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IRRATIONALITY OF VALUES OF ZETA-FUNCTION

W. ZUDILIN

1. Introduction. The irrationality of values of the zeta-function ((s) at odd
integers s > 3 is one of the most attractive problems in number theory. Inspite of a
deceptive simplicity and more than two-hundred-year history of the problem, all done
in this direction can easily be counted. It was only 1978, when Apéry [A] obtained
the irrationality of ((3) by a presentation of “nice” rational approximations to this
number. During next years the phenomenon of Apéry’s sequence was recomprehended
more than once from positions of different analytic methods (see [N2] and the bibliog-
raphy cited there); new approaches gave rise to improve Apéry’s result quantitatively,
i.e., to get a “sharp” irrationality measure of ((3) (last stages in this direction are the
articles [H2], [RV]). Finally, in 2000 Rivoal [R1] constructed linear forms with rational
coefficients involving values of ((s) only at odd integers s > 1 and proved that there
exist infinitely many irrational numbers among ((3),((5),((7),...; more precisely,
for the dimension 6(a) of spaces spanned over Q by 1,{(3),((5),...,¢(a — 2),((a),
where a s odd, there holds the estimate

1
5(a) > oga

_TlogZ(l—i_o(l)) as a — oo.

2. Main results. In this note we generalize Rivoal’s construction [R1] and prove

the following results.

THEOREM 1. Fach of the following collections

{¢(5), €(7), €(9), ¢(11), ¢(13), ¢(15),
{€(7), €9), .-, €(35), CBN)} - {€(9),

contains at least one irrational number.t

(

17), ¢(19), ¢(21)},
w (1)

¢
¢(11), ..., ¢(51), ¢(53)}

THEOREM 2. For each odd integer b > 1 the collection
C(b+2), C(b+4), ..., ¢(8—13), ((8b—1)

contains at least one irrational number.

THEOREM 3. There exist odd integers a; < 145 and ae < 1971 such that the
numbers 1,((3),((a1),(az2) are linearly independent over Q.

Theorem 3 improves corresponding result from [R2], where the linear independence
of numbers 1, {(3),((a) was established for some a < 169.
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L After finishing this paper the author knew that Rivoal [R3] had independently obtained the claim
of Theorem 1 for the first collection in (1) by another generalization of his construction from [R1].
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2 W. ZUDILIN
THEOREM 4. For each odd integer a > 3 there holds the absolute estimate

2 loga
d(a) >0.395 1 > - —— 2
(a) 080> 3 T 002 (2)

We stress that our proofs of Theorems 1-4 exploit calculations via the saddle point
method (Section 4) and ideologically leans on the works [N2], [He]. An improvelment
of arithmetic estimates (i.e., of denominators of numerical linear forms) in the spirit
of [H2], [RV] (Section 3) allows us to sharpen the lower estimate of §(a) in Theo-
rems 3, 4 for small values of a. In Section 5 we obtain not only an upper bound but
also precise asymptotics of coefficients of linear forms. Finally, we prove Theorems 14
in Section 6.

The main results of the work were announced in the communication [Z].

The author is grateful to Professor Yu. V. Nesterenko for his permanent attention
to the work. This research was carried out with the partial support of the INTAS—
RFBR grant no. IR-97-1904.

3. Analytic construction. We fix positive odd parameters a, b, c such that ¢ > 3,
a > b(c — 1), and for each positive integer n consider the rational function

((ti (n+1))~--(tj:cn))b
(tt£1)-- (t£n))"

_(—1) sinmt\" T(&t + cn + 1)PD(t — n)ot
B L(t+n+ 1)etd

R(t) = Rn(t) = A (Qn)!a+bfbc

. (zn)!a+bfbc

(3)

™

where the record ‘£’ means that the product contains factors corresponding both to

a sign ‘+’ and to a ‘—’. To the function (3) assign the infinite sum
= 1 d IR
1=1,:= ; 4
D T @
t=n+1

the series on the right-hand side of (4) converges absolutely since R(t) = O(t2) as
t — o0o. Decomposing the function (3) in a sum of partial fractions and using its
oddness, we deduce that

I= ) Al(s)— Ao (5)

s is odd
b<s<a-+b

(see (10) below), where denominators of the rational numbers A; = A, , grow not

faster than exponentially (cf. [R1], lemmes 1, 5). By D, denote the least common
multiple of numbers 1,2, ..., n; the prime number theorem yields

log D
lim —22n _ 1
n— o0 n
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LEMMA 1. For each odd integer ¢ > 3 there exists a sequence of integers Il,, =
II,.>1,n=12,..., such that the numbers H;ngibflAsm are integral and the
limat relation

(ec—1)/2
log 11, . 21 21 2c—1
= lim ——— = — 2 —— 20 — 2(c—1)(1 —
= lim 8L §(¢(0_1)+¢(c)+ l )+<c (1)
(6)

holds; here v =~ 0.57712 is Euler’s constant and v (x) is the logarithmic derivative of
the gamma-function.

PROOF. Let
B " B ' (en 4+ k) (en — k)!
Iy = ( 1)_[ pr,  where v, = k:o,rff?.,in{ordp (n+ k)le(n — k)l
£/ (c+1)n<p<2n

Then for rational functions

_ _ (tEn+1))---(t£en) _ ._
G(t) = Gu(t) == T H(t) = Hy(t) =

we have the inclusions

D) i Dl i
L 22n — (QU)(t 4 k)t €Z, 2n — _(H(t)(t + k €7z,
]' dtJ ( ( )( ) ) —k ]' dti ( ( )( )) — (8)

k=0,£1,....,4+n, j=0,1,2,...

n

(a proof of the inclusions (8) for the function G(t) needs a certain generalization of
the arithmetic scheme of Nikishin—Rivoal). Now, representing the initial function (3)
in the form R(t) = G(¢)?H(t)%*°~%¢ and applying Leibniz’s rule for the differentiation
of a product, by (8) we obtain

1 & a
ﬁ @(R(t)(t + k) ) tsz’ (9)

k=0,£1,....,4n, j=0,1,...,a—1.

