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1. �¢¥¤¥­¨¥. � ª ®¡ëç­®, ¢¥«¨ç¨­ë, § ¢¨áïé¨¥ ®â ç¨á«  q ¨ ¯à¥¢à é îé¨¥áï ¢ ª« áá¨Ä
ç¥áª¨¥ ®¡ê¥ªâë ¢ ¯à¥¤¥«¥ q → 1 (¯® ªà ©­¥© ¬¥à¥ ä®à¬ «ì­®), ­ §ë¢ îâáï q- ­ «®£ ¬¨ ¨«¨
q-à áè¨à¥­¨ï¬¨. �®§¬®¦­ë© á¯®á®¡ q-à áè¨à¨âì §­ ç¥­¨ï ¤§¥â -äã­ªæ¨¨�¨¬ ­  ¢ë£«ï¤¨â á«¥Ä
¤ãîé¨¬ ®¡à §®¬ (§¤¥áì q ∈ C, |q| < 1):

�q(k) =
∞∑
n=0

�k−1(n)q
n =

∞∑
�=0

�k−1q�

1− q� =
∞∑
�=0

q��k(q
�)

(1− q�)k
; k = 1; 2; : : : ; (1)

£¤¥ �k−1(n) =
∑
d|n d

k−1 ®¡®§­ ç ¥â áã¬¬ã áâ¥¯¥­¥© ¤¥«¨â¥«¥©,   ¬­®£®ç«¥­ë �k(x) ∈ Z[x]
¬®£ãâ ¡ëâì ®¯à¥¤¥«¥­ëà¥ªãàá¨¢­® á ¯®¬®éìîä®à¬ã« �1 = 1¨ �k+1 = (1+(k−1)x)�k+x(1−x)�′k
¯à¨ k = 1; 2; : : : (á¬. [1, ®â¤¥« 8, £«. 1, §8, § ¤ ç  75] ¤«ï á«ãç ï k = 2). �®£¤  ¨¬¥îâ ¬¥áâ®
¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï

lim
q→1
|q|<1

(1− q)k�q(k) = �k(1) · �(k) = (k − 1)! · �(k); k = 2; 3; : : : ; (2)

à ¢¥­áâ¢® �k(1) = (k − 1)! ¤®ª § ­® ¢ [2, ä®à¬ã«  (7)]. �¯à¥¤¥«¥­­ë¥ â ª¨¬ ®¡à §®¬ q-¤§¥â -§­ -
ç¥­¨ï (1) ¯à¨¢®¤ïâ ª àï¤ã ­®¢ëå ¨­â¥à¥á­ëå § ¤ ç ¢ â¥®à¨¨ ¤¨®ä ­â®¢ëå ¯à¨¡«¨¦¥­¨© ¨ âà ­áÄ
æ¥­¤¥­â­ëå ç¨á¥«, ª®â®àë¥ ï¢«ïîâáï à áè¨à¥­¨ï¬¨ á®®â¢¥âáâ¢ãîé¨å § ¤ ç ¤«ï ®¡ëç­ëå ¤§¥Ä
â -§­ ç¥­¨©; ¬ë ä®à¬ã«¨àã¥¬ ¨å ¢ ¯. 3 ­ áâ®ïé¥© § ¬¥âª¨. � è  ¡«¨¦ ©è ï æ¥«ì { ¯à®¤¥¬®­Ä
áâà¨à®¢ âì, ª ª ­¥ª®â®àë¥ ­¥¤ ¢­¨¥ ¤®áâ¨¦¥­¨ï ¢ ¨§ãç¥­¨¨  à¨ä¬¥â¨ç¥áª¨å á¢®©áâ¢ ç¨á¥« �(k),
k = 2; 3; : : : , ãá¯¥è­® ¯¥à¥­®áïâáï ­  á«ãç © q-¤§¥â -§­ ç¥­¨©. �¬¥­­®, ¬ë ¨¬¥¥¬ ¢ ¢¨¤ã £¨Ä
¯¥à£¥®¬¥âà¨ç¥áªãî ª®­áâàãªæ¨î «¨­¥©­ëå ä®à¬ (¯à¥¤«®¦¥­­ãî ¢ à ¡®â å �.�. �¨ª¨è¨­  [3],
�.�. �ãâ­¨ª  [4],�.�. �¥áâ¥à¥­ª® [5]) ¨  à¨ä¬¥â¨ç¥áª¨© ¬¥â®¤ (�.�. �ã¤­®¢áª¨© [6], �.�. �ãå Ä
¤§¥ [7], �.� â  [8]), ¤®¯®«­¥­­ë© £àã¯¯®¢ë¬ ¯®¤å®¤®¬ (�¦.�¨­ ¨�. �¨®«  [9], [10]). � á«¥¤ãîé¥¬
¯ã­ªâ¥ ¯à¨¢®¤ïâáï ­®¢ë¥ ¬¥àë ¨àà æ¨®­ «ì­®áâ¨ ç¨á¥« �q(1), �q(2) ¤«ï q−1 = p ∈ Z \ {0;±1}, ¨
®â¯à ¢­®© â®çª®© ï¢«ï¥âáï á«¥¤ãîé ï â ¡«¨æ , ¨««îáâà¨àãîé ï á¢ï§ì ¬¥¦¤ã ­¥ª®â®àë¬¨ ®¡êÄ
¥ªâ ¬¨ ¨ ¨å q-à áè¨à¥­¨ï¬¨ (§¤¥áì b · c { æ¥« ï ç áâì ç¨á«  ¨ á®ªà é¥­¨¥ `l.c.m.' ¨á¯®«ì§ã¥âÄ
áï ¤«ï ®¡®§­ ç¥­¨ï ­ ¨¬¥­ìè¥£® ®¡é¥£® ªà â­®£®). �ë  ¤à¥áã¥¬ ç¨â â¥«ï ª ª­¨£¥ [11] ¨ à ¡®Ä
â ¬ [12]{[14], ¢ ª®â®àëå ãª §ë¢ ¥âáï ¬®â¨¢¨à®¢ª  ¨ ®¡®á­®¢ ­¨¥ ¢â®à®£® áâ®«¡æ  â ¡«¨æë.

