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On the irrationality measure for a g-analogue of ((2)

W.V. Zudilin

Abstract. A Liouville-type estimate is proved for the irrationality measure of the

quantities
o0

Ca(2) =) (1_(]7)2

with ¢7! € Z \ {0,£1}. The proof is based on the application of a g-analogue

of the arithmetic method developed by Chudnovsky, Rukhadze, and Hata and of
the transformation group for hypergeometric series — the group-structure approach
introduced by Rhin and Viola.

Bibliography: 21 titles.

Introduction

For a complex number g, |¢| < 1, we consider the quantities
o0 qn o0 o0

— — n —
S LS, G Y
n=1 n=1 n=1

where o (n) =3, I¥ for k = 0, 1. Multiplying the series in (1) by (1—¢)*, k =1, 2,
and letting ¢ — 1 — 0 term by term we obtain the (divergent) harmonic series and
the (convergent) series for ((2), respectively. The irrationality of the g-harmonic
series (,(1) with ¢ = 1/p, where p € Z\ {0, £1}, has been proved by Bézivin [1] and
independently by Borwein [2]; the irrationality of (,(2) for the same values of ¢ has
been established by Duverney [3]. However, the general result of Nesterenko [4] on
arithmetic properties of the values of modular functions yields the transcendence
of (4(2) for arbitrary algebraic ¢, 0 < |g| < 1. The aim of our work is to find the
irrationality measure of (,(2) for ¢ = 1/p, p € Z \ {0,£1}. Namely, we prove
the following result.

go'l 7

1—q

Theorem. Let ¢ =1/p, where p € Z\ {0, £1}, and let

AMS 2000 Mathematics Subject Classification. Primary 11J72, 11J82; Secondary 33D15.

1—q



1152 W.V. Zudilin

Then (4(2) is an irrational number and the inequality

< |b‘_4'07869375
<

G2 -7

has finitely many integer-valued solutions a and b.

We emphasize that Nesterenko’s Theorem 2 in [5] yields the estimate

a — ngma.X n
Gu2) = §| > sz

for all a,b € Z, where v depends only on g € Q, 0 < |¢| < 1. Thus, the theorem we
prove here provides a qualitative improvement of the characteristics of irrationality
of the quantities (2) in the case when ¢! € Z \ {0,+1}: it gives a Liouville-type
estimate for the irrationality measure. Recall that the irrationality exponent of a
real irrational number « is defined by the relation

p = p(a) = inf{c € R : the inequality |a — a/b| < |b|”¢ has

finitely many solutions in a,b € Z};

if p(a) < 400, then v is said to be of Liouwille type. In this notation the statement
of the theorem can be written in the form of the following inequality:

(¢, (2)) < 4.07869374. .. . (3)

The proof of the theorem below is based on a ¢-analogue of the method pro-
posed by Rhin and Viola for sharpening the estimate of the irrationality measure
of (2) = m2/6; namely, in [6] they prove the inequality 1(¢(2)) < 5.44124250.. .,
which is the best result of this kind for {(2) known to date. The above-mentioned
method, the group-structure approach, has been developed further to the record
value ©(¢(3)) < 5.51389062. .. for the Apéry constant; the last result is also due
to Rhin and Viola [7]. In this paper we demonstrate the potentials of the group-
structure approach for the solution of another number-theoretic problem: we adhere
to the g-analogue of the general scheme of [6], [8], [9]. The main g-arithmetic ingre-
dients for the application of the Rhin—Viola method are established in [10], [11]; we
formulate them in § 1 to make our exposition self-contained. We prove the theorem
in § 2-6 and present in § 7 a sequence of linear forms that is a g-analogue of Apéry’s
sequence [12] used for the proof of the irrationality of {(2); of course, the sequence
in §7 also ensures that (,(2) is irrational of Liouville type for ¢! € Z\ {0, £1}.
By these means we give an affirmative answer to Van Assche’s question [13] on the
proof of the irrationality of a g-extension of ((2) “in the spirit of Apéry”, although
we do not interpret Apéry’s g-sequence in terms of difference equations and/or
orthogonal polynomials.
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8 1. g-arithmetic
Recall the standard g-notation (see [14], Chapter 1):

n

(a; Q)n = H(l - aqy—l)’ (ala az,...,0m; Q)n = (al; Q)n(a2; Q)n T (am; Q)na
v=1
(4:9)oo 1t (¢ 2)n
r,(t) = 1—gq , nld =T,(n+1) = ——,
{ﬂ It (3 9)n
klg [Klg![n —klg! (@ Dk (G Dn—rk
where k =0,1,...,nand n=0,1,2,....
Consider the cyclotomic polynomials
l
H RN deg @y(z) = (1), 1=1,2,..., (4)

where ¢(-) is the Euler totient function. As is well known, the coefficients of the
polynomials (4) are integers ([15], Theorem 13.3) and for each | = 1,2,... the
polynomial ®;(z) is irreducible over Z ([15], Theorem 13.4; see also [16], §60); in

addition, the formula
" — 1= @) (5)
ln

holds. Since

(;2), = (1 —2)1 —2?)--- (1 —2") j:HHq)l

k=1 1|k

the factorization of (z;x), in a product of irreducible polynomials contains only
polynomials (4) and

ordg, (z)(T;T)n = {%J, 1=1,2,..., (6)

where | - | is the integer part of a number. A simple consequence of (6) is the

formula
o] LB

which makes it possible to regard cyclotomic polynomials as g-analogues of primes.
Formula (7) also yields the inclusions

{ﬂ cZlzl, k=01,...,n, n=01,2,..., (8)

which are usually deduced from the g-version of the Pascal triangle.
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The factorization (5) shows that the polynomial

Hq)l € Z[CE

is the least common multiple of the polynomlals r—1,22—-1,...,2" — 1 or, equiv-
alently, D,,(x) is the least-degree polynomial satisfying the inclusions

1
Dn(x)~xk_1EZ[az], k=1,2,...,n
Mertens’s formula ([17], [18], §18.5, Theorem 330)
ng = —n + O(nlogn),
I<n

which is the g-analogue of the prime number theorem in our case, leads to the
following results.