I1,°D) By, €7,  where By, =

These relations yield the desired inclusions IT,;* D301 A, € Z since

-1 n
Ay = (—1)1”1 (8 ) Z B a+b—s—1, sisodd, b<s<a-+b,

b—1 =
A b1 o~ [ (a+b—2\ B b \ Bra—z , Bra
0=(-1) ZZ bh—1 la+b71+.“+ b_1) [p+t + 1o :
k=—n =1
(10)

By (7), for each prime number p > /(¢ + 1)n there holds

. n k
VUV, = IN1N —_, —
P k= 7\ p p )
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where the function ¢.(z,y) = [cx + y| + |cx —y| — c¢|z + y] — c|z — y] is periodic
(of period 1) with respect to each of its arguments, and | - | is the integral part of a
number. Direct calculations show us that

-1 1 1 I-11 1
A—2 ifw— N IO [
n L:I:Je{c—l’c) {Q—Fc—l’Q—Fc)7

l l 1 [ 1 l
20—1 ifw— - 4o s
l if LxJe{c’c—l)U{Q—Fc’Q—Fc—l)’

c—1
5

min e(z,y) =

1=1,2,...,

Now, applying the number prime theorem and following arguments from [Ch], The-
orem 4.3 and Section 6; [H1], Lemma 3.2, we obtain the limit relation (6). This
completes the proof.

It can easily be checked that the value w, in (6) behaves itself like 2¢(1—-)4O(log ¢)
as ¢ — 0.

4. Asymptotics of linear forms. Consider the functions

(=1)>=t d*tcotz
(b—1)!  dzb—1 7

cotp 2 = b=1,2,....

Decomposing 7 cot 7t in a sum of partial fractions we see that for each integer b > 1

b coty, it = +O(1) (11)

(t = k)
in a neighbourhood of t = k € Z.
LEMMA 2. For the value (4) there holds the integral presentation

1 M—+ioco ,
I =—— ty t - R(t)dt 12
27T'L M—ico ™ COo bﬂ- () Y ( )

where M € R is an arbitrary positive constant from the interval n < M < cn.

ProOF. Consider the integrand in (12) on a rectangle P with vertices M + iV,
N + % + ¢N, where an integer N is sufficiently large, N > cn. Expanding the func-
tion (3) in Taylor series in a neighbourhood of t = k € Z and using the expansion (11)
by Cauchy’s theorem we obtain

1 RO=D(k)
— | 7wt cotymt- R(t)dt = Z Resi—y, (7° coty 7t - R(t)) = Z —

2mi Jp M<k<N M<k<N (b-1!
(13)
On the sides [N 42 —iN, N+ 3 4+iN], [M —iN,N+3 —iN], and [N + % +iN, M +iN]
of the rectangle P there holds the relation R(t) = O(N~?2), while the function cot, 7t,
which is a polynomial in cot 7t, is bounded. Hence, tending N to oo in (13) we get
the desired presentation (12).

Our next claim follows from Lemma 2 after the change of variables t = nT and an
application of Stirling’s formula to gamma-factors of the function (3).
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LEMMA 3. For the sum (4) there holds the asymptotic relation

~ —1)"(2./ a+b—bc 9 b
[:['( A 7m)1 20 (1+0(n™) as n — oo,
na—
where
= = 1
I=1,:= g sin® Tnr - coty T - e f(7) -g(r)dr, (14)
e M

f(r) =(a+b—"0bc)2log2 + b(T + ¢)log(T + ¢) + b(—7 + ¢)log(—7 + ¢)
+ (a+b)(r—1log(t — 1) — (a+b)(7 + 1) log(T + 1),
B (T + )2 (=1 4 ¢)b/?
9(7) = (7 + 1)@0/2(r — 1)@+b)/2’

and the contour M is a vertical line R(7) = p, 1 < p < ¢, oriented from bottom to
top.

We mean the functions f(7) and g(7) in the complex 7-plane cut along the rays
(—o00, 1] and [¢, +00), where we choose that branches of the logarithm functions, which
we assume to take real values for 7 € (1, ¢c).

For each b > 1 the function sin® z - cotp 2z is a polynomial in cos z with rational
coefficients:

b2 - coty 2 = Vy(cos 2), Vi(—y) = (=1)*Vi(y), degVi = max{1,b— 2};

sin
this fact immediately follows from the relations

1
Vi(y) =y, Vb+1(y)Zy%(y)Jrg(l—yQ)Vé(y), b=1,2,....

Consequently, the integral (14) can be represented in the form

b

f:— Z C]g,]mk, (15)

k=-—b
k is odd

where ¢, = c_j are some (rational) constants satisfying ¢; = 1 for b =1, and ¢, = 0,
cy—o # 0 for b > 1;

Jp— / U gy dr =T, o, ~b<A<b,  (16)
’ 21 J aq ’

and the overline means the complex conjugation. To calculate asymptotics of the
integrals (16), we apply the saddle point method exchanging the contour of integration
M : R(T) = p by a contour M, which passes through a (unique) saddle point 7y in
such a way that the integrand achieves its maximal value at 7). Saddle points in the
domain R(7) > 0 can be determined from the equation

(1) = Amri, AeR. (17)
It follows easily that the polynomial
(T4 ¢)b(r = 1) — (1 — )P (7 + 1)*T (18)

has at least one real root on the interval (¢, +00); by 1 denote such the root nearest
to T =c.
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LEMMA 4. Suppose the root uy € (c,+00) of the polynomial (18) satisfies the
condition

2 -1 b 1
< ‘mind ———— = . 19
L b (19)
Then all solutions of equation (17) in the domain R(r) > 0 are exhausted by the
following list:

(a) the “real” solution py +1i0 for A\ = +b, where a sign +’ (a sign ‘=’) in the
record +i0 coinsides with the sign of A and corresponds to upper (respectively,
lower) bank of the cut [c,+00);

(b) a real solution po € (1,¢) for A =0;

(¢) a complex solution T € (1,¢) for 0 < |\ < b; in addition, the sign of ()
coinsides with the sign of A, and Ty = T—x.