®¡ëç­ë¥ ®¡ê¥ªâë q-à áè¨à¥­¨ï, p = 1=q ∈ Z \ {0;±1}

ç¨á«  n ∈ Z `ç¨á« ' [n]p =
pn − 1
p− 1

∈ Z[p]

¯à®áâë¥ l ∈ {2; 3; 5; 7; : : : } ∈ Z

­¥¯à¨¢®¤¨¬ë¥ ªàã£®¢ë¥ ¬­®£®ç«¥­ë

�l(p) =
l∏

k=1
(k;l)=1

(p− e2�ik=l) ∈ Z[p]

1 c© �.�. �ã¤¨«¨­ 2002
AMS-TEX &MUPAH-TEX



2 ������� ���������

®¡ëç­ë¥ ®¡ê¥ªâë q-à áè¨à¥­¨ï, p = 1=q ∈ Z \ {0;±1}

£ ¬¬ -äã­ªæ¨ï �©«¥à  �( t)

q-£ ¬¬ -äã­ªæ¨ï �¦¥ªá®­ 

�q(t) =
∏∞
�=1(1− q

�)∏∞
�=1(1− qt+�−1)

(1− q)1−t

ä ªâ®à¨ « n! = �(n+ 1)

n! =
n∏

�=1

� ∈ Z

q-ä ªâ®à¨ « [n]q ! = �q(n+ 1)

[n]p! =
n∏

�=1

p� − 1
p− 1

= pn(n−1)=2[n]q ! ∈ Z[p]

ordl n! =
⌊
n

l

⌋
+
⌊
n

l2

⌋
+ · · · ord�l(p)[n]p! =

⌊
n

l

⌋
, l = 2; 3; 4; : : :

Dn = l.c.m.(1; : : : ; n)
=

∏
¯à®áâë¥ l6n

lblog n= log lc ∈ Z
Dn(p) = l.c.m.([1]p; : : : ; [n]p)

=
n∏
l=1

�l(p) ∈ Z[p]

 á¨¬¯â®â¨ç¥áª¨© § ª®­
à á¯à¥¤¥«¥­¨ï ¯à®áâëå ç¨á¥« ä®à¬ã«  �¥àâ¥­á 

lim
n→∞

logDn
n

= 1 lim
n→∞

log |Dn(p)|
n2 log |p|

=
3
�2

�á«¨ (x) ®¡®§­ ç ¥â «®£ à¨ä¬¨ç¥áªãî¯à®¨§¢®¤­ãî £ ¬¬ -äã­ªæ¨¨�©«¥à  ¨ {x} = x−bxc {
¤à®¡­ãîç áâì ç¨á«  x, â® ¢ á®®â¢¥âáâ¢¨¨ áä®à¬ã«®©�¥àâ¥­á  ¤«ï«î¡®£® ¯®«ã¨­â¥à¢ «  [ u; v) ⊂
(0; 1) ¨¬¥¥â ¬¥áâ® ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥

lim
n→∞

1
n2 log |p|

∑
l:{n=l}∈[u;v)

log |�l(p)| =
3
�2
(
 ′(u)−  ′(v)

