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Preface

After doing some odd mathematics choices during my university education
I became a dedicated transcendental number theorist and defended my PhD
thesis mysteriously entitled “On the estimates of the measure of linear inde-
pendence for values of certain analytical functions” in 1995. It was a good
piece of work, with potentials to develop further, but I was looking for real
challenges to taste. Apéry’s proof of the irrationality of ((3), its numerous
interpretations and sequels in the literature of the 1980s and 90s lacking any
progress on the irrationality of the other odds—((5),((7),... —sounded to
me like a great goal to pursue. I started to systematically dig in publications
on the topic and occasionally crossed with some multiple sums generalising the
values of Riemann’s zeta function

()=~

ns
n=1

at positive integers s > 1. But those multiple findings were all a nice but
side story for me until I got to a lecture of Michel Waldschmidt in April
2000 on Multiple zeta values at the Oberwolfach meeting on Diophantische
Approzimationen. There was so much structure in those numerical quantities
that I immediately fell in love with these multiple creatures and saw potentials
in exploring the mechanisms behind them in irrationality and transcendence
applications of ordinary zeta values. I have never managed to do this directly,
and my other inspirations— the talk of Carlo Viola on his joint work [37] with
Georges Rhin at the same Oberwolfach meeting and the later paper [38] of
Tanguy Rivoal which appeared on the arXiv in August 2000 — offered to me
more productive options. But I started a careful study of multiple zeta values
and published my notes [52] as a review of the subject in 2003. Those who
followed [52] can still recognise their influence on the text that follows, though
the latter features many reshapings, improvements and additions through my
personal involvement in this remarkable topic.

The multiple zeta values keep developing and — quite remarkably — give
life to numerous generalisations and side extensions that now have stories
of their own. I was truly fortunate to be part of the 17th Symposium of
the Mathematical Society of Japan in February 2025 which incorporated the
School on Multiple Zeta Values and Beyond held at Kyushu University and the
Workshop on Modular Forms and Multiple Zeta Values in honour of Masanobu

v
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Kaneko at Kindai University. The events gathered — quite impressively —
about 200 participants in total, mainly from Japan where this mathematics
topic can be called national without doubt. During the symposium I learned
from Michel Waldschmidt that his personal involvement in multiple zeta values
had initiated by the late Pierre Cartier, with whom he ran a successful seminar
on zeta values at the Institute of Henri Poincaré from 2000 for several years.
Cartier made a lasting impact on the subject through reporting at different
geographic locations and educating many bright minds; I still have a good
memory of his talk at the 2001 conference in Caen on the occasion of Rivoal’s
PhD defence. One educational fragment of his talk is Exercise 3.14 in this
text.

An idea behind these notes is to provide a comprehensive but reasonably
elementary introduction to multiple generalisations of Riemann’s zeta function
and to analytic, algebraic, arithmetic, combinatorial methods used in their
study. Great sources for substantial knowledge on the topic of multiple zeta
values are the two monographs [9] and [51] —in no way we compete with these
advanced treatments when it comes to a systematic coverage of the themes.
Further, the dedicated website [17] developed by Michael Hoffman includes
a comprehensive list of references on multiple zeta values. For those who
are already familiar with some aspects of the subject, we use the convention
ny > --- > n; > 0 for multiple zeta value summation (same as in [51] and [9]).

There are several personal motivations to write up these notes. First,
parts of the text below grew from the material for my own lectures for na-
tional master courses in Australia (2011, taught jointly with the late Jonathan
M. Borwein) and in the Netherlands (2019). Second, I have been always trying
to follow methodological advances and collect the simplest proofs available —
though they still have to be nice and reader-friendly. Many earlier proofs
which were mysteriously tricky, are now quite elementary and can be classi-
fied as proofs from the Book. Third, before these notes reach a publisher I
can keep them as a dynamical set of lecture notes rather than a stable book.
Further, I wish to share my personal taste for multiple zeta values via particu-
larly tasteful bites—some results can be seen as somewhat isolated but their
aesthetics is truly appealing for the inclusion. I notice that the exposition is
dry at quite some places and references to the original sources could be greatly
improved —1I plan to work on these issues in due course. I definitely welcome
any constructive feedback from those who read the notes.