The set of solutions of (17) generates a smooth closed curve

bl 1 a+b
|7+ c|’|T | 0 (20)
|7 — c|®|T + 1|otb

R(f'()) = log

in the domain R(1) > 0; this curve is contained between two circles centered at T = ¢ of
radii (1 —c)/2, (c—po)/2; there holds R(f' (7)) > 0 inside the curve and R(f'(1)) <0
outside it.

PROOF of the claim leans on a geometric interpretation of the function (f'(7))
and on a description of all solutions of (17) in the whole cut 7-plane (and not only in
the domain R(7) > 0).

With the use of Lemma 4 we choose the countour M to calculate asymptotics
of Jy,» as n — oo in the following way. If A > 0 then the countour M consists of

the vertical ray (uo — i00, jo], of the segment [1o, o + €%/u2 — 1] passing through
the saddle point 7, and of the horizontal ray [ug + €?/ud — 1,e\/u¢ — 1 + ool;
in the case A < 0 the contour M is symmetric to M_) with respect to real axis;
lastly, the contour M remains the vertical line (ug — @00, o + i00). This choice of
the contour M and an application of Laplace’s method (see, e.g., [B], §5.7) yield
the following claim.

LEMMA 5. Let A € R, |A| < b, and let T be the (unique) solution of equation (17)
in the domain R(7) > 0. Then there holds the asymptotic formula

enm(fO(TA)) |g(7->\)|

Joa| =
| 7>\| (27_‘_”|f//(7.)\)|)1/2

(14 0(n™h) as m — 0o,

where

fo(T):= f(1) = f'(7)T = (a + b — bec)2log 2 + belog(T + ¢) + belog(—7 + ¢)
— (a+b)log(t +1) — (a+b)log(r —1).
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LEMMA 6. Suppose condition (19) is satisfied. Then for the linear forms (5) there
holds the limit relation

1 1, 92(a+b—bc) bel,, _ lbe
o= limsupw = R(fo(p)) = log i+ [l —

21
mep e e @Y

where p is a real oot (i.e., u1) of the polynomial (18) from the interval (c,+o0) for
b =1, or a root of this polynomial in the domain (1) > 0 with a maximal possible
part R(pw) for b > 1. In the case b = 1 the limit superior in (21) can be replaced by
the ordinary one.

ProOOF. All solutions of (17) in the domain R(7) > 0 for odd values A = k are
simultaneously roots of the polynomial (18). A routine test shows that condition (19)
provides the increase of the function R(fy(7)) viewed as a function of £(7) (or, equiv-
alently, as a function of \) on the curve (20) in the domain R(7) > 0, I(7) > 0; hence
only asymptotics of J,, +1 if b = 1 and of J,, 4 (;_2) if b > 1 influence on asymptotics of
the integral (15). The application of Lemmas 5 and 3 yields the desired relation (21).

5. Estimates for coefficients of linear forms. The values By ;, k = 0, %1,
.o, En, 5 =0,1,...,a— 1, defined in (9) satisfy inequalities

(Cn)!Qb(Qn)!aH)*bc
nl2(a+b)

J J
|Br,;| < (2(a+bc—b)n) ~k_0r£?x.7in|Bk70| = (2(a+bc—b)n)’ -

Using relations (10) and Stirling’s formula, we then get

LEMMA 7. For the coefficients As = As . of the linear forms (5) there holds the

estimate oo | A
Tim og | s,n|
n—o00 n

s=0o0ors=b+1,....,a+b—1 is odd.

< 2bclogc+ 2(a+ b — be)log 2,

It is not hard to prove that the integrals

1 iMoo (sinmﬁ

k
) R(t)dt, k=2,4.6,...,a—1, (22)

T JiM —oc0 ™

passing through a horizontal line (¢) = M with arbitrary M > 0, are linear combi-
nations of coefficients Ay 2, ..., Ag+p—1 of the forms (5). Therefore, an application of
asymptotics of the gamma-function in the domain J(t) > My > 0 (see [B], §6.5) and
of the saddle point method to the integrals (22) makes more precise (insignificantly)
the estimate of Lemma 7.

LEMMA 8. Suppose the real root py € (c,+00) of the polynomial (18) satisfies
condition (19), and let n € (0,+i00) be an imaginary root of this polynomial with a
minimal possible absolute value. Then for the coefficients As = As ., of the linear
forms (5) there holds the estimate

_ lOg As,n 22(a+bfbc) n+c be n—-c be
T Bl <o) —tog T
s=0o0ors=b+1,...,a+b—1 s odd;

moreover, in the case s = a+ b —1 the limit superior can be replaced by the ordinary
one and the inequality becomes the equality.
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6. Proofs of main results. By Lemmas 1, 6, if —bw. +2(a +b—1)+ 3 <0
then there exists at least one irrational number among values of ((s), where s is odd
and b < s < a+b Takinga =19, b =3, c=3;a =33, b =5, c =3, and
a =47, b = 7, ¢ = 3 respectively for the collections in (1), we deduce Theorem 1.
In Theorem 2, to each odd integer b > 1 we assign a = 7b, ¢ = 3; to conclude the
proof, it remains to note that a real root of (18) from the interval (3, 400) coincides
with the root ;1 ~ 3.02472 of the polynomial (7 + 3)(7 — 1)® — (7 — 3)(7 + 1)%, and
x+2a+b—1)—bwe < R(fo(p1)) + 16b — bwz < —0.047 - b < 0.