Lemma 1 (see [10], §2; [13], Lemma 2). The following limit relation holds for each
peZ\{0,£1}:
i 1081 Dn(p)]
im ———=

n— o0 n2

3
= — log|p|.
T

Lemma 2 (see [11], Lemma 1). The following limit relation holds for each integer
p € Z\ {0,£1} and each half-open interval [u,v) C (0,1) with u,v € Q:

i 1 3 3log|p| [*
Jm Y logll) = S (0 — v @) oglel = -5 [Tagee)
l:{n/l}E[u,v) uw

where {a} = a — |a] and 1(z) is the logarithmic derivative of the gamma function.

§ 2. g-hypergeometric construction

We fix integer parameters
. ai,az,as
(a.5) = (bl, ba, bg) ®)

mln{ag,ag} by = 1, as < bg, asz < bg, a1+ as + asz < by + by — 1, (10)

satisfying the conditions

and consider the g-basic hypergeometric series [14]
I'q(az) Tg(az) I'g(bz — az) Iy(bs — as)
(1 —q)*Tq(b2) Tg(b3)
al a as
X 3¢2 ( q b ZbQ : Zbg b2+b3a1a2a3)
_ Dylaz) Ty(ag) Ug(ba — ag) T'y(bs — as)
(1 - Q)QF (b2) T'q(b3)

a aQ)t t(ba+bs—a;—as— a3)
XZ bl,q”2 qb3 e - )

Gy(a,b) =

q,q

which is absolutely convergent in the region |¢| < 1. The obvious symmetry of the
quantity G4(a, b) leads to the following result.
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Lemma 3. The quantity G,(a,b) is stable under the transformation

. ai, az, as N ai,as, az
77\ 1, b2, by 1,b3, b2 )
Hall’s identity ([14], formula (3.2.10))
al a as
@2( 0" a7,

¢, q 4,9

_ Ly(b2) T'g(b3) Tg(b2 + b3 — a1 — az — as3)
Fq(ag) Fq(bg + b3 —as — a3) Fq(bz 4+ b3 —a; — CLQ)

bz —az bo—az ,bao+b3—ai1—az—as
x?’%(q , ¢ q q,q@)

qb2+bg—a2—a3, qb2+b3—a1—a2
gives rise to a ‘non-trivial’ transformation of the quantity G,(a,b).

b2+b3a1a2a3>

Lemma 4. The quantity G,(a,b) is stable under the transformation

o (ea2az) bs — as, by — az, b + b3 —ai —az —as
) 1, ba, b3 1,b2 + b3 — az — ag, by +b3—ay —ax )

The following statement presents recurrence relations for the quantity (11) that
are g-extensions of the identities obtained in the proof of Theorem 2.1 in [6], p. 31.

Lemma 5. The following identity holds:

qb2—|—b3—a1—a2—a3G al) a27 a3
T\ b1, ba, b3

o al,ag—l,ag—l . al—l,ag—l,ag—l
_Gq(bhbz—l;b:a—l) Gq( 51752—1,53—1>' (12)
Proof. Since

(@)1 (@@ (@59 1—gn ™) —(1—qm7)
(¢ @) t4+1 (@) 41 (¢;9)¢ 1 —qvtt
ar—1 (@5 Q)¢

(a;9)¢

?

it follows that

i ¢ L0 ) e i g~ 1,qa2‘1,qa3_1;Q)tqtc
b T g1 qb2—1, gbs—1;
t=0 o o t=0 e )
_ Z( “2‘1,q“ @) (qal‘l,q”‘l,q“ ‘I;Q)t+1>q(t+1)c
P21, gb3 1 q)pyq (4,471, ¢% )4

=q , (13)

crar—1 (L= (1 —g%1) i (@“,4%2,4° Q)¢ 40
(1—g> 1)1 —q>~1) = (a,9>,9%;q);
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where ¢ = by + b3 — a1 — as — a3. On the other hand, we have

a 1 a 1 ,a 1 a 1 a 1 ,az—1.
1— 2— q 3— t tc 1— 2— ,q 3— q)tqt(c—i—l)

oo
Z b 1 b—1 b 1 b—1.
— (q,q" 1" —~ (g.¢" ¢ a)

Fﬂg

S CL1—1 a2—1 CL3—1.
q y 4 » q y4)t c
- Z ( bo—1 bs—1. ) (14"
—~ (¢,q"” "
S a1 1 az—1.
7q 7q 3 q 1
§ : )H— (1 . qt+1)q(t+1)c

(g,¢%271, g% q) e

t=0
1— a1 1 _ as—1 1_ as— 1 o0 a1 as a3
e & 4 )i - 2: .4 Z,w%m (14)
(1—q2 )1 —qb — (4,4, 4" 9)

Summing the left-hand and the right-hand sides of relations (13) and (14) we obtain

a1 17 qaz—l, qag—l; q)tqt(c—i—l)

oo a2 1 o0
Z 0 S e e -yl
gbs 1, (g,q%27 1, g% 15 q),

b 1
t=0 (a.q%~ t=0
. C(l—qa2_1)(1—qa3_1) . (qa17qa27q 7q>t tc (15)
— A gy (1 = g ) —~ (g,4",4%;9);

o

Finally, multiplying both sides of equality (15) by

Lg(az —1)Ty(az — 1) Pg(by — az) I'q(bs — as)
(1 —¢q)2Tg(be — 1) T'y(bs — 1)

we arrive at the required relation (12).
In the next section, we show that the quantities (11) so constructed are linear

forms in 1 and (,(2).