)
=

3
�2

∫ v

u
d
(
− ′(x)

)
(3)

(á¬. [14, «¥¬¬  1]), ª®â®à®¥ ¬®¦­® à áá¬ âà¨¢ âì ª ª q-à áè¨à¥­¨¥ ä®à¬ã«ë

lim
n→∞

1
n

∑
¯à®áâë¥ l>

√
Cn

{n=l}∈[u;v)

log l =  (v)−  (u) =
∫ v

u
d (x)

¢  à¨ä¬¥â¨ç¥áª®¬ ¬¥â®¤¥ [6]{[10].

2. � æ¨®­ «ì­ë¥ ¯à¨¡«¨¦¥­¨ï ª q-¤§¥â -§­ ç¥­¨ï¬ ¨ ¡ §¨á­ë¥ ¯à¥®¡à §®¢ Ä
­¨ï. �ãáâì a0, a1, a2 ¨ b { ¯®«®¦¨â¥«ì­ë¥ æ¥«ë¥ ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î a1 + a2 6 b.
�®£¤  àï¤ �¥©­¥

F (a; b) =
�q(b − a2)

(1− q)�q(a1)

∞∑
t=0

�q(t + a1) �q(t + a2)
�q(t + 1) �q(t + b)

qa0t

ï¢«ï¥âáï Q(p)-«¨­¥©­®© ä®à¬®© F (a; b) = A�q(1)−B á® á¢®©áâ¢®¬

p−MDm(p) · F (a; b) ∈ Z[p]�q(1) + Z[p]; (4)

£¤¥ M = M(a; b) { ­¥ª®â®à®¥ (®¯à¥¤¥«ï¥¬®¥ ï¢­®) æ¥«®¥ ç¨á«® ¨ m { ¬ ªá¨¬ã¬ 6-í«¥¬¥­â­®£®
¬­®¦¥áâ¢ 

c00 = a0 + a1 + a2 − b − 1; c01 = a0 − 1; c11 = a1 − 1; c21 = a2 − 1;
c12 = b − a1 − 1; c22 = b − a2 − 1:

�®« £ ï H(c) = F (a; b) ¨ ¨á¯®«ì§ãï ¨­¢ à¨ ­â­®áâì ¢¥«¨ç¨­ë

F (a0; a1; a2; b)
�q(a0) �q(a2) �q(b − a2)

=
H(c)
�q(c)

; £¤¥ �q(c) = [c01]q ! [c21]q ! [c22]q ! = p−N(c)�p(c);
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¯®¤ ¤¥©áâ¢¨¥¬ ¯à¥®¡à §®¢ ­¨©

� = (c22 c21 c01 c11 c12 c00): (a0; a1; a2; b) 7→ (a1; b − a1; a0; a0 + a2);
� = (c11 c21)(c12 c22): (a0; a1; a2; b) 7→ (a0; a2; a1; b);

¬ë ¯à¨å®¤¨¬ ª «ãçè¨¬, ç¥¬ ¢ (4), ¢ª«îç¥­¨ï¬

p−MDm(p)
−1(p) · F (a; b) ∈ Z[p]�q(1) + Z[p] (5)

á


(p) =
m∏
l=1

��l
l (p); �l = max

g∈〈�2;�〉
ord�l(p)

�p(c)
�p(gc)

: (6)

�à®¬¥ â®£®, ­¥á«®¦­ë¥ ®æ¥­ª¨ ¢¥«¨ç¨­ë F (a; b) ¨ ï¢­ë¥ ä®à¬ã«ë ¤«ï ª®íää¨æ¨¥­â  A ¯à¨¢®¤ïâ
ª á®®â­®è¥­¨ï¬

|F (a; b)| = |p|O(b); |A| 6 |p|(a0+a1+a2)b−(a
2
1+a

2
2+b

2)=2+O(b) (7)