In the case b = 1 the criterion of linear independence from [N1] in the same way
as in [R1] allows us to obtain the lower estimate for the value d(a), i.e.,

#(a,c) + 2a — w,
2cloge+2(a—c+1)log2 + 2a — w.’

where s = x(a,c) is defined in (21). Taking a = 145, ¢ = 21 and a = 1971, ¢ = 131,
by (23) we obtain the estimates 6(145) > 3, §(1971) > 4; in addition, §(3) = 2 due
to [A]. This proves both Theorem 3 and Theorem 4 for a < 24999. Further, for odd
integers a > 20737 = 12* + 1 we show stronger than (2) estimate §(a) > log, a or,
equivalently,

d(a) > 1 (23)

5(12™ +1) > m, m=4,5,6,..., (24)

choosing ¢ = 2 - |a/(3m?)] + 1 for each a = 12™ + 1 in (23). The estimate (24)
for m = 4,5,6,7 is verified by direct calculations; finally, for m > 8 we use a trivial
evaluation of the right-hand side in (23). This completes the proof of Theorem 4.
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YK 511.3

O06 mppanuMoHaAJLHOCTUA 3HAUEHUU N3eTa-PpyHKIUU

B. B. 3ymann

1. BBenenme. I[Ipo6uema mppamuoHaspbHOCTH 3HaUeHMH n3eTa-QyHKIMU ((S)
B HEUETHBIX TOUKAX S > 3 SABISETCS ONHON M3 CAMBIX IPUTATATENBLHBIX B TEOPUN
uncesn. HecMmoTps Ha 0oOMaHUMBYIO TIPOCTOTY U DOJlee UeM NBYXBEKOBYIO MCTO-
pUIO, TOJNYUEHHBIE B ®TOM HAIPABJIEHUU PE3YIbTATHI MOKHO IEPECUUTATH Ha
nanbnax. Jlume B 19781, Amepu [A] ymamoch ycTaHOBUTH MPPAIMOHAILHOCTD
((3), npeqbABUB MOCIENOBATENBHOCTD “XOPOMNX DAIMOHAILHBIX IPNGINKEHNI
OJIs1 TOTO YKciaa. B manbHefneMm GeHOMeH mocienoBaTelbHOCTU Aepy ObII He-
OJHOKPATHO MEPEOCMBICIEH ¢ TOUKU 3PDEHUs PA3INYHBIX AHAIUTAYECKAX METO OB
(cm. [N2] u muTHpoBaHHYIO TaM OMOIMOTPA(UIO); HOBBIE IOAXOLEl IO3BOIUIN
VCUIUTD Pe3yabTaT ANepu KoAUu%ecmeeHHo — MOAYUNTDL “XOPOIIYI0~ Mepy Uppa-
moHanabHOoCTY uncia ((3) (mocienmue eTamsl COpEBHOBAHUS B 9 TOM HALIPABIIEHIN
— paboru [H2], [RV]). Hakonmen, 8 2000r. Pusoans [R1] mocrpons nunefinbie
(GOPMEL ¢ pAIMOHAIBHEIMU KO (pPUIUEHTAMU, COqeprRale 3HaueHns ((S) TONbKO

B HEUETHBIX TOUKaX § > 1, u mokasain, uro cpedu wucea ((3),((5),((7),... umeem-
CA DECKOHEUHO MHOZO UPPAYUOHAABHBEL; boaee Mmoo, dad pasmeprocmy 0(a) npo-
empareme, wamawymus wad Q wa wuecaa 1,((3),((5),...,((a — 2),{(a), 20e a we-

YEMHO, CNPABEIAUBL OUECHKA

1
5(a) > oga

2. OcHoBHBIE pe3yJjbTaThl. B HacTosAmell 3aMeTke MBI 0000IIIaeM KOHCTPYK-
muio Pusoans [R1] u morasbiBaeMm cienyomue pe3yiabTaThL.

TEOPEMA 1. B xaxcdom wucaosom wabope

{<(5), ¢(7), €(9), ¢(11), ¢(13), ¢(15),
{¢(7), €(9), ..., €(35), CBT)}, {¢(9),

(

( (1)

¢(17), ¢(19), ¢(21)},
¢(11 :

) -+ C(51), €(53)}

uMeemes no kpatined mepe 00HO UPPAUUOHAALHOE YUCAO.

TEOPEMA 2. Jlag wamcdozo Hewemmozo b > 1 epedu wucea

C(b+2), C(b+4), ..., C(8—3), ¢(8—1)

umeemes no kpatnel mepe 00HO UPPAYUOHAALHOE.

Hlocae saBepiienus paboTel HaJ CTaTbell aBTOPY CTaJd0 U3BecTHO, uTo Pupoasas [R3] nesa-
BUCHUMO TIOJYyUUJ yTBeprkAeHre TeopeMbl 1 /s mepBoro u3 Habopos B (1), Mcnoab3ya wHoe
060bmenne KoucTpyknum ua [R1].

9
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TEOPEMA 3. Cywecmeyiom newemmuse a; < 145 u ag < 1971 maxue, wmo wucaa
1,{(3),C(a1),C(a2) aunetrno nesasucums #ad Q.

TeopeMa 3 ycunuaeT COOTBeTCTBYIOmUi pesyiabrar paborsl [R2], roe yera-
HOBJIEHa NUHeNHas He3aBUCUMOCTE uncel 1, ((3),((a) masa HEKOTOPOro HEUEeTHOTO
a < 169.

TEOPEMA 4. Jad xancozo wewemnozo a = 3 cnpasedaned abcosiommas ouenra

2 loga
d(a) >0.3951 > - ——.
(@) 87 3 T log2

(2)

OTMeTnM, UTO MOKA3aTEIbLCTBO TeopeM 1—4 MCIOoNb3yeT BBIUUCIEHUE ACKMII-
TOTUKH C IIOMOIIBIO MeTona mepeBana (. 4) u uneiino onupaercs Ha paborsl [N2],
[He|. Y coBepmencTBoBaHNE aprpMeTUUECKUX OLEHOK (3HaMeHATeIel UMCIOBBIX
nuHelHBIX popm) B gyxe [H2], [RV], npuBogumoe B 1. 3, mo3Bonmno yTOUHUTH
oneHky cHusy musa d(a) B Teopemax 3, 4 mpy Manblx 3HaveHuil a. B m. 5 MbI mo-
JydaeM He TOJBKO OIEHKY CBEpPXY, HO M TOYHYIO ACHUMIITOTUKY KO®(OQUIMEHTOB
nuHefinbix opm. Haxoner, B m. 6 MBI qokasbpiBaeM TeopeMbl 1—4.

OcHOBHBIE Pe3yIbLTATH TOH pabOThl AHOHCUPOBAHLL B coobIeHnn (7).

ABTOp uckpenne Gnaromapen npodeccopy HO.B. Hecrepenro 3a nmocrosmuoe
BHUMaHMEe K pabore. Hacrosmasn paboTa BEIDOMHEHA TPU YACTUYHOR IO I AEPIKKE
dorga INTAS u Poccuiickoro Gorma (pyHIaMeHTAIbLHBIX HCCIELOBAHUI (IPAHT

no. IR-97-1904).