8 3. Arithmetic of linear forms

We associate with the parameters (9) another collection ¢ of ten integers:

coo = (b1 + b2 +b3) — (a1 +az +az) — 2,
a; —b for k=1, 16
cjkz{ s jik=1,23. 19
b —a; —1 for k=2,3,
By (10) the set
{coo, €21, 22, €33, €31} (17)
consists of non-negative integers, while the integers in the set
(18)

{0117 C23,C13,C12, 032}
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can be negative. Note also that the old parameters (9) are uniquely recovered from
the elements of either of the sets (17) and (18):
a; =coo + ¢33 —coo+ 1, az=co +1, az = c31 + 1,
by =1, by = c21 + 22 +2, b3 =c31 + c33 + 2;
ap=cn+l, aa=ci1+cz—c3+1l, az=cn+ci2—cs2+1,
by =1, by = c11 +c12 + 2, b3 =c11 +c13+2.

By Lemmas 3, 4 and formulae (16) the action of the transformations o and 7 on
the parameters c is as follows:

C C21,C292,C C31 C C31, C C22,C21

o 007 ) 9 337 3 — 007 3 b 337 bl , (19)
C11, €23, C13, C12, C32 C11, C32, C12, C13, C23
Co0, C21, C29, C33, C C21,C929,C33,C31, C

T 00, €21, €22, €33, C31 — 21, 22, €33, €315 CO0 ) (20)
C11, C23,C13,C12, C32 C23,C13,C12,C32,C11

Thus the transformations o and 7 rearrange the 10-element set
Ci— (000,02170227633;031) : (21)
C11, €23, C13, C12, C32
but do not change the quantity
H,(c) == G4(a,b). (22)
Denote by B9 C &1 the group generated by the permutations (19) and (20); since
the order of ¢ is 5 and the order of 7 is 2, the group &, contains ten elements.
Note also that formulae (16) allow one to write the recurrence relations of
Lemma 5 in the following form:

coo+1 _ coo,C21 — 1, ca2, c33, €31 — 1
¢“°" Hy(c) = Hy 1 1
C11, C23, Ci3 —1,Ci12 — 1, C32

_H, <Coo+1,621—1,022,0337031—1> . (23)
cin — 1, co3, c13,¢12, C32
To each set of parameters (9) and the corresponding set (16) we assign the
quantity
m = m(c) 1= coo + a1 + C22 + €33 + €31 = c11 + C23 + 13 + C12 + 32
= 2(()1 + b2 + b3) — (a1 + a9 + ag) — 3; (24)
we shall denote by m; = mq(¢) and my = ma(c) the two successive maxima (located

at distinct places in the set (18); see also [7], p. 273); the fact that m; > 0 and
mg = 0 is proved in [6], Theorem 2.1. We set

CooC21 + €31€33 — c21¢33  if ca1
Mo = Mo(c) = {

315 (25)
— - — J
M = M(c) = ;rel%;;{Mo(gc)} = Orgjaél{Mo(T )} >0,

where ge denotes the action of the permutation g € &y on the set (21). The above
definitions ensure the stability of the quantities

H(I(c)a m(c)a ml(c)7 mQ(C)v M(C)

under the action of the group ®y.
Note that (,(2) is not a rational (nor even algebraic) function over C(g).
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Proposition 1. The following inclusion holds:

2™ Dy, (2) Doy () - Hy(e) € Z[]¢,(2) + Z[z], where x=q *.  (26)

Proof. We prove the lemma by induction on the quantity
m(c) = coo + 21 + Ca2 + €33 + €313 (27)

note that each term in (27) is non-negative.

As the induction basis we take the cases when at least three of the parame-
ters (17) are zero. Two cases are possible: the three vanishing parameters either
succeed or do not succeed one another in the cyclic set (17) (that is, we mean that
the parameter cgp succeeds cs1). With the help of several applications of the cyclic
permutation (19) the first case can be reduced to

Co2 = €33 = c31 = 0, (28)
and the second case to
Coo = C22 = c33 = 0; (29)

a direct computation shows that M (¢) = 0 in both cases. We start with the second
case.

If (29) holds, then
c11 = €22 + ¢33 — coo = 05

hence

a12611+1:1, b22022+a2+1:a2+1, b3:C33+a3+1:a3+1.