á ­¥ª®â®à®©  ¡á®«îâ­®© ¯®áâ®ï­­®© ¢ O(b).
�â¬¥â¨¬, çâ® ­¥âà¨¢¨ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ � ¢¥«¨ç¨­ë H(c)=�q(c) ¡ë«® ¯®«ãç¥­® �. �¥©Ä

­¥ [15] (¢ ­¥áª®«ìª® ¨­ëå ®¡®§­ ç¥­¨ïå) ¥é¥ ¢ 1847 £®¤ã. �àã¯¯  ¯à¥®¡à §®¢ ­¨© G = 〈�; �〉 ¯®Ä
àï¤ª  12 ­¥ ¨¬¥¥â ®¡ëç­®£®  ­ «®£ , ¯®áª®«ìªã á®®â¢¥âáâ¢ãîé¨¥ (¢ ¯à¥¤¥«¥ q → 1) £ ãáá®¢ë
£¨¯¥à£¥®¬¥âà¨ç¥áª¨¥ àï¤ë ï¢«ïîâáï à áå®¤ïé¨¬¨áï. �ë ¨á¯®«ì§ã¥¬ £àã¯¯ã 〈�2; �〉 ¯®àï¤ª  6
¢¬¥áâ® ¯®«­®© £àã¯¯ë G, çâ®¡ë ®¡¥á¯¥ç¨âì ¢ë¯®«­¥­¨¥ ãá«®¢¨ï a1 + a2 6 b. � ª®­¥æ, ¢ë¡¨à ï
a0 = a2 = 8n + 1, a1 = 6n + 1, b = 15n + 2 ¨ ãç¨âë¢ ï (5), (7), (3), ¬ë ¯®«ãç ¥¬ á«¥¤ãîé¨©
à¥§ã«ìâ â.

�¥®à¥¬  1. �«ï ª ¦¤®£® q = 1=p, p ∈ Z \ {0;±1}, ç¨á«® �q(1) ï¢«ï¥âáï ¨àà æ¨®­ «ìÄ
­ë¬ á ¯®ª § â¥«¥¬ ¨àà æ¨®­ «ì­®áâ¨ , ã¤®¢«¥â¢®àïîé¨¬ ­¥à ¢¥­áâ¢ã

�(�q(1)) 6 2:42343562 : : : : (8)

�®¤ ¯®ª § â¥«¥¬ ¨àà æ¨®­ «ì­®áâ¨ � = �(�) ¢¥é¥áâ¢¥­­®£® ¨àà æ¨®­ «ì­®£® ç¨á«  � ¬ë
¯®­¨¬ ¥¬ ­ ¨¬¥­ìè¥¥ ¢®§¬®¦­®¥ §­ ç¥­¨¥ � â ª®¥, çâ® ¤«ï «î¡®£® " > 0 ­¥à ¢¥­áâ¢® |�− a=b| 6
b−(�+") ¨¬¥¥â «¨èì ª®­¥ç­®¥ ç¨á«® à¥è¥­¨© ¢ æ¥«ëå ç¨á« å a; b. �æ¥­ªã (8) ¬®¦­® áà ¢­¨âì
á ¯à¥¤ë¤ãé¨¬ à¥§ã«ìâ â®¬ �(�q(1)) 6 2�2=(�2 − 2) = 2:50828476 : : : , ¯®«ãç¥­­ë¬ �. �ã­¤èã ¨
�.�  ­ ­¥­®¬ ¢ [12] ¨ ®â¢¥ç îé¨¬ ¢ë¡®àã a0 = a1 = a2 = n+1, b = 2n+2¢ ­ è¨å ®¡®§­ ç¥­¨ïå.

�­ «®£¨ç­ë¥  à£ã¬¥­âë á ¯à¨¬¥­¥­¨¥¬ ¡®«¥¥ ¯à®áâ®© £àã¯¯ë 〈�〉 ¯®àï¤ª  2 ¯®§¢®«ïîâ ã«ãçÄ
è¨âì ®æ¥­ªã �(logq(2)) 6 3:36295386 : : : �. � ­ �è  [13] ¤«ï á«¥¤ãîé¥£® q-à áè¨à¥­¨ï ç¨áÄ
«  log(2):

logq(2) =
∞∑
�=1

(−1)�−1q�

1− q� =
∞∑
�=1

q�

1 + q�
:

