+ bc21 · zc+ bc22 · zc+ bc33 · zc+ bc31 · zc

− bgkc00 · zc − bgkc21 · zc − bgkc22 · zc − bgkc33 · zc − bgkc31 · zc
)
,
(68)

where the representatives gk, k = 0, 1, . . . , 11, of the left cosets of the quotient G/G0

and their action on the parameters c00, c21, c22, c33, c31 are defined in (50) and (51).
Note that the G-stability of the characteristic m(c) yields the 1-periodicity of the
function (68).

Proposition 5. In the above notation let

C0 = M − 3
π2

(
m∗1

2 +m∗2
2 +

∫ 1

0

ω0(z) dψ′(z)
)
, C1 = β2β3 −

α2
1 + α2

2 + α2
3

2
.

If C0 > 0, then ζq(2) is an irrational number for each q = 1/p with p ∈ Z \ {0,±1},
and the estimate

µ(ζq(2)) 6
C1

C0
(69)

holds for the irrationality exponent.

Proof. Let q−1 = p ∈ Z \ {0,±1}. For each set of directions (α,β) and the corre-
sponding set (67) consider the sequences

Hn := H(cn), Ln := p−Mn2
·Dm∗1n

(p)Dm∗2n
(p) ·

m∗1n∏
l=1

Φ−ω0(n/l)
l (p),

n = 0, 1, 2, . . . .
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Since M(cn) = Mn2, m∗1(cn) = m∗1n, m∗2(cn) = m∗2n, and νl = ω0(n/l) by (49),
n = 0, 1, 2, . . . , Proposition 2 ensures the inclusions

H̃n := LnHn ∈ Z[p]ζq(2) + Z[p] ⊂ Zζq(2) + Z, n = 0, 1, 2, . . . .

On the other hand writing the linear forms Hn as Hn=Anζq(2)−Bn, n=0, 1, 2, . . . ,
and applying Propositions 3 and 4 we conclude that

lim
n→∞

log |Hn|
n2

= 0 and lim
n→∞

log |An|
n2

6 C1 log |p|, (70)

while the asymptotic behaviour of the sequence Ln, n = 0, 1, 2, . . . , is determined
by Lemmas 1 and 2:

lim
n→∞

log |Ln|
n2

= −C0 log |p|. (71)

Hence if C0 > 0, then the irrationality of ζq(2) follows from the estimates

0 < |H̃n| < |p|−(C0−ε)n2
,

which hold for all n > n0(ε), where one can take C0/2 for ε > 0. Inequality (69)
follows from limit relations (70) and (71) in the standard way (see, for instance, [19],
§ 11.3, Exercise 3 or [20], Lemma 2). This completes the proof of the proposition.

Proof of the theorem. Examining one after another all integer directions (α,β) sat-
isfying conditions (65) and β2 + β3 6 100 by means of a special program for the
PARI-GP calculator we have discovered that the best estimate (3) for the irrational-
ity exponent of ζq(2) is achieved (up to an action of the group G and multiplication
of the direction vector by a positive integer) on the following set:

α1 = 5, α2 = 6, α3 = 7, β2 = 14, β3 = 15.

In this case M = 74, m∗1 = 11, m∗2 = 10, and

ω0(z) =



0 if z ∈
[
0, 1

11

)
∪
[

1
9 ,

1
8

)
∪
[

2
9 ,

1
4

)
∪
[

1
3 ,

4
11

)
∪
[

4
9 ,

1
2

)
∪
[

3
5 ,

5
8

)
∪
[

7
10 ,

8
11

)
∪
[

4
5 ,

5
6

)
,

1 if z ∈
[

1
11 ,

1
9

)
∪
[

1
8 ,

2
11

)
∪
[

1
5 ,

2
9

)
∪
[

1
4 ,

1
3

)
∪
[

4
11 ,

3
8

)
∪
[

2
5 ,

4
9

)
∪
[

1
2 ,

6
11

)
∪
[

5
9 ,

3
5

)
∪
[

5
8 ,

7
10

)
∪
[

8
11 ,

3
4

)
∪
[

7
9 ,

4
5

)
∪
[

5
6 ,

7
8

)
∪
[

8
9 ,

9
10

)
,

2 if z ∈
[

2
11 ,

1
5

)
∪
[

3
8 ,

2
5

)
∪
[

6
11 ,

5
9

)
∪
[

3
4 ,

7
9

)
∪
[

7
8 ,

8
9

)
for z ∈ [0, 1). Hence

C0 = 74− 3
π2

(112 + 102 − 102.57252091 . . . ) = 38.00236293 . . . ,

C1 = 14 · 15− 52 + 62 + 72

2
= 155,

and we arrive at the required estimate (3) by Proposition 5. The proof is complete.
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§ 7. A qqq-analogue of the Apéry sequence