Consequently,
H (C) -G 1, as, as
g g 1, a9 —+ 1, as + 1
_ I'g(az) Tyq(as) o ( R q)
(1 _ q)2pq(a2 + 1) Fq(a3 + 1) 2 qaz—H7 qa3+1 )
1 — (¢, q";q)¢

q
(1—q%)(1—q%) = (¢*2F", ¢ q)e

t

- Z (1 — gttaz)(1 — gttas)’

t=0

If as = ag, then

Y oo qt+a2 Y (e @] CL2—1 q
e =47 Y e = (>~ ;)—uw

ag—l

=G~ Y ey =T e Y

n=1
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which yields the inclusion

27 - Doy—1(2)? - Hy(e) € Z[z]¢y(2) + Z[]. (30)
If ay # ag, then (assuming without loss of generality that as < as)

az—1

- B 1 > 1 1 _ 1 1
q(c) = g% — ¢ ; 1 — gttaz 1 gttas - qez — g3 ngz 1—gn
-1
— $a3 a2 L xn_a2
_xag—ag_l.x an_l’
n=as
therefore
2= (@249) . D (2)Dg,_1(z) - Hy(c) € Z[a)]. (31)

The inclusions (30) and (31) mean that the required relation (26) holds in the
case (29) because

{c11,¢23,c13,c12,c32} = {0,a3 — az,a3 — 1,a2 — 1, a2 — as}.

Consider now the case (28). The situation when cog = 0 was investigated above,
therefore we assume that cog > 0, so that a; < 0 and the series in (11) terminates.
In the same vein, without loss of generality we assume that co; > 0 (otherwise,
applying the permutation 7 we return to the case (29)) and, as a consequence,
az > 1. We have

by =copt+az+1=ax+1, az=c31+1=1, bz3=c33+az+1=2,
which yields
H(C):G ap, asz, 1
a e\ 1 ap+1,2

Iy(a2) ,@Q(q“% q*, q

— (1 — q)2rq(a2 + 1) qa2+1’ q2

q, q“”“)

_ 1 o0 (qal 5 an; q)t qt(_a1+2) ) (32)
(1 =) (1 —q*) = (¢* ¢ q)

Setting n = —ay > 0 we write the last series as follows:
i ¢ = (g ") gt +?)
= (@) 1 —gtter (g (1 g1 - gtte2)
n—1

t+1)+(t+az)—t(n+2
(_1)t$t(t+1)/2 n ' x( ) ( 2) ( )
t], (xttt—1)(atte —1)
n x(n—t)(n—t—l)/Z
t], @ e — 1)

t=0

n—1
xa2+1—n(n+1)/2 Z(_l)t
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By (8) formula (33) leads to the inclusion
g~ (@2t DIn+D/2. D (1) Dy, 1no1(z) - Hy(e) € Zx]. (34)

On the other hand, the sum on the right-hand side of (32) has another representa-
tion:

CL1—2 a1—1

q & (¢ g7 q)ty1 (t+1)(—a1+2)
H = aq
q(c) (1 —qu—1)(1—gw=1) Z q

—~ (4,4%:9)i11
_ qa1_2 qal_laqa2_1 —a1+2
- (1_qa1—1)(1_qa2—1) <2¢1< q? q,q -1

Next, Heine’s g-analogue ([14], formula (1.5.2)) of Gauss’s summation formula
allows one to represent the last g-basic series in closed form:

Hy(c) = U (((Q;Q)a1+1 B 1)

(1 =g =q=2"1)\ (¢%2;¢)—ar 11
_ (N g "?
(7Y Q)2 (1—q 1)1 —q2=71)
— _paz(nt2)+n (z; )y gaatntl

(0 Tl (-2 ) — 1)
which proves the inclusion
g @ttt 1) (2 2) gyt - Hylc) € Zlz]. (35)

Since the polynomial z is coprime with the polynomials D,,(x), Dy, yn_1(z), 2" 11,
and (2;)ay+n+1, the inclusions (34), (35) can be written as follows:

g~ @2t t ) D () Days 1 () - Hylc) € Z[2]
or, equivalently, returning to the parameter a; = —n,
g2t D (2)Day_a,_1(x) - Hylc) € Z[z].
From the relation
{e11, 623, c13,c12, €32} = {a1 — 1, —az + 1, —ay + 1,a2 — ay, a2 — 1},

we see that the required inclusion (26) holds again. We have thus established the
induction basis.

Assume that at least three elements of the set (17) are non-zero and the required
inclusion (26) has been proved for each set ¢’ with m(c’) < m(e).

We consider the case M (c) = 0 first. Among the three non-zero parameters we
can always take two that do not succeed one another in the cyclic set (17); the cyclic
permutation (20) allows one to work with an &g-equivalent set ¢ in which ¢y; > 0
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and c3; > 0. Then the inclusion (26) follows from the recurrence relations (23) and
the induction hypothesis, because for the sets

o — [ coosc21 — 1, cao, c33, €31 —1
ci1, €23, c13—1,c12—1, c¢32 ’
o — [ Coot 1,c01 — 1,c92,c33,c31 — 1
ci1 — 1, c23, ci13,c12, €32

we have

my(c’) <mi(e), ma(c) <ma(c), m1(c”) <mi(e), ma(c”) < mae),
(37)
and M(c') >0, M(c") >
Now let M(c) > 0. In view of the &g-stability of the quantity M (c) we may
assume that My(c) = M(e). If, in addition, c; > 0 and c3; > 0, then apply-
ing identities (23) as before in combination with the induction hypothesis for the
sets (36) and bearing in mind relations (37) and

M(c") = Moy(c') = Mo(e) — coo = M(e) — coo,
M(CN) > MO(CN) = M()(C) — Coo + min{021 — 1, C31 — 1}
= My(c) — coo = M(c) — coo

we arrive at the required inclusion (26) again.