There are so many people who influenced me, implicitly or not, to acknowl-
edge. As explained above my initial crash at the topic came from a lecture
of Michel Waldschmidt, who further supported my education on multiple zeta
values through sharing his knowledge and available materials. The papers by
Jonathan Borwein, David Bradley, David Broadhurst, Herbert Gangl, Michael
Hoffman, Kentaro Thara, Masanobu Kaneko, Yasuo Ohno, Don Zagier and
many others that I followed at the time formed my appreciation to the sub-
ject; T met all these mathematicians in person at later moments of my life
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and some of them became my collaborators (not necessarily on multiple zeta
values!) and friends. In the beginning of the 2000s we formed a little circle
in Moscow of those indifferent to the arithmetic questions of zeta values and
polylogarithms —in particular, their multiple generalisations—with Zhenya
Ulanskii, Yuri Nesterenko and Sergey Zlobin; I owe these colleagues of mine
at the time special thanks for an educational and joyful atmosphere of our
seminars where we not only learned but also produced new creative results.
Some related work — partly in parallel — of Stéphane Fischler, Christian Krat-
tenthaler, Tanguy Rivoal, Vladislav Salikhov, Carlo Viola has been another
personal inspiration for years. My interest in multiple zeta values was renewed
in 2007 after a lecture of Yasuo Ohno and from our joint research stay at the
Max-Planck Institute for Mathematics in Bonn; this was a multiply productive
period of my life—thank you, Yasuo! Of course, I am grateful to the Max-
Planck Institute for the unique scientific welcoming atmosphere that leads to
my multiple visits there. Besides those acknowledged above, I am very thank-
ful to Henrik Bachmann, Benjamin Brindle, Francis Brown, Steven Charl-
ton, Kurusch Ebrahimi-Fard, Hidekazu Furusho, Tatiana Hessami Pilehrood,
Jan-Willem van Ittersum, Ulf Kiithn, Dominique Manchon, Kohji Matsumoto,
Maki Nakasuji, Danylo Radchenko, Yoshitaka Sasaki, Nobuo Sato, Shin-ichiro
Seki, Koji Tasaka, Hirofumi Tsumura, James Wan, Shuji Yamamoto, Jian-
qgiang Zhao, for being on the multiple zeta value journey, with and without
me.

The text below will not be possible without my family being next to me
all the time — heartfelt thanks, Olga and Victor!

Wadim Zudilin
Nigmegen, Bonn and Newcastle
13 April 2025



CHAPTER 1

Riemann’s zeta function and its multiple generalisation

1.1. Riemann’s zeta function

The Riemann zeta function is traditionally defined in the region Res > 1
by the convergent series

1
C(s) =) — (1.1)
n
n=1
this makes it an analytic function in the domain. The function is very special
in number theory, because its analytic properties are ultimately linked to ones
of the prime numbers; this can be seen through Euler’s representation of ((s)

as an infinite product over primes:

o-13)

p prime

The first thing one learns in studying the distribution of prime numbers is
that ((s) can be analytically continued to a larger domain, and in this story
Riemann’s zeta function is always accompanied by Euler’s gamma function
['(z) defined through the product expansion

o0

F(lz) =[] (1 + %) ek (1.2)

k=1

for its reciprocal. Here

n—o00 2 3

= 0.57721566490153286060651209008240243104215933593992 . ..

: 1 1 1
y=lm({l+=-4+-4+---+——logn
n

is the Euler (or Euler—Mascheroni) constant. A theorem of Weierstrass guar-

antees that 1/I'(2) is an entire function with zeros at z = 0,—1,—2,..., and
many properties of the gamma function, like the difference equation
L(z+1) =2I'(2), (1.3)

the reflection formula

T()I(1 - 2) = éloj(l - —)_1 - Sm”m (1.4)

1




1.1. RIEMANN’S ZETA FUNCTION 2
and multiplication formula
1 2
F(z)F(z + —)F(z + —> . -F(z + 2
n n n

follow straight from the defining product.