3. Anamurmyeckas KOHCTPYKIHUA. S3aPUKCUPYEM IMONOKUTENbHBIE HEUET-
HBle IIapaMeTphl a,b,¢, ¢ > 3 m a > b(c — 1), 1 [Ia KaKZOTO LEeToro MONOKUA-
TEeJIBLHOT'O 1 PACCMOTPUM PallOHAILHYIO (YHKIIIO

b
) = Fnlt) = = (jt:(inii)l)) (t (it :;;Z)) - (2n)latb=be
n [ Sinmt b [(+t +cn+ 1)bF(t _ n)a+b bbe
- ' R
( ) F(t—l—n-}- 1) +b (3)

™

rae 3Hak '+’ o3HaYaeT, UTO B NPOU3BEIECHUU YUACTBYIOT MHOKUTEIU, OTBE-
varomye kak 3Haky ‘+’, tak u ‘—'. IlocraBum B coorBercrBme (yHEIUN (3)

DECKOHEUHYIO CYMMY

= 1 d"IR(1)
[=1,:= ; A
2 o e )
t=n+1
pazn B mpaBoit uactu (4) cxomuTes abcomroTHO, Tockonbky R(t) = O(t72) mpu

t — oo. llpencrasusas ¢yukmo (3) B Bume cyMMbl IpocTelmmx npobeit u mc-
IONL3YS €€ HeUeTHOCTD, 3aKIiodaeM, dTo

I= > Al(s)— Ag (5)

S HEUETHO
b<s<a-+b
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(cm. (10) mamee), rpe sHaMeHaTeIN panuoHaIbHBIX uncel Ag = A, , pactyT He
OplcTpee ueM skcnoHeHnuaiabHo (cp. [R1, memmsr 1, 5]). O6osmauwmm uepes D,
HauMeHbIIIee obImee KpaTHoe uucea 1,2,...,7M; U3 aCUMITOTUYECKOTO 3aKOHa
pacupemeneHusa IPOCTHIX UUCel

. log D,
lim =1
n—o00 n
JIEMMA 1. Zlasg kamcdozo Hewemmozo ¢ = 3 cyu,ecmeyem nocaedo8amensHocmsb
weans 1, =11, . > 1, n = 1,2,..., maxas, wmo wucaa H;ng:bflAsm ABAAINMCS
UYEABMU U CNPABEOAUBO NPEIEABHOE COOMHOULEHUE

(c-1)/2
log 11, . 21 21 2c—1
o= lim 2w _ o[ ) w2 2 2(c—1)(1 =),
e = lim 8L §(¢(6_1)+ o(2)+ 270 +ae-na-n)
(6)

ede v ~ 0.57712 — nocmosunas Diaepa, a Y(r) — aocapuPmuieckad npouzeodHasd
2AMMA- PYHKEY UL,

JOKA3BATEJIBLCTBO. IlomoskumMm

‘ (en 4+ k) (en — k)!
Hn — Vp’ = d (7
VA +11)_[< <2 ! e kzo,rinll,n...in{or P (n+k)le(n — k)l ")
C n<px«sn

Torma mus paluoHAIBLHBIX (OVHKITAL

B (tE(n+1))---(tE£en) B o
G) = Gult) = LR S H) = Ho) =

CIIpaB€OJVBBI BKIIOUECHIISI

DI Qi Dy i
-1 Qn_‘Gtt_i_k.C*l GZ’ ﬂ—Htt—f—k‘ EZv
T dta( (1) ) =k J! dtﬂ( ) ) t=—k (8)

k=0,£1,....,4n, j=0,1,2,...

(moxasarenbcrso Bratovenuii (8) musa ¢pyurmuu G(t) ucnonbsyer 06001IeHne apu-
PmeTnueckoit cxemsl Huknmmua—Pusoansa). SannceBas ucxonuyo GpyHKIMo (3)
B Buge R(t) = G(t)"H(t)*T°~b¢ u nmprvenas npasuro Jleitbuumna mia mrpdepen-
IIMPOBAHUS [IPOU3BENEHNUs, COMIACHO BKIOUEHUAM (8) monyuaeMm

1 4 @
=giag BOCTRY| g

k=0,£1,....,4+n, j=0,1,...,a—1.

I1,,°D}, By, € Z, roe By

DTo maer Tpebyembre Brmiouerua 11 DT 1A € 7. Tax xax
i P Y n 2n S )

-1 n
A, = (_1)b71 (z . 1) Z Bi.atb—s—1, s HeueTHO, b<s<a-+b,

k=—n
"R fa+b—2\ By b \ By By
o b—1 - ,0 ,a—2 ,a—1
Ao = (-1) Z Z(( b—1 )Za+b1+'“+(b_1) Jo+1 + Ib )
k=—n =1

(10)
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Husa xammgoro npoctoro p > /(¢ + 1)n cormacuo (7) BBITONHEHO

V. min n k
p_|k|<n% p'p)’

raoe Gyurnus o.(z,y) = [cx +y| + |cx —y| — clz + y] — c|r — y] mepuonnuna
(¢ mepmomom 1) mo KakZOMY apryMeHTy, || — mesmas yacTb umcia. lIposepka
MOKa3BIBAET, UTO

1 I—11 1
21 -2, ecaumx — |z| € st—— s+t -/,
. c—lc 2 ¢—12 ¢
min pe(r,y) = 1 11
20— 1 - 4oz
o E{ c—l) {2+c’2+c—1)’
1
1=1,2,... %~

2 )

OTCIOfIa C TIOMOIBIO ACUMITOTUUECKOTO 3aKOHa paclpeneleHnsa IPOCTHIX Tucel
n paccyxgeruit us [Ch, reopema 4.3 u §6], [Hl, nemma 3.2] moayuaem mpe-
nmeabHoe cootHouenue (6). Jlemma mokasana.

Hecanoxuo ybemurbesa B ToM, dTo BenwmuumHa w. B (6) mpu ¢ — 00 mMeer
nopsanok 2¢(1 — ) 4+ O(logc).