�¬¥­­®, ¢ [14] ¬ë ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® �(logq(2)) 6 3:29727451 : : : ¤«ï q−1 = p ∈ Z \ {0;±1}.
� á«ãç ¥ ç¨á¥« �q(2) à áá¬®âà¨¬ ¯®«®¦¨â¥«ì­ë¥ ¯ à ¬¥âàë (a; b) = (a1; a2; a3; b2; b3), ã¤®¢Ä

«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ aj < bk ¨ a1 + a2 + a3 < b2 + b3, ¨ q-¡ §¨á­ë© £¨¯¥à£¥®¬¥âà¨ç¥áª¨©
àï¤

F̃ (a; b) =
�q(b2 − a2) �q(b3 − a3)

(1− q)2�q(a1)

∞∑
t=0

�q(t + a1) �q(t + a2) �q(t + a3)
�q(t + 1) �q(t + b2) �q(t + b3)

q(b2+b3−a1−a2−a3)t

= Ã�q(2)− B̃:

�®£¤  p−MDm1(p)Dm2(p) · F̃ (a; b) ∈ Z[p]�q(2) + Z[p], £¤¥ m1 > m2 { ¤¢  ¯®á«¥¤®¢ â¥«ì­ëå
¬ ªá¨¬ã¬  10-í«¥¬¥­â­®£® ¬­®¦¥áâ¢ 

c00 = (b2 + b3)− (a1 + a2 + a3)− 1; cjk =

{
aj − 1 ¯à¨ k = 1;

bk − aj − 1 ¯à¨ k = 2; 3;
j = 1; 2; 3;
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¨, ªà®¬¥ â®£®,

|F̃ (a; b)| = |p|O(max{b2;b3}); |Ã| 6 |p|b2b3−(a
2
1+a

2
2+a

2
3)=2+O(max{b2;b3}):

�àã¯¯  ¯¥à¥áâ ­®¢®ª G ⊂ S10 ¬­®¦¥áâ¢  c, ¯®à®¦¤¥­­ ï ¢á¥¬¨ ¯¥à¥áâ ­®¢ª ¬¨ ¯ à ¬¥âà®¢
a1; a2; a3, ¯¥à¥áâ ­®¢ª®© b2; b3 ¨ ¯¥à¥áâ ­®¢ª®© (c00 c22)(c11 c33)(c13 c31), ¨¬¥¥â ¯®àï¤®ª 120
¨ ¨§¢¥áâ­  ¢ á¢ï§¨ á ¤®ª § â¥«ìáâ¢®¬ �¨­  ¨ �¨®«ë [9] ­®¢®© ¬¥àë ¨àà æ¨®­ «ì­®áâ¨ ¤«ï �(2) (á¬.
â ª¦¥ [16, §6]). � ®¡®§­ ç¥­¨¨ H̃(c) = F̃ (a; b) ¢¥«¨ç¨­ 

H̃(c)
[c00]q ! [c21]q ! [c22]q ! [c33]q ! [c31]q !

¨­¢ à¨ ­â­  ¯®¤ ¤¥©áâ¢¨¥¬ £àã¯¯ë G. �â  G-¨­¢ à¨ ­â­®áâì ¯à¨¢®¤¨â ª ¢ª«îç¥­¨ï¬

p−MDm1(p)Dm2(p)
̃
−1(p) · F̃ (a; b) ∈ Z[p]�q(2) + Z[p]

á ¢¥«¨ç¨­®© 
̃(p), ®¯à¥¤¥«¥­­®© ¯®¤®¡­® (6). � ª®­¥æ, ¯®« £ ï a1 = 5n+1, a2 = 6n+1, a3 = 7n+1
¨ b2 = 14n+ 2, b3 = 15n+ 2, ¬ë ¯®«ãç ¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â [17].

�¥®à¥¬  2. �«ï ª ¦¤®£® q = 1=p, p ∈ Z \ {0;±1}, ç¨á«® �q(2) ï¢«ï¥âáï ¨àà æ¨®­ «ìÄ
­ë¬ á ¯®ª § â¥«¥¬ ¨àà æ¨®­ «ì­®áâ¨ , ã¤®¢«¥â¢®àïîé¨¬ ­¥à ¢¥­áâ¢ã

�(�q(2)) 6 4:07869374 : : : : (9)

�®«¨ç¥áâ¢¥­­ë¥ ®æ¥­ª¨ â¨¯  (9) ¤«ï �q(2) à ­¥¥ ­¥ ¡ë«¨ ¨§¢¥áâ­ë, å®âï ¨àà æ¨®­ «ì­®áâì ¨
¤ ¦¥ âà ­áæ¥­¤¥­â­®áâì ç¨á«  �q(2) ¤«ï «î¡®£®  «£¥¡à ¨ç¥áª®£® q á ãá«®¢¨¥¬ 0 < |q| < 1 á«¥¤ã¥â
¨§ â¥®à¥¬ë �¥áâ¥à¥­ª® [18].