) = (2m) V2= n= 2D () (1.5)

EXERCISE 1.1. Prove equations (1.3)—(1.5).

We also take for granted from a complex analysis course the evaluation

/ e 't = I'(2) (1.6)
0
of the Eulerian integral (of the second kind) in the domain Rez > 0.

PROPOSITION 1.1. The logarithmic derivative 1(z) = 17(2)/T'(z) of the
gamma function serves a generating function for the values of Riemann’s zeta
function at positive integers. More speciﬁcally,

(1l —z)=—vy— ZCm—i—l ™ for|z] < 1.
PRrROOF. It follows from the logarlthmlc differentiation of (1.2) that

)= L+ X (~p+ prram)

for z #0,—1,—2,... . Furthermore, from (1.3) we have ¢)(1+2) = 1/2+9(z).
Thus,

o1 2) = (- 7+Z< 3

z
=i (3) = Y
k=1 m=1 m=1
with all the internal series converging in the disk |z| < 1. O

EXERCISE 1.2. In this exercise we compute the Eulerian integral of the
first kind

1
Bla.g) = [ a1 -a) da
0

where Rea > 0 and Re 8 > 0.
(a) Verify the following properties:

B(a, 8) = B(8, a); B(a,f+1) =
B(a,B) =B(a+1,8) + B(a, B+ 1); B(a,f+1) =

(b) Show that

F(a)T(B) =4 lim // f(z,y) dxdy—4hm // f(z,y)dzdy
R—o0 [0 R]Q SR

(a+1,8);
B(a, 8).

Sl

B
B
+8

Q



1.2. HURWITZ’S ZETA FUNCTION 3

where f(z,y) = e~ (@) 201261 a1 Sy is the circular sector 22 + 32 < R,
x>0,y >0.
(c) Pass to the polar coordinates x = rcos#, y = rsinf in the integral

/ f(z,y) dzdy
SR

and use part (b) to conclude that

HiINT. (b) Write

o0 00 R
F(“) = / el dt = 2/ e_xszo‘_l dr =2 lim €—Z2x2a—1 da
0 0

R—o0 0

and, similarly, for I'(3); then show that

‘/[ ]Qf(x,y)dxdy—/s f(x,y)dxdy‘—>0 as R — oo. O
0,R "

EXERCISE 1.3. Establish the following evaluation of trigonometric integral:

) - 1T(5)T(E)
2 I(mm)

SIS

/2 1
/ cos™ txsin" trdr == B(%,
0 2

Give closed forms of the integral when m and n are positive integers.

EXERCISE 1.4. (a) Show the integral expansion

ll_tzfl
= — —dt
¥(z) 7+/0 -

in the half-plane Re z > 0.
(b) Prove that, forn =1,2,3,...,

1.2. Hurwitz’s zeta function

In order to analyse the properties of Riemann’s zeta function we turn our
attention to its slightly more general version

o

((s,a) :Z(a_'_—ln)s (1.7)

n=0
known as Hurwitz’s zeta function. In this expression we treat a as a real
constant from the interval 0 < a < 1 (though one can allow a to vary over the
real line, and even over the complex plane); again, the series in (1.7) defines
an analytic function of s in the region Res > 1. Observe that ((s,1) = ((s).
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PROPOSITION 1.2. For Res > 1,

1 00 s 16 ax
p— d .
¢s:0) = 775 /0 1—e= "

ProOOF. We start with the following consequence of (1.6):