4. AcuMmnrormka JuHeWHLIX GopM. Omupenenum GyHKIIN
(=1t db~tetg 2
(b—1)!  dzb-1 7

Pasnosxenue 7 ctg mt B cymmy mpocTefimux gpobeil moKa3beIBAET, UTO IS TI0O0T0
1exoro b > 1 B oKpecTHOCTU TOUKM t = k € Z cupaBeIIuBO IpeacTaBICHUE

ctgy z = b=1,2,....

1
b _
JIEMMA 2. Jas eeauwuns (4) ecnpasedauso unmezpassroe npedcmasaerie
I=—— t t- R(t)dt 12

20e M € R - npoussoavrad nocmodunad us uwmepsasa n < M < cn.

JOKA3ATEJLCTBO. PaccmorpnM nofgsiHTerpanbayo Gpyukmuio B (12) Ha koH-
Type npaMoyroabHuka P ¢ Bepmuaamu M +iN, N + % +1N, roe nenoe uuciao N
pocraTtouro Beauko, N > cn. PackaanwBas ¢yukuuo (3) B pan Tefinopa B ok-
pectHOCTU t = k € 7 m noab3ysch npencrasienueM (11), cormacHo nHTErpaibHOHR
TeopeMe Romm nonyuaem

L_ PT(' ctgy, mt - R(t) dt Z Res;— k(ﬂ ctg, 7t - R(t)) = Z

27
M<k<N M<k<N

R(bfl)(k)
b-1)"
(13)
Ha ctoponax [N+ 3 —iN,N+1+iN], [M —iN,N+1—iN|u [N+3+iN,M+iN|
OIPAMOYTOIBHUKA P BBIIOTIHEHO R(t) = O(N*Q) u yEEIUA ctg, mt, ABIAlomanacsa
MHOTOUIeHOM OT ctgmt, orpanudena. IlosTomy mpemenvuuiilt mepexonm N — 00
B (13) mpusogur  (12).
CJIe,ZLyIOLT_Iee VTBEPHKHIACHUE TIONYyYaeTCA U3 JEMMBIL 2 mocie 3aMeHBl T = NT U
OIpUMEHEHUA K FaMMa-MHOKUTENLAM (DYHKINNT (3) dbopmynsr Ctupaunra.
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JIEMMA 3. IIpu n — 0o 0ad cymmu (4) ewnoarero

~ (=1)"(2./ a+b—bc(9\b
[ — [. ( ) ( Fnzl ( 7T) A (1 _‘_O(nfl))’
na
20e
T T 1 b nf(r)
I=1,:=——— [ sin’7nrt-ctg,mnr-e -g(r)dr, (14)

211 J amq
f(r) =(a+b—0bc)2log2 + b(t + ¢)log(T + ¢) + b(—7 + ¢) log(—7 + ¢)
+ (a+b)(t —1)log(r — 1) — (a + b)(T + 1) log(T + 1),
(74 )Y/ (=7 + ¢)b/?
9(7) = (7 + 1)@/2(r — 1)@+b)/2’

a xoumyp M - eepmuranvias npamas ReT = u, 1 < pu < ¢, nporodumas cHuzy
eaept.

Mer pacemarpuBaeM ¢yurinun f(7) m ¢(T) B T-IIIOCKOCTH ¢ paspesaMu BLOIb
nyueit (—oo, 1] u [¢, +00), purcupys BeTBU 10rapupMoB, IPUHIMAIOIINE el TBY-
TesnbHblE 3HaUEeHUs Ha uHTepBaie (1, c¢) BemecTBeHHON OCH.

Hnsg xasxgoro b > 1 pyuRIMa sin® z - ctg, 2 ABIAETCA MHOTOWIEHOM OT COSZ C
PaIMOHAIBHBIMU KO3 () (PUITEHTaMMA:

sin® z - ctg, 2 = Vi (cos 2), Vi(—y) = (=1)*Vi(y), degVs = max{1,b— 2};
5TOT CbaKT cilenyer 13 COOTHOIIEHUN
1
i) =y, Vo) =y%() + (1 -y)V @), b=12,....

[TosTomy maTerpan (14) MOXKHO NpencTaBUTH B BUIE

b

f: — Z C]g,]mk, (15)

k=—b

k HeueTHO

rme cp = C_i — HEKOTOpHIe (pauMOHaJILHLIe) TTOCTOAHHBIE, TIPUYEeM ¢] = 1 Aasd
b=1ucy, =0, cp_2#0 gma b>1,
1 .
Jpr=— [ eTOAT) gydr =T, _y, —b< A< b, (16)
’ 271 M ’

yepTa CBEPXY O3HAUAET KOMIIIEKCHOE COIpsKeHUe. [lasa BBHIUMCIEHUS ACHMII-
TOTUKYU UHTErPatos (16) MBI BOCIOIB3yeMCs METOLOM IIEPEBANA, 3AMEHI KOHTY P
nuTerpuposanns M : ReT = p 5a kouTyp M)\, Ipoxomaumii uepes (€nUHCTBEH-
HYIO) TOUKY LepeBala Ty, B KOTODON HIOIBIHTerpaJbHas (YHKINS IPUHUMAET
MaKCUMAaJdbHOEe 3HaueHre. Touku mepeBasa B obnactu Re7T > (0 ygoBaeTBOpPAIOT

YPaBHEHUIO
(1) = Amri, AeR. (17)

Kak Hecl1oKHO 3aMeTUTh, MHOTOWIEH
(74 ¢)b(r — 1) — (1 — )P (7 4 1) P (18)

rMeeT IO KpaliHell Mepe OIUH BeINeCTBEHHBIM KOpeHb Ha uHTepBaie (¢, +00);
obo3HAUNM Uepe3 (1 Oamkalimuil 13 »TUX KOpHeH K TOUKe T = C.
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JIEMMA 4. IIyemy xoperns 1 € (¢, +00) muozouwaerna (18) ydosaemeopsem we-

paseHcmay
-1 b 1

-mind ————, — »>. 19

<ot mln{Q(m),gc} (19)

N

Tozda e obaacmu ReT > 0 ece pewenus ypasnenus (17) wcwepnweaomes cae-
QY0UUM CNUCKOM:

a) “eewecmeennoe” pewenue g £1i0 dag X = +b, 20e snax 4 (smwax ‘=)
e sanucu +10 coenadaem co sndkom A w omeewaem eeprremy (HuUICHEMY)
bepeey paspesa [c, +00);

6) esewecmeenroe peuerue o € (1,¢) dag X = 0;

B) xomnaexcroe pewenue Ty € (1,¢) dag 0 < [N < b, npu smom swax Im Ty
cosnadaem co 3HAKOM N\ U Ty = T—x.