Assume that in the set ¢ with My(c) = M(c) > 0 at least one of the parame-
ters co1 and c37 is non-zero. Both parameters cannot vanish simultaneously because
if co1 = c31 = 0, then My(c) = 0. Without loss of generality we may assume that
c21 = 0 and ¢31 > 0, since My(c) = My(oc). As follows from the definition (25),
in our case M(c) = My(c) = c31¢33 > 0, which, in particular, yields cs3 > 0. At
least one of the parameters cop and ca3 is non-zero because co; = 0 and the set (17)
contains at most two parameters equal to zero. If cog > 0, then we consider iden-
tity (23) for the set Ttc:

v~ " Hy (1) = Hy(c') — Hy(c"), (38)

where

CcC =
€32, C11, C23—1,c13—1, ci2

o — [ 3 +1,c00 — 1,¢21,C22,c33 — 1
cz2 — 1, c11, c23,c13, cCi2

/ (0317000—1, Ca21, C22, 633—1)
b

(39)

From the B-stability of the quantities m;(c) and ms(c) for the sets (39) we deduce
the estimates (37). Moreover,

M( ) = Mo(TC) = 631(633 — 1) = M(C) — C31,

M( )>M0(TC ) (031+1)(633—1)>M(C)—031,
which in combination with the induction hypothesis for the sets (39) and iden-
tity (38) yields the inclusion (26). If cop > 0, then similar arguments with 7%c

replaced by 73c also yield the inclusion (26). This completes the proof of the
induction step and Proposition 1.
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§4. Group structure for (,(2)
We shall require stronger restrictions on the parameters (9) than in (10):
{b1 =1} <{a1,a2,a3} <{b2,b3}, a1+az+az<br+by+bs—2. (40)

Then all the parameters (16) are non-negative and in addition to the transforma-
tions o and 7 one can consider, on the one hand, all possible permutations of the
parameters aq, as, a3 and, on the other hand, the transposition of the parameters
by and b3. These permutations do not change the quantity

I'y(ar)
Ly(b2 — az) T'y(bs — a3)
Hence (41) is stable under the action of the ‘(a, b)-trivial’ group &; generated by
the permutations

_ [c11]q! . c
) G(I(a’7 b) - [622](1! [033]q! Hq( ) (41)

a; = (a1 az), az=(ajaz), b= (bybs). (42)

In terms of the parameters ¢ the actions of the permutations (42) can be expressed
as follows:

a; = (c11 e31)(c12 e32)(c13 €33), az = (ca1 c31)(coa2 €32)(c23 €33), (43)

b = (c12 c13)(c22 c23)(c32 €33).

Regarding the group
6 = (B9, &) = (0,7,0a1,02,b)
as a permutation group of the 10-element set ¢ and bearing in mind the &g-

stability of the quantity (22) and the &;-stability of the quantity (41) we arrive at
the following result.

Lemma 6 (cf. [6], §3; [9], Lemma 14). The quantity

where 114 (e) = [coolq! [c21]q! [c22]q! [ca3]q! [c31]4!,

is stable under the action of the group &.

Note that the quantity (24) is also ®-stable.
It is proved in [6] that the group & C & has order 120. The second-order
permutations (43) and

b = (coo ca2)(c11 c33)(c13 €31)
can be taken for generators of this group ([9], §6); then we have ¢ = ay b and
7= (aza; bh)>
With the help of the easily verified identity

[n]y! = 2~ "= D72 [p), 1, where z = ¢,

Lemma 6 yields the &-stability of the quantity
Hq(c)
_ 44
IE*N(C)HQU (C) ) ( )
where we set
coo(coo — 1) 4+ ca1(ca1 — 1) + caa(ca2 — 1) + c33(c33 — 1) + c31(ca1 — 1)

N(e) := 5

(45)
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Lemma 7. The quantity M(c) + N(c) is stable under the action of the group &.

Proof. Of course, this can be proved using the definitions (25) and (45) of the
quantities M (e) and N (e¢), respectively. The cumbersome brute force examination
arising in this way makes the proof rather boring, therefore we content ourselves
with mentioning that it is enough to verify the statement for a ‘sufficiently general’
set of parameters (a,b) and the corresponding set c¢. Using a special program
for the PARI-GP calculator we have verified the claim of the lemma for all sets of
parameters (9) satisfying conditions (40) such that bs + b3 < 100. This completes
the proof of the lemma.

Denoting by mj and m3, m} > m3, the two successive maxima of the 10-element
set ¢, by Proposition 1 we obtain the inclusion

z M. Do () Doz () - Hy(c) € Z[x](4(2) + Z[x], where 2 = ¢ . (46)

Moreover, the quantities mj and m3 (by contrast with the quantities m; and msy
introduced in §3) are ®-stable.

For a fixed set of parameters (a, b) satisfying conditions (40) and for the corre-
sponding set (16) we consider now the polynomial

.
my

Qz) =[] 2} (x) € Z[a],

=1

where I, (c)
z(c
v = Ig?eaé( orde, (z) W, =1,2,.... (47)
Proposition 2. The following inclusion holds:
zM + Dyt () Dz (2) - Q7 (2) - Hy () € Z[z]¢4(2) + Z[x], where x = ¢~ *. (48)

Proof. In view of the B-stability of the quantities M(c) + N(e), mi(c), m3(c),
and (44), we conclude from the inclusion (46) that for each permutation g € & the
linear form

x_M(C) : Dmi‘(c)(x)Dmg(c)<x) ’