(a+n)"°I'(s) = / gl (e gy,
0

Taking 6 > 0, we have in the domain ¢ = Res > 1 + 4,

N [e.e]
[(s)¢(s,a) = lim Z/ il (nta)e g
n=0 0

N—o0

oo .s—1_—ax o ,.s—1,—(N+1+a)x
g ([T [ )
Nooo\ Jy 1—e?® 0 l1—e*

oo ,.s—1_ —ax 0o ,.s—1_ —(N+a)z
~ lim / lda:—/ S dx).
N—o0 0 1-— e T 0 er — 1

Since e* > 1+ for x > 0, the absolute value of the second integral is estimated
from above by the quantity

/ 27 2 WNHIT g — (0 + N)7T(0 — 1),
0

which clearly tends to 0 as N — oo in view of 0 — 1 > ¢ > 0. This gives the
desired formula for Res > 1 4 4, hence for Res > 1. O

For real p > 0 (possibly, p = 00), introduce a (Hankel-type) contour D =
D(p), which starts at z = p, passes once around the origin into the positive
direction (without crossing the half-line z > 0) and ends up at z = p. Our
principal interest is in the integral

_ \s—1,—az _»\s—1,—az
/ (=2 e (=2)" e
D(c0)

1—e™ =) L—e

for a fixed s from the half-plane 0 = Res > 14+9. To avoid the unwanted poles
of the integrand, we further assume that the contours D(p) do not contain the
points £2min forn = 1,2,... . We specify the branch of (—z)5~! = els=1los(=2)
by choosing the log(—z) to be real for negative z; then —7 < arg(—z) < =«
on the contours — this makes the integrand a single-valued function on D(p).
Of course, the integrand is not analytic inside D(p) but we can still deform it
within C \ [0, 00) to the contour going along the upper bank of the cut [0, 00)
from p to € > 0, then making a circle of radius € around the origin and finally
returning from ¢ to p along the lower bank of the cut. At the beginning we
have arg(—z) = —, so that (—z)*™' = e™™(=D25=1 and at the end we get

arg(—z) = 7, hence (—z)*~! = ™ Nz571 We set —z = ¢ on the circle.
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Therefore,

€ ,.s—1,—azx T 10\ s ,ae(cos H+isin 0)
: T € . ge €
— e—wz(s—l)/ —d$+l/ ( ) do
et
P

1 — ec(cosb+isind)

p .5—1_,—ax

e T €

+ €7T’L(S 1) 2" dx
. l—e®

P ps—lp—ax ™ 66is€+as(cos O+isinb)
= —2¢8in7s / 1—:!: dz + 7:58_1 / - dé
€

—T

— e~ 1 — ec(cosf+isind)

—T

for 0 <e < p. Ase — 0 we have e>~! — 0 and

T 8eis@—f—as(cos 0+isin 6) 159 T (o= 1)6
g9 [ — & _q9= | &ogg,
/7r 1 — es(cosO+isin0) / cosf +isinf /

—Tr

since the integrand uniformly converges to its limit. We conclude that

_ N\s—1,—az P ps—1,—ax
/ (Z)—edz: —2isin7rs/ de
D(p) 1 —e* 0 1l—e*%

implying

¢(s,a)

= —2isinms['(s)((s,a) = —2mi m

on the basis of Proposition 1.2 and reflection formula (1.4). This brings us to
the following result.

ProOPOSITION 1.3. For Res > 1,

C(s,0) = —F(l—fS)/D( )Mdz. (1.8)

271 1 —e*

The resulting integral is a single-valued analytic function of s for all s €
C. Therefore, the only potential singularities of ((s,a) originate from the
singularities of I'(1 — s), which are the points s = 1,2, ..., since the integral
provide the analytic continuation of {(s,a) to the entire complex plane with
the exception of these points. At the same time, we already now the analyticity
of {(s,a) in the domain Re s > 1 from its defining series expansion (1.7). This
leads us to the following.

COROLLARY 1.4. The function ((s,a) is analytic in C besides s = 1, where
it has a simple pole with residue 1.