�â¬¥â¨¬, çâ® ¡®«¥¥ ¯à®áâ®© ¢ë¡®à ¯ à ¬¥âà®¢ a1 = a2 = a3 = n + 1, b2 = b3 = 2n + 2 â ª¦¥
¤®ª §ë¢ ¥â ¨àà æ¨®­ «ì­®áâì ç¨á«  �q(2) ¤«ï q−1 ∈ Z \ {0;±1},   ¢ ¯à¥¤¥«¥ q → 1 ¯®«ãç îâáï
à æ¨®­ «ì­ë¥ ¯à¨¡«¨¦¥­¨ï �¯¥à¨ [19] ª ç¨á«ã �(2).

�®â¥«®áì ¡ë ¯®¤ç¥àª­ãâì, çâ® ¨á¯®«ì§®¢ ­¨¥ (ªà â­ëå) q-¨­â¥£à «®¢ ¤«ï àï¤®¢ F (a; b) ¨
F̃ (a; b) ¢ ¨§ãç¥­¨¨  à¨ä¬¥â¨ç¥áª¨å á¢®©áâ¢ ç¨á¥« �q(1), �q(2) ¯® áå¥¬¥ à ¡®â [7]{[10] ¯à¥¤áâ ¢Ä
«ï¥âáï ªà ©­¥ § âàã¤­¨â¥«ì­ë¬. �à¨ç¨­  íâ®¬ã { ®âáãâáâ¢¨¥ ª®­æ¥¯æ¨¨ q- ­ «®£  § ¬¥­ë ¯¥à¥Ä
¬¥­­®© ¢ q-¨­â¥£à «¥ (á¬. [20], [21, §2.2.4]).

3. �¡é¨¥ § ¤ ç¨ ¤«ï q-¤§¥â -§­ ç¥­¨©. �à §ã ®â¬¥â¨¬, çâ® ¤«ï ç¥â­ëå k > 2 àï¤ë
Ek(q) = 1 − 2k�q(k)=Bk, £¤¥ Bk ∈ Q { ç¨á«  �¥à­ã««¨, ¨§¢¥áâ­ë ª ª àï¤ë �©§¥­èâ¥©­ .
�®íâ®¬ã ¬®¤ã«ïà­®¥ ¯à®¨áå®¦¤¥­¨¥ (®â­®á¨â¥«ì­® ¯ à ¬¥âà  � = log q

2�i ) äã­ªæ¨© E4; E6; E8; : : :
¯à¨¢®¤¨â ª  «£¥¡à ¨ç¥áª®© ­¥§ ¢¨á¨¬®áâ¨ �q(2); �q(4); �q(6) ­ ¤ Q[q], ¢ â® ¢à¥¬ï ª ª ®áâ «ì­ë¥
ç¥â­ë¥ q-¤§¥â -§­ ç¥­¨ï ï¢«ïîâáï ¬­®£®ç«¥­ ¬¨ ®â �q(4) ¨ �q(6). � â ª®© ¨­â¥à¯à¥â æ¨¨ á«¥¤Ä
áâ¢¨¥ ¨§ â¥®à¥¬ë �¥áâ¥à¥­ª® [18] \ç¨á«  �q(2); �q(4); �q(6)  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ë ­ ¤ Q ¤«ï
 «£¥¡à ¨ç¥áª®£® q, 0 < |q| < 1" ï¢«ï¥âáï ¯®«­ë¬ q-à áè¨à¥­¨¥¬ á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë �¨­¤¥¬ Ä
­  [22] \�(2) = �2=6 âà ­áæ¥­¤¥­â­®". �à®¬¥ â®£®, âà ­áæ¥­¤¥­â­®áâì §­ ç¥­¨© äã­ªæ¨¨

1 + 4
∞∑
�=0

(−1)�q2�+1

1− q2�+1 =
(
1 + 2

∞∑
n=1

qn
2
)2

(10)