— p—M(e)=N(e)+N(ge) . Do () () Dins (e) () - Hy(gc)
= 7M. Dy (ge) (8) D (ge) (%) - Ho(g)

belongs to Z[z](,(2) + Z[z]. We now recall that (,(2) as a function of z = ¢! is
irrational over Q(z), and that the factorization of I1,(gc), g € &, in a product of
irreducible polynomials contains only polynomials (4). Using the inequalities

vy =0 forl>mj, v <1 formi<l<mj

proved in [6] we obtain the required inclusion (48). The proof of the proposition is
complete.
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By the &¢-stability of the quantity H,(c) it is sufficient to consider the action

of representatives of left cosets of the quotient &/®, (of order 12) in the (ordered)
5-element set ¢’ = (cop, 21, Ca2, ¢33, c31) to determine the exponents (47): we have

d HI(C)
V; = max or -
: geEG /B9 i )H (gc)

Ll Lol ) e

by (6). We take the following representatives:

o~

go = id, g1 =0ayaz20a1, g2 = ai, g3 = ag,
ga =010z, g5 =020y, g6 = bhayazay, g7 = bhay, (50)
gs=bharaz, go="haza;, gio=barazarbhaz, g1 ="barazarhaza;.

Then
= (o0, €21, €22, €33, €31), glc = (oo, €11, €12, €33, €31),
(000,021,0227013,011), (0007031,03270237621)7
(0007011701270237021), (6007031703270137011), (51)
960 = (022,033,0127611,013), 970 = (022,6137032,0237021)7
(022,033,61270237021), (02276137032,631,633)7
g10€ = (c12, €23, C32,C31,¢33),  g11€ = (C12,C23,C32,C13,C11).

§ 5. Evaluation of linear forms and their coefficients

In this section we assume that the set of integer parameters (9) satisfies condi-
tions (40). Using the following explicit expression for the quantity (22):

G4(a,b) = A(,(2) — B,
A= Aq(a,b) = Aq(c) € Qg), B = By(a,b) = By(c) € Q(g),
we shall evaluate |G,(a, b)| and |A| for |¢| < 1/2.

We start from a new representation for the quantity (11). Namely, consider the
function

(52)

F(bg—@g)F(bg—ag) L
— b = q q . t(b1—|—b2+b3 a]—az—as 2)
Ry(t) = Ry(a, b;t) (- 2T, (a —bi+1) ¢
Ly(t+a1) Dyt +a2) Tyt + as)
Dt +b1) Lyt + ba) Ty (t + b3)

and write formula (11) as follows:

=Y Ry(t)q" (54)

t=0
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Proposition 3. Suppose that coo = b +bs —a; —as —az —1>=5 and |g| < 1/2.
Then the estimates
373(b2tba) < |G (a, b)| < 33(b2Te) (55)

hold.

Proof. From the functional equation

1—qt
1—g¢q

Lyt +1) = =—L1,(1) (56)

for the I'j-function we deduce

Ry(t+1) _ (L—go)(1—g+m2)(1 - g+)

_ . 4C00.
Ry(t)  (I—gton)(I—gtte)(1—giths) 17
M R4 D (1 )
< -|g|coott < 33 . 27 (oot )~ (57)
|Rq(t)qt| (1—1q])3 2
Applying the estimate (57) to the series in (54) we obtain
|R,(L)q] | |Rq(2)¢®| | |Rq(3)¢’|
Gy(a,b)| < |R <o>|-(1+ n e
I ! [R,(0)]  |Rq(0)] |Ry(0)]
1 1 1
<]Rq(0)]~(1+§+§+§+---) = 2|R,(0)] (58)
and, on the other hand,
|R,(1)q] 1
Ga(a.b)| > |R,(0)]- (1 Ry e o)) (59)
! I |R,(0)] 271

We now use the trivial inequalities

N 1— " 1+ "
3”<(1+:ZD <|Fq(n+1)l<(1_:;’;) <3", n=0,1,2,...,

for the estimate of all the I'j-factors in R,(0). Since
(bg—ag—1)+(bs—az—1)+(a1—b1)+(a1+az+a3—3)+ (b1 +ba+bs—3) < 3(ba+b3)—1,
this leads to the estimates

3302t R (0)] < 33(2tba) =1, (60)

Combining inequalities (58)—(60) we obtain the required estimates (55). The proof
of the proposition is complete.
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Proposition 4. The coefficient A = Ay(a,b) € Q(q) in the representation (52)
for |q| < 1/2 has the estimate

1A < 32(b2+b3) |q|a1(alfl)/2+az(azfl)/2+a3(asfl)/Q*(bzfl)(bS*l)' (61)

Proof. 1t will be useful to introduce an ordered version (a*, b*) of the set of param-
eters (a, b); namely,

bl =1<a] <a3 <az <by<bs,
{CLT, as, a;} = {ah az, a3}7 {blv b, b3} = {bh b2, b3}'
By functional equation (56) we obtain
(1= g ) (1= g (1= gt
Ly(t+a;) _ 0=
R g
(I —q"te)(1 —gttastl) .. (1 —gtthim1)
thus, R,(t) in (53) is a rational function of the variable T' = ¢* over Q(q) = Q(¢™!):
by —az —1]g! [b3 —az — 1! (1—=¢"T)---(1—¢"~'T)

if j =1,

if j =2,3;

R,(t) =
Q( ) [al _ bl]q! (1 _ q)a1—b1
_ A\b2—a2—1 _ \bz—asz—1
" (I—g) , (L—gq)
g0 T) (- qT) (1~ )
« Tb2+b3—a1—a2—a3—1' (62)