When a = 1, this implies the analytic properties of ((s).
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PROOF. By the argument above, the point s = 1 is the only candidate for
a singular point. Taking s = 1 in the integral (without the gamma prefactor)
we get the expression
1 e—(IZ

271 D(c0) 1—e*

dz

which is equal to the residue of the integrand at z = 0: this is clearly equal
to 1. Combined with (1.8) this implies

lim ((s,0)

- =—1
s—>1 (1 —s)

It remains to recall that I'(1—s) has a simple pole at s = 1 with residue —1. O

EXERCISE 1.5. Show for Res > 0,

TR S iy S

ns [(s e’ + 1

n=1
EXERCISE 1.6. Show for Res > 1,
1 2° g le”
28 _ 1 — ( ’—) g / d .
( )C(s) = (s 5 o(s) ), e —1 x
EXERCISE 1.7. Show for all s # 1,

(s) =~ L0 =9) /D ( )<‘Z>s 0.

Comi (215 — 1) e + 1
where the contour D(o0) does not contain inside the points i, +3mi, £57i, . .. .

ProPOSITION 1.5 (Hurwitz). For0 <a <1 and o =Res <0,

AT(1 — ) [ . 75 = cos 2man TS = sin 2man
C(S,G)IW<SIH7;?+C087;W). (19)

Proor. Consider the integral

s—1 ,—az
L ERTe
21 Jo, 1—e€7F

where N is an odd positive integer, the contour C is the circle centered at
the origin of radius N7 going counter-clockwise from N7 to N7w. We assume
that arg(—z) =0 at z = —N.

In the domain bounded by the contours Cy and D(Nw), the function
(—z)*7te7% /(1 — e7%) is analytic and single-valued, except for the poles at
+27i, £4mi, ..., £(N — 1)mi. Therefore,

(N-1)/2

1 _ \s—1,—az 1 _ J\s—1,—az
— (Z)—edz__‘/ (Z)—edzz Y (R} +R)),
21 Jo,, 1—e€7F 21 Jpney 1 —e7? —
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where R and R, are the residues of the integrand at 2nmi and —2nmi, respec-

tively. When —z = 2nme™™/2, the residue is equal to (2nm)s~le mi(s—1)/2¢=2anmi,
so that
N -1
RY+ R, =2(2nm)*! sin(%s + 27TCLTL) forn=1,2,..., —
We obtain
1 (—z)* e 2sin % ( Z)/z cos 2wan
R — Z —
2mi Jpivey 1—e7? (2m)t=s = nl—s
200 = ( Z) sin 2wan 1 (—z)5 temoz d
— — —dz.
— Sl 27 oy l—e™~

Furthermore, for 0 < a < 1 we can find an absolute bound |e~**/(1—e™*)| < M
for z € Cy, independent of N. This means that, for 0 = Re s < 0,

1 _ \s—1,—az M ™ )
—/ (Z)—edz < —/ [(N7)%e™?| df
21 Jo, 1—e€77 ,,,

2m
< M(N7)°e™! -0 as N — oc.
Thus, letting N — oo in the above equality we arrive at the desired formula
(1.9). Note the (absolute) convergence of both series when Re s < 0. O

THEOREM 1.6 (Riemann). The following functional equation is valid for
Riemann’s zeta function:

21T (5)¢ (5) cos% = 7°C(1 - s). (1.10)

PrROOF. Take @ = 1 in equation (1.9) and apply the reflection formula
(1.4) of the gamma function. This proves (1.10) in the domain Re s < 0. Since
both sides are analytic in the larger domain C \ {0,1} (besides the simple
poles at s = 0,1), the result remains valid there by the theory of analytic
continuation. 0

EXERCISE 1.8. Show the function I'(s/2)7~*/2¢(s) does not change under
the involution s <+ 1 — s.

It follows from (1.10) that ((s) has zeros at negative even integers; these
are called trivial zeros. In his famous 1859 memoir, Riemann suggested that
all other (non-trivial) zeros lie on the critical line Re s = 1/2, which represents
the symmetry of the functional equation.