Mroxncecmeo pewenut ypaenernus (17) obpasyom e noaynaockocmu ReT > 0 2aa0-
KY10 3GMEHYMYI0 KPUBYI

|7 + || — 1|2 TP
|7 — c|®|T + 1|etb

Re f'(7) = log =0, (20)

BARNOUCHHYI BHYMPU OKPYAICHOCMET ¢ UeHMPOM 8 mouke T = C U Paduycami
(1 —¢)/2, (¢ — po)/2; enympu smoii xpusot Re f'(1) > 0 u ene ee Re f'(1) < 0.

JIOKABATEJILCTBO 2TOTO yTBEP/KIEHUA OMUPAETCA Ha TeOMETPUYECKYIO WH-
repuperanuio Gyukmyu Im f/(7) n onncanue pemenuit ypasaenus (17) Bo Bceit
T-mrockocTr (a He Tonbko B obmact ReT > 0).

C momompio neMMbl 4 [ BBIUUCIEHUS ACUMITOTUKU Jp \ IPU N — OO MBI
BEIOMpaeM KOHTYp My, coctoamuilt B cayuae A > 0 U3 BEPTUKAJBHOTO JIyda
(o — 00, j10], oTpeska [uo, o+ €/ p2 — 1], mpoxoasamero uepes TouKy mepeBasa
T\, ¥ TOpU3OHTAIBHOTO xyua (1o + €@/p2 —1,e?\/u2 — 1 + oo]; B cyuae A < 0
KOHTYp M) cumMmerpuder M_) OTHOCUTEIBLHO BEIECTBEHHOW OCH; HaKOHEI,
KOHTYDP M ecTb BepTuranibHad npaMasd (fo — 100, to + 100). Takroil BEIGOP KOH-
Typa My n npumMernenne Metona Jlammaca (cM., sanpumep, [B, §5.7]) npusonut

K cIenyIomeMy YTBEP:KICHUIO.

JIEMMA 5. IIyems A € R, |A] < b, u 7» — (eduncmeenroe) pewenue ypae-
nenud (17) 6 obaacmu ReT > 0. Tozda npun — 00 cnpasedauea acumnmomuecrass
popmyaa
e Relo™|g(ry)]

7= Gl

(1+0(n™1)),
20e

fo(T) := f(1) = f'(7)T = (a + b — be)2log 2 + belog(T + ¢) + belog(—T + ¢)
—(a+0b)log(t+ 1) — (a+b)log(r — 1).
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JIEMMA 6. IIyems ewnoaneno ycaosue (19). Toeda das auneinnz gopm (5)
cnpasedauso npedeasHoe cOOMHOULEHUE

— 1 I, 22(a+b*b0) be|,, _ .lbc

n—00 n ’u+1’a+b’u_1’a+b

ede 1 — sewecmeennnl Kopers (11 mrozovaerna (18) us unwmepesana (¢, +00) 6 cayuae
b =1 u xopers 8mo2o mrozousena 6 obaacmu Imt > 0 ¢ MaKCUMANLHO 80IMONCHOT

: (21)

wacmvio Rep e caywae b > 1. Jag b= 1 eeprnud npedea e (21) moncro samerums
Ha 00vL4H BT

JOKA3ATEJLCTBO. Bcee pemenus ypasuenus (17) B obmactu Rer > 0 mus
HEUYETHBIX A = k OJHOBPEMEHHO SBIAIOTCA KOPHAMY MHorouneHa (18). Pyrunnas
IpOBepKa IMOKasblBaeT, uTo yciaosue (19) obecmeunBaer BospacTaHue (yHKIUL
Re fo(7) rax ¢ysrunn or Rer (mam, uro to ke camoe, ot \) Ha rpusoit (20) B
obnact Rer > 0, Im7 > 0; mosrtomy Ha acuMnroTuky mHTerpaaa (15) Bausmior
TonbKO Jy 11 B cayuae b=1wu J,, 4(_2) B cayuae b > 1. llpumenenue memm 5
1 3 IpuBOIUT K TpebyemoMy cooTHomeHuio (21).

5. OuneHku K0>pPUIUEeHTOB JIMHENHBIX popM. lnsa Beamunn By j, k= 0, £1,
oo, En, 5=0,1,...,a — 1, oupenenennrx B (9), cCupaBenINBLl OLEHKN

(Cn)!Qb(Zn)!aH)*bc
nl2(a+d)

J J
|Br,;| < (2(a+bc—b)n) ~k:07r£%¥7in]Bk70] = (2(a+bc—b)n)" -

[Monpaysce cootHomenuamu (10) u popmynoit CTupansra, nonydaeM cilenyoiee

yTBepKLCHUE.

JIEMMA 7. Las xospduyuenmos As = As, auneldrnnz gopm (5) cnpasedausa
0OUEHKG

— loglA
lim 10g | As.n| < 2bclog e+ 2(a + b — be)log 2,
n— oo n
s=0wusus=0+1,...,a+b—1 nevemnro.

Kaxk mecnoxno IIOKa3aTh, UHTET' PAJIbL

1 iMoo (sinmﬁ

™

k

, ) R(t)dt, k=2,4,6,...,a—1, (22)
T JiM—oo

BOOJb TOPU3OHTAIbHON npamvoit Imt = M, tme M > 0 mpousBoIbHO, ABIAIOTCA
TUHEWHBIMY KOMOUHAIUAMYU KO>PPUimeHToB Apyo, ..., Agypr—1 Popm (5). IlosTo-
My HIpUMeHeHMe aCUMITOTUKN TaMMa-yHknnn B obnacty Imt > My > 0 (cum. [B,
§6.5]) u MeToa mepeBana K MHTerpagaM (22) yTouHseT (HE3HAUNTEIBHO ) OLEHKY
JEeMMEBL 7.