Since the degree of the denominator of (62) regarded as a function of T is greater
by 2 than the degree of its numerator, it follows that

R,(t) = O(T™?) as T — 00; (63)
so that R,(t) can be expanded in a sum of partial fractions:
b —1 by —1

Ay By,
R,(t) = —_ :
‘1() Z(l—qkT)2+Zl—qkT
k=a} k=a}
Condition (63) yields
bi—1 bi—1
Z ByqgF = Z Resp_,—r Ry(t) = Resp—oo Ry(t) = 0;
k=az k=a3
consequently,
o bi—1 bi—1
Arq Byq"
Gy(a,b) = Z(Z (1— gttF)2 + Z 1 — itk

t=0 “k=aj} k=a}

b;—1 o0 by—1 L
_ —k k
- Arg Z( g+ 5+ > Bra Zl as

k=a3 t=0 k=aj t=0

b;_l [e%¢) k—1 l b;—l 00 k—1 !
- —k q Bro—k q
=Y aat (N ) 7t X st (- )t

k=az =1 =1 k=a} =1 =1
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where
b5 —1
A= Awg (64)

k:a§

b5—1 bz —1 k—1

—k —k ¢
D SR T S e O S
k= aj k= a; =1

are rational functions of the variable q. Using the representation (62) we obtain
explicit formulae for the coefficients A, af < k < b3 (recall that b; = 1):

Ay = Rq(t)(l - qkT)2}T:q—k = RQ(t)(l - qt+k)2‘t:—k:

_ (—1)mbrgla—b)(artbi—2k=1)/2 k—b
ap —bi],

—as —as —as b2 — ag — 1
K (—1)k—a2 gk—as)(k +1)/2{ e ]
q

X (_1)k—a3q(k—a3)(k—a3+1)/2 [b3 k__a/3a3_ 1:| . q—k(b2+b3—a1—ag—a3—1)
q

_ a1+a2+a371 al(al *1)/24’&2(&2*1)/24’0«3(0,3*1)/2*]€(b2+b3*3)+k2
(—1) q

— —ay — —ag—1
% {k b1:| |:b2 a9 1:| |:bg as :| ’ a§ < k< b;
a1 —bl q k—ag q /{3—&3 q

The function k% —Fk(ba+bs—2) decreases for k between a and b5—1 = min{by, b3} —1
and takes its minimum value —(by — 1)(b3 — 1) for k = b5 — 1. In addition,

o ) |- [ < ()
Hbj—aj—l} :‘ A-g=¢) Q=g
k—a; [ [Q1=q) Q=g % 1) 1-gq) (1—g"")

bj—a;—1

1 J J

<( +|q|> . j=23
1 —|q|

a1 —az—az+ba+bz—3
o (1 + I(J!)
1 —q|

« |q|a1(a1—1)/2—|—a2(a2—1)/2—|—a3(a3—1)/2—(b2—1)(b3—1)7 CL;; < k< b;

Finally, using the inequalities a; < by and

L+1g] _
1—|¢1|

for |q| < 1/2 and the fact that the sum in (64) contains at most b3 < 3% terms we
arrive at the required estimate (61). The proof of the proposition is complete.
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§ 6. Irrationality measure for (4(2)
Finally, we fix a set of integer parameters (directions) (o, B) satisfying the con-
ditions
{1 =0} <{a1,a9,a3} <{P2,03}, a1 +as+a3< b1+ 02+ O3, (65)

and for each n =0,1,2,... assign to this set starting data (9) as follows:

ar=ain+1, a=amn+1, az=asgn-+1,

bl - ﬂln + ]_, b2 = ﬁzn + 27 b3 — /63n + 2. (66)

Then defining a set of auxiliary parameters ¢ by the rule

coo = (01 + P2+ B3) — (o1 + ag + a3),
By fork—1, 67
Cik = { Lo Jk=1,2,3, (67)
Br —a; for k=23,

we see that the 10-element set ¢ - n corresponds to the set of parameters (66) as
prescribed by (16). We associate with the set (67) the previously defined charac-
teristics m(c), mi(c), m3(c), M(c) and consider the function

wo(2) = Og}fgn(tcoo 2|+ |ea1 - 2] + [coz - 2| + [e33 - 2] + 31 2]
— lokcoo - 2) — [gkcar - 2] — |@rco2 - 2] — [greas - 2] — |gresn ZJ>,
(68)

where the representatives g, k = 0,1,..., 11, of the left cosets of the quotient & /&
and their action on the parameters cqo, c21, Ca2, €33, c31 are defined in (50) and (51).
Note that the &-stability of the characteristic m(c) yields the 1-periodicity of the
function (68).

Proposition 5. In the above notation let

2 2 2
ai + a5 + af

3 ( w2, . '
C’on—P(mlz—me—l-/ wo<z>dw’(z>), Cr = fafly —
0

If Cy > 0, then (4(2) is an irrational number for each ¢ = 1/p with p € Z\ {0, £1},
and the estimate o
1

1(Cq(2)) < Co (69)

holds for the irrationality exponent.

Proof. Let ¢~ = p € Z\ {0,£1}. For each set of directions (a, 3) and the corre-
sponding set (67) consider the sequences

*
min

H, := H(en), Ly :=p Mn * Disn(P) Dinsn () - H (PZ_WO(n/Z)(p)a
=1

n=20,1,2,....
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Since M(en) = Mn?, mi(en) = min, mi(en) = min, and v; = wo(n/l) by (49),
n=20,1,2,..., Proposition 2 ensures the inclusions

H, = L,H, € Z[p|¢,(2) + Z[p] C Z{,(2) + Z, n=0,1,2,....