1.3. Zeta values

One of interesting and still unsolved problems is the problem of determining
polynomial relations over Q for the numbers ((s), s = 2,3,4, ... .
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The first breakthrough in this direction is due to Euler, who showed that
((2k) is always a rational multiple of 72, where

= (—1)"

.y
T HZ:O o+ 1
— 3.14159265358079323846264338327950288419716939937510 . . . .

Although we do not follow Euler’s original method, the derivation is worth
reproducing.

For a € R, the Bernoulli polynomials Bs(a) € Q|a], where s = 0,1,2,...,
are defined by the generating function

P e P
- E By(a) =, 1.11
e —1 —~ (a) s! ( )
while the Bernoulli numbers By, € Q, where s = 0,1,2,..., are simply given

by Bs = Bs(0). The latter means that the generating function of the Bernoulli

numbers is
z > 28
= E B, —.
e? — 1 s!
s=0

For example, By = 1, By = —1/2. The polynomials and numbers satisfy
numerous identities, with several dedicated books devoted to them. As an
example, we have the formulas B(a) = sB,_1(a) and

Nz‘l 1. B,(N)=B,(M)
k p—
k=M

s
for s =1,2,..., and also the following ones.

EXERCISE 1.9. (a) Show that

Bs(a) = Z <Z) Bpa®*™® fors=0,1,2,....

k=0
(b) Verify that Bs = 0 for odd s > 3.
(c) Verify that Bs(1) = By = B,(0) for even s > 0.
LEMMA 1.7. For 0 < a <1 and s = —m a negative integer,

C<_m’ CL) = _Bm+1(a) .

m+ 1
PRrOOF. Recall the integral

1 _ S\s—1,—az

L e, oo

276 Jpooy 1—e€77 (1 —s)

from Proposition 1.3. If s is a negative integer, s = —m, the expression
(_Z)sflefaz

1 —e*
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is a single-valued function of z, which is analytic in |z| < 27, z # 0. By
Cauchy’s integral theorem, the integral over D(o0) is equal to the residue of
the integrand at z = 0, that is, to the coefficient of z7° = 2™ in

CU=e (D7 (e (DM N )

1—e* z e *—1 z prd k!
It follows that
_C(_mv (Z) _ C(Sv CL) _ m+1( )
m! M(1—s)|,__,, (m+ 1)
which implies the result. [

When a = 1, we get the following consequence for Riemann’s zeta function
(using also Exercise 1.9).

COROLLARY 1.8. For k =1,2,..., we have ((—2k) = 0 and ((1 — 2k) =
B/ (2k).

EXERCISE 1.10. Show that ((0,a) = 3 — a and ¢(0) = —

N

COROLLARY 1.9. For k=1,2,..., we have

1(27’(’) ng
((2k) = (—1)* ERDE

Proor. This follows from Corollary 1.8 and the functional equation (1.10)
for s = 2k. O]

In particular,

7T2 m 6

= (6
vy O=Fm
8 10

T T
- - 10)= ——
¢(8) = 2.3%.52.7 ¢(10) = 3P.5.7-11

691712 o4
14) =
36.55.72.11-13° ¢(14) 36.52.7.11-13°

¢(12) =

and so on.

Corollary 1.9 gives us the expression for the values of the zeta function at
even integers in terms of m and the (rational) Bernoulli numbers. It implies the
coincidence of the rings Q[¢(2),¢(4),¢(6),{(8),...] and Q[r?]. Lindemann’s
theorem from 1882 asserts the transcendence of 7, therefore we may conclude
that each of the rings has transcendence degree 1 over the field of rational
numbers.

Much less is known on the arithmetic nature of the values of the zeta
function at odd integers s = 3,5,7,...: in 1978, Apéry proved the irrationality
of the number ((3) and there are more recent but partial linear independence
results of Rivoal and this lecturer. Rivoal’s theorem settles the infiniteness of
the set of irrational numbers among ((3),((5),((7),... . Conjecturally, each
of these numbers is transcendental, and a complete answer to the above-stated
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question, about polynomial relations over Q for the values of series (1.1) with
s > 2 integer, looks very simple.