JIEMMA 8. Ilyems eewecmeennnd kopers 1 € (¢, +00) mrozowaena (18) ydoe-
aemeopgem ycaosuo (19) un € (0, +i00) — MuHuMaAbHOLT NO AbCOAOMHOT BeAUYUNE
MHUMBLTE KOpeHs 9moeo mHozowaena. Tozda dasd xosdduyuenmos Ay = Ag , auned-
Hux gopm (5) cnpasedauea oyenka

‘ log ’As n’ 22(a+bfbc)’77 + C’bcm - c]bc
= 2K —
nh~>noo1 n \RefO(n) log ’77+1’a+b’77_1’a+b )
s=0wusus=0+1,...;,a+b—1 nevemnro,

npuvem 6 caywae s = a+ b — 1 eeprrutd npedes mMoxucHo zamerums Ha 0OH4YHBTE U
HEPABEHCNBO NPELBPAULGEMCA 8 PABEHCMEO.
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6. J/loka3aTeJIbCTBO OCHOBHBIX pe3yJibraToB. Cornacuo temmam 1, 6 B ciry-
vae —bw.+2(a+b—1)+ 3 <0 cpenu unucexn ((s), roe s HeuetHo n b < s < a+0b,
UMeeTcA MO KpaliHell Mepe omHO uUppaluoHaidbHoe. Bwoibupas a = 19, b = 3,
c=3;a=33,b=5,c=3ua=47,b="7, c = 3 COOTBETCTBEHHO I Ka;KIOTO U3
HaGopos B (1), moayuaem teopemy 1. B Teopeme 2 mus kaxmgoro gzedersHoro b > 1
nonaraeM a = 7b, ¢ = 3; mpu »TOM KopeHb MHOTOuWwIeHa (18) Ha nHTepBane (3, +00)
coBmamaeT ¢ KopHeM ji1 & 3.02472 muorounena (7 +3)(1—1)8 — (7 —=3)(1+1)% u
z+2(a+b—1)—bw. < Re fo(u1) + 16b — bwwg < —0.047 - b < 0.

B cayuae b = 1 kpurepuit auneiinoir HesaBucrmoctu us [N1] Tak ke, Kak u
B [R1], mosBoaser oneruts Benuuuny J(a) CHU3Y:

B #(a,c) + 2a — w,
2cloge+2(a—c+1)log2+2a — w.’

d(a) > 1 (23)

rae Beanuusa » = x(a, c) 3agaerca coorromenneM (21). Ilomaras a = 145, ¢ = 21
n a = 1971, ¢ = 131, coraacuo (23) moayuaem ouenru §(145) > 3, 6(1971) > 4;
kpoMe Toro, §(3) = 2 BBuay [A]. DTo mokasbBaeT Kak TeopeMy 3, Tak U TeopeMy 4
oaa a < 24999, IHnsa medermerx a > 20737 = 12% + 1 Ml moxasbiBaeM Goiee
cuiabHy0, ueM (2), omenky d(a) > log,, a unu, uto TO e camoe,

5(12™ 4+ 1) > m, m=4,5,6,..., (24)

Bei6upan ¢ = 2+ |a/(3m?)| + 1 mas xaskgoro a = 12™ +1 8 (23). Hpum =4,5,6,7
oneHka (24) IpoBepsaeTCA HENMOCPENCTBEHHO; IPU M > 8 MBIl HOIb3yEMCs TPUBU-
albHON OIeHKOUM mpaBoil uacTy B (23). DTO 3aBepiiaeT LOKA3aTENBCTBO TEO-
peMul 4.

Crnucok jmrepaTyphl

[A] Apéry R., Irrationalité de ((2) et ((3), Astérisque 61 (1979), 11-13.

[B] e Bpéiin H.T'., Acumnmomuwecrue memodn e anaauze, M.: WMJI, 1961.

[Ch] Chudnovsky G.V., On the method of Thue—Siegel, Ann. of Math. (2) 117 (1983), no. 2,
325-382.

[H1] Hata M., Legendre type polynomials and irrationality measures, J. Reine Angew. Math. 407
(1990), no. 1, 99-125.

[H2] Hata M., A new irrationality measure for {(3), Acta Arith. 92 (2000), no. 1, 47-57.

[He] Xeccamu IMunepyn T.T., Apupmemuveckue ceolicrnea snavenull 2unepzeomempuyecrus
pynxyut, ducc. ... rang. ¢us.-marem. Hayk, M.: MI'Y, 1999; O auretinod nesasucumoc-
MY BEKMOPO8 C NOAUAOAGPUPMUECKUMY KO 0pounamamuy, Bectuur MI'Y. Cep. 1. Marem.,
Mmex. (1999), no. 6, 54-56.

[N1] Hecrepenro . B., O sunetinot nezasucumocmu wuces, Bectnurk MITY. Cep. 1. Matewm.,
Mmex. (1985), no. 1, 46-54.

[N2] Hecrtepenro FO.B., Hexomopwe samewanus o ((3), Marem. samerkum 59 (1996), no. 6,
865—880.

[RV] Rhin G., Viola C., The group structure for ((3), Acta Arith. 97 (2001), no. 3, 269-293.

[R1] Rivoal T., La fonction zéta de Riemann prend une infinité de valeurs irrationnelles aux

[R2] Rivoal T., Irrationnalité d’une infinité de valeurs de la fonction zéta auz entiers impairs,
Rapport de recherche SDAD no. 2000-9, Univ. de Caen, 2000.

[Z] Symunua B.B., O6 uppayuonaasrnocmu smavenull 0sema-Pynryuy 6 Hewemmbs MmouKas,
Ycnexu matem. nayk 56 (2001), no. 2, 215-216.

MockoBcruii rocymapcTBennbiii yuuBepcuteT uM. M. B. JlomonocoBa
E-mail: wadim@ips.ras.ru


http://xxx.lanl.gov/abs/math/0008051
http://xxx.lanl.gov/abs/math/0104221