On the other hand writing the linear forms H,, as H,, = A4,(,(2)—B,,, n=0,1,2,...,
and applying Propositions 3 and 4 we conclude that

log | H, | Tm 10g|An|

lim >— =0 and 5>— < C1log|pl, (70)
n— 00 n n— oo n
while the asymptotic behaviour of the sequence L,,, n = 0,1,2, ..., is determined
by Lemmas 1 and 2:
log |L
lim —2 '2 R ) (71)
n—oo n

Hence if Cjy > 0, then the irrationality of (,(2) follows from the estimates
0 < |Hy| < [p|~(Com=m,

which hold for all n > ng(e), where one can take Cy/2 for € > 0. Inequality (69)
follows from limit relations (70) and (71) in the standard way (see, for instance, [19],
§11.3, Exercise 3 or [20], Lemma 2). This completes the proof of the proposition.

Proof of the theorem. Examining one after another all integer directions (a, 3) sat-
isfying conditions (65) and (B2 4+ B3 < 100 by means of a special program for the
PARI-GP calculator we have discovered that the best estimate (3) for the irrational-
ity exponent of (,(2) is achieved (up to an action of the group ® and multiplication
of the direction vector by a positive integer) on the following set:

a1 =9, a=6, az3=T, P2 =14, (3 =15.

In this case M = 74, m] = 11, m5 = 10, and

(0 ifze[0,5) U5 5) V5 2)Vis ) Uls2)
Ul 3 vl ) Uz 8):
iz =4 e lime) Vs m) vl sVl s) vl )
Vs s) vz uls: 3 Vs o) Vi)
U5 3) Ul ) V5 6):
(2 ifze [ 5) VR VTSV E)VIES)

for z € [0,1). Hence

3
Co=1T4— —2(112 +10% — 102.57252091 ... ) = 38.00236293 . . .,
T
52 4 62 + 72
o} :14-15—% = 155,

and we arrive at the required estimate (3) by Proposition 5. The proof is complete.
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§ 7. A g-analogue of the Apéry sequence
The choice of the directions
ag=azs=a3=n+1, by =1 by =0b3=2n+2, where n=0,1,2,...,
(72)
leads to the quantities Cp = 1 — 6/7? > 0 and C; = 5/2 in the notation of
Proposition 5, and hence to the irrationality of (,(2) for ¢~ € Z\ {0,41}. The
corresponding estimate for the irrationality exponent in this case takes the following
form:
€2) < 2™ _ 637636524
e So2 1306
The aim of this section is to demonstrate that the case (72) is a precise g-extension
of Apéry’s original proof of the irrationality of ((2).
We fix an integer n > 0 and write the partial-fraction expansion of the rational
function (53) with respect to the variable T' = ¢':

(1-4¢T7)---(1-q"T) (¢;¢)nT"

Ry(t) = (1—q"HiT) - (1 — g2 +1T) ' (1 —qt1T)--- (1 — ¢2"+17)
n —1)kgk(k+1)/2—kn—n(n+1)/2
= (-1)" Z [k:n] {Z] (=11 1 — gktntiT
k=0 q q q
n 1) G+ /2=in—n(n+1)
x {n] ( ) q1 Jj+n+1m
=0 Wlq — 4
1) n {k + n] [n] 2qk(k+1)—2kn—3n(n+1)/2
oy —]_ n
ra k . k . (1 — gtthtnt1)2
ESS { ' n] {Z} {n} D /241 (1) /2 (k) n—3n(n+1) /2
, J
k=0 j=0 gLlMlq /g
ik
—1)k+J 1 1
« LT _ ). (73)
q® — q] 1— qt+k+’n+1 1— qt+]+n+1
Bearing in mind the equalities
R,(t)=0 fort=-1,-2,...,—n
and
= q' (k+n+1) - ¢
e (oSt )
t_z_:n (1 — gt+k+nt1)2 < 4(2) lz:; (1—¢')?
k= 07 ]-7 y T
- q' (k+n+1) : ¢
-4 _ —(k+n 1) —
t:Z_n 1— gt+htntt — 14 <§q< ) ; 1—¢ >’

we obtain from (73) the linear form

Hn(Q) — (_1)nq(3n+2)(n+1)/2ZRq(t) _ (_1)nq(3n+2)(n+1)/2 Z Rq(t)

t=0 t=—n

= An(q)¢4(2) — Bn(q) (74)
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(with the coefficient of (,(1) in (74) equal to zero by Proposition 1), where

An(q) = i lk J,; n} q {Z} :q’“2‘2k”,

k=0
. k+n n 2 2 k ql
CAOED Sl A N R Sfve
D S A Sy
My zn: b)) R ke )/245(1) /2= ()
k=0 j—=0 ko lglkl il
Tk
k 7 l
(=D ¢ —J q
R Zl—q’_q Zl—ql
1=1 1=1
Letting ¢ — 1 we now see that
A -—limA()—Z ktm (m)*
n q—)l n q - k k Y
k=0
" (k+n\ (n)> 1
T 2 _ 4
k=0 =1
"~ (k40 (n) (n k‘”
T ZZ L k) \ Z 1 Z
k=0 j=0
J#k

It remains to observe (see, for instance, [21], §4) that the sequence of linear forms
H, = A,((2) — Bn, n=0,1,2,...,
is precisely the Apéry sequence [12].
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