CONJECTURE 1.10. The numbers

™, ¢(3), ¢(5), ¢(7), €(9), -

are algebraically independent over Q.

This conjecture may be regarded as a mathematical folklore. It seems to be
unattainable by the present methods. In this course, a certain generalization
of the problem of algebraic independence for the values of the Riemann zeta
function at positive integers (zeta values) is discussed. Namely, we will speak
on the object that is extensively studied during the last decades in connection
with problems of not only number theory but also of combinatorics, algebra,
analysis, algebraic geometry, quantum physics, and many other branches of
mathematics.

Series (1.1) enables the following multidimensional generalization. For pos-
itive integers si, So,...,s with s; > 1, consider the values of the multiple
(I-tuple) zeta function

C(s) =((s1,82,...,5) = Z ﬁ; (1.12)
I

nl n2 )
ni>ng>-->n;>1

the corresponding multi-index s = (sq, S2,...,s;) will be further regarded as
admissible. The quantities (1.12) are called the multiple zeta values (and ab-
breviated MZVs), or the multiple harmonic series, or the Euler sums. The
sums (1.12) for [ = 2 were first investigated by Euler, who obtained a family of
identities connecting double and ordinary zeta values (which we discuss later).
In particular, Euler proved the identity

¢(2,1) = ((3), (1.13)
which was several times rediscovered after.

EXERCISE 1.11. Find your own (elementary) proof of (1.13).

1.4. Analytic continuation of MZF

In this part, we discuss analytic properties of the multiple zeta function

(MZF)
1
C(s) = s (1.14)
n1>n2;>n121 nl n22 o nll

as a function of complex variables si,...,s;; the notation oq,...,0; will be
used for the real parts of sq,...,s;.

EXERCISE 1.12. Show that the multiple series in (1.14) converges absolutely
in the domain

o1+---+o0;=Re(sy+---+s;)>j foreveryj=1,...,1L
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Conclude from this that the MZV is analytic in each of its variables in the
domain oy +---+0; > j, where y = 1,..., L.

HinT. Use mathematical induction on [ and estimates

1 1

> <

n’ = (o —1)Mo-!
n>M
where M > 1 is integral and o > 1 is real, coming from the integral test (when

the partial sums of a series are compared to Riemann sums). [

LEMMA 1.11. For 0 < a <1 and an integer m > 2,

2mina

e _ Bp(a)
Z (2min)™ T oml

ne’l

where the dash in summation corresponds to omitting the (problematic) index
n = 0.

ProoF. Comparing Hurwitz’s equation (1.9),

((s,a) 2 i sin(ms/2 4 2man)

T(1—s) (2m) nl=s

for s = —m + 1, with the result of Lemma 1.7,

Bule) _ ((s,0)
m! ['(1—s)

)
s=—m+1

we find

_QZSIH m —1)/2 + 2man)
(27tn)™ ’

which is exactly

2mina —2mina

. 2sin 2wan e —e
—1)k oe o anrt
( ) 2 (27Tn)2k+1 nzjl (2m’n)2k“

27r'ma > —2mina

e
(2min)2k+1 * ; (—2min)2k+1

n=1
or
=\ 2cos 2man > g2mina | o—2mina
—1)k s U5 aralt
VX T = X G
n=1 n=1
e2mina i e—2mina
Z (2min)2k ; (—2min)?*
depending on whether m = 2k + 1 is odd or m = 2k is even. 0

LEMMA 1.12. For 0 < a <1 and any integer m > 2,

4m!
|B(a)] < G
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PRrROOF. It follows from Lemma 1.12 that

o1 2m! ¢(m)
|Bp(a)] < ml! = :
; (2mn)m (2m)m
It remains to apply the trivial estimate ((m) < ((2) = 72/6 < 2. O]

For the statement and application of the following classical result, it will be
convenient to introduce the periodic Bernoulli polynomials given by B,,(a) =
B,({a}), where {-} denotes the fractional part of a real number. By Lem-
ma 1.12 (and Exercise 1.9) we get the estimate

4m)
(2m)m

| B (a)| < form=2,3,..., (1.15)

now valid for all real a.
EXERCISE 1.13. Verify the validity of (1.15) for m =0, 1.