¢  «£¥¡à ¨ç¥áª¨å â®çª å q, 0 < |q| < 1, â ª¦¥ á«¥¤ã¥â ¨§ â¥®à¥¬ë �¥áâ¥à¥­ª® (¤®ª § â¥«ìáâ¢®
â®¦¤¥áâ¢  �ª®¡¨ (10) ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ [23, â¥®à¥¬  2]); àï¤ ¢ «¥¢®© ç áâ¨ (10) ï¢«ï¥âáï
q- ­ «®£®¬ àï¤ 

4
∞∑
�=0

(−1)�

2� + 1
= �:

� ¨«ãçè ï ®æ¥­ª  ¤«ï ¯®ª § â¥«ï ¨àà æ¨®­ «ì­®áâ¨ ¢¥«¨ç¨­ë (10) ¢ á«ãç ¥ q−1 ∈ Z \ {0;±1}
¯®«ãç¥­  ¢ à ¡®â¥ [24].

�à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï (2) ¨ ¯à¥¤¯®« £ ¥¬ ï  «£¥¡à ¨ç¥áª ï áâàãªâãà  ®¡ëç­ëå ¤§¥â -§­ -
ç¥­¨© ¬®â¨¢¨àãîâ á«¥¤ãîé¨¥ ¢®¯à®áë (¬ë â ª¦¥ à áá¬ âà¨¢ ¥¬ �q(1) ª ª ­¥ç¥â­®¥ q-¤§¥â -§­ -
ç¥­¨¥, å®âï á®®â¢¥âáâ¢ãîé¨© ¢ ¯à¥¤¥«¥ q → 1 £ à¬®­¨ç¥áª¨© àï¤ ï¢«ï¥âáï à áå®¤ïé¨¬áï).
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� ¤ ç  1. �®ª § âì , çâ® q-¤§¥â -§­ ç¥­¨ï �q(1); �q(2); �q(3); : : : ª ª äã­ªæ¨¨ ®â q «¨Ä
­¥©­® ­¥§ ¢¨á¨¬ë ­ ¤ C(q).

� ¤ ç  2. �®ª § âì , çâ® q-äã­ªæ¨®­ «ì­®¥ ¬­®¦¥áâ¢® , ¢ª«îç îé¥¥ âà¨ ç¥â­ë¥
q-¤§¥â -§­ ç¥­¨ï �q(2); �q(4); �q(6) ¨ ¢á¥ ­¥ç¥â­ë¥ q-¤§¥â -§­ ç¥­¨ï �q(1); �q(3); �q(5); : : : ,
á®áâ®¨â ¨§  «£¥¡à ¨ç¥áª¨ ­¥§ ¢¨á¨¬ëå ­ ¤ C(q) äã­ªæ¨©.

�â¢¥ç îé¨¥ § ¤ ç ¬ 1, 2 ¤¨®ä ­â®¢ë § ¤ ç¨ á®áâ®ïâ ¢ â®¬, çâ®¡ë ¤®ª § âì á®®â¢¥âáâ¢ãîé¨¥
«¨­¥©­ãî¨ «£¥¡à ¨ç¥áªãî­¥§ ¢¨á¨¬®áâ¨ ­ ¤ ¯®«¥¬ «£¥¡à ¨ç¥áª¨åç¨á¥«¤«ï  «£¥¡à ¨ç¥áª¨å q
á 0 < |q| < 1. � íâ®¬ ­ ¯à ¢«¥­¨¨ ¤ ¦¥ à¥§ã«ìâ âë ®¡ ¨àà æ¨®­ «ì­®áâ¨ ¨ «¨­¥©­®© ­¥§ ¢¨á¨Ä
¬®áâ¨ q-¤§¥â -§­ ç¥­¨© ­ ¤ Q ¢ â®çª å q ∈ Q, q−1 ∈ Z \ {0;±1}, ¯à¥¤áâ ¢«ï«¨áì ¡ë ¢¥áì¬ 
¨­â¥à¥á­ë¬¨.

� ¤ ç  ­¥áª®«ìª® ¨­®£® â¨¯  { á®§¤ âì ¬®¤¥«ì ªà â­ëå q-¤§¥â -§­ ç¥­¨©, ¢ª«îç îéãî q-¤§¥â -
§­ ç¥­¨ï (1) ¨ ®¡« ¤ îéãî áå®¦¨¬¨ á¢®©áâ¢ ¬¨ á ¬®¤¥«ìî ªà â­ëå ¤§¥â -§­ ç¥­¨© [25].
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