The choice of the directions

a1 = a2 = a3 = n+ 1, b1 = 1, b2 = b3 = 2n+ 2, where n = 0, 1, 2, . . . ,
(72)

leads to the quantities C0 = 1 − 6/π2 > 0 and C1 = 5/2 in the notation of
Proposition 5, and hence to the irrationality of ζq(2) for q−1 ∈ Z \ {0,±1}. The
corresponding estimate for the irrationality exponent in this case takes the following
form:

µ(ζq(2)) 6
5π2

2π2 − 12
= 6.37636524 . . . .

The aim of this section is to demonstrate that the case (72) is a precise q-extension
of Apéry’s original proof of the irrationality of ζ(2).

We fix an integer n > 0 and write the partial-fraction expansion of the rational
function (53) with respect to the variable T = qt:

Rq(t) =
(1− qT ) · · · (1− qnT )

(1− qn+1T ) · · · (1− q2n+1T )
· (q; q)nTn

(1− qn+1T ) · · · (1− q2n+1T )

= (−1)n
n∑
k=0

[
k + n

k

]
q

[
n

k

]
q

(−1)kqk(k+1)/2−kn−n(n+1)/2

1− qk+n+1T

×
n∑
j=0

[
n

j

]
q

(−1)jqj(j+1)/2−jn−n(n+1)

1− qj+n+1T

= (−1)n
n∑
k=0

[
k + n

k

]
q

[
n

k

]2

q

qk(k+1)−2kn−3n(n+1)/2

(1− qt+k+n+1)2

+ (−1)n
n∑
k=0

n∑
j=0
j 6=k

[
k + n

k

]
q

[
n

k

]
q

[
n

j

]
q

qk(k+1)/2+j(j+1)/2−(k+j)n−3n(n+1)/2

× (−1)k+j

qk − qj

(
1

1− qt+k+n+1
− 1

1− qt+j+n+1

)
. (73)

Bearing in mind the equalities

Rq(t) = 0 for t = −1,−2, . . . ,−n

and
∞∑

t=−n

qt

(1− qt+k+n+1)2
= q−(k+n+1)

(
ζq(2)−

k∑
l=1

ql

(1− ql)2

)
,

∞∑
t=−n

qt

1− qt+k+n+1
= q−(k+n+1)

(
ζq(1)−

k∑
l=1

ql

1− ql

)
,

k = 0, 1, . . . , n,

we obtain from (73) the linear form

Hn(q) := (−1)nq(3n+2)(n+1)/2
∞∑
t=0

Rq(t) = (−1)nq(3n+2)(n+1)/2
∞∑

t=−n
Rq(t)

= An(q)ζq(2)−Bn(q) (74)
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(with the coefficient of ζq(1) in (74) equal to zero by Proposition 1), where

An(q) =
n∑
k=0

[
k + n

k

]
q

[
n

k

]2

q

qk
2−2kn,

Bn(q) =
n∑
k=0

[
k + n

k

]
q

[
n

k

]2

q

qk
2−2kn

k∑
l=1

ql

(1− ql)2

+
n∑
k=0

n∑
j=0
j 6=k

[
k + n

k

]
q

[
n

k

]
q

[
n

j

]
q

qk(k+1)/2+j(j+1)/2−(k+j)n

× (−1)k+j

qk − qj

(
q−k

k∑
l=1

ql

1− ql
− q−j

j∑
l=1

ql

1− ql

)
.

Letting q → 1 we now see that

An := lim
q→1

An(q) =
n∑
k=0

(
k + n

k

)(
n

k

)2

,

Bn := lim
q→1

(1− q)2Bn(q) =
n∑
k=0

(
k + n

k

)(
n

k

)2 k∑
l=1

1
l2

+
n∑
k=0

n∑
j=0
j 6=k

(
k + n

k

)(
n

k

)(
n

j

)
(−1)k+j

j − k

( k∑
l=1

1
l
−

j∑
l=1

1
l

)
.

It remains to observe (see, for instance, [21], § 4) that the sequence of linear forms

Hn := Anζ(2)−Bn, n = 0, 1, 2, . . . ,

is precisely the Apéry sequence [12].
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