We will also implement the (standard) notation

(8)m =

F(s+m):{8(5+1)"'(5+m_1) ifm=1,2,..., (1.16)

I'(s) 1 ifm=0,

for the Pochhammer symbol, though it makes sense for any (not necessarily
integer or nonnegative) m. For example, (s)_; =T'(s—1)/I'(s) =1/(s — 1).

PRrOPOSITION 1.13 (Euler-Maclaurin summation). Let f(z) be a (complex-
valued) C* function on the real interval [1,00). Then for any positive integers
N and m, m even,

al N 1 " B
) = [ fayde + 5(0) + ) + 30 T (100 = £ 0)
n=1
1

k=2

- —/1 Bon () ) () dz.

m!

Notice that the sum over k in the formula only involves k£ even, because
B, = 0 for odd k£ > 2.

LEMMA 1.14. Given s € C with Res > 1, for integers M > 1 and m > 2,
m even, we have

By (S)h-1  (9)m [* Bul2)
Z 1 — Dk _ / dz.

ns k! Mstk-1 m! rstm
n>M k=0 M

PROOF. Apply Proposition 1.13 with f(x) = 1/2° twice: when N — oo
and when N = M. Taking the difference of the results we arrive at

00 M
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= [T s ran -3 2 o

M k=2

1 /00 Em(x)f(m)(:v) dx

m! Ju

B 1 (S)m > Em(:E)
- (3_ 1)M5—1 Z k! Ms-i—k 1 m)! /M rstm dx,

which can be written in the desired form because By = 1 and By = —1/2. O

EXERCISE 1.14. Use Lemma 1.14 (with M = 1, say) and the estimates of
Lemma 1.12 to show that Riemann’s zeta function can be analytically contin-
ued to the half-plane Res > —L for any real L > 0.

Introduce the following discrete subset of C':
= {S eC: S € {1}, S1+ 82 € {1,2} UQZS(),
51+"'+Sj EZSJ' fOI'jZB,...,l}.

The following general result provides the analytic continuation of the MZV
¢(s) to a meromorphic function on C' with (at most) simple poles given by ¥;.

THEOREM 1.15. Assume | > 2. Then for any s = (s1,...,5) € C'\ %
and an even m > 1+ |o1| + -+ + |oy|, we have

C(S)—Zif (Sl)k C(81+82+k—1,83,...,81)
k=0

(Sl)m 1 OOE'ITL(Q;)
— S ol e dz. (1.17)

U
ng>--->n;>1

ProOF. The absolute convergence of the second series in the formula (1.17)
follows from the estimate

/ < 4m! /°° dz 4m)

—_— x p—
A xstm = 2n)2m Jy o xotm (27)2m(m — 14 o) Mm-1te’
where 0 = Re s, implying

1 > B
e M X
n2 n?’ e nl n x31+m

no>-->n;>1 2

< 4m)! 1
— 2m _ Z m—1l+4o1+o2, 03 01"
(2m)?™(m — 14 oy) I ng® .- n

For the latter sum we use

1
< n|201|+|02\n\303| . _nrl\ < n|201|+\02|+|03|+ +|o]

ngﬁ-@ngs‘ _n?z —
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and the fact that the number of integers ng, ..., n; satisfying no > ng > --- >
n; > 1 is bounded above by nb? (because each n; satisfies 1 < n; < ny), so
that

o1|+|o2|+|o3|++|0 —
Z 1 n|21| lo2|+|os] | z|nl2 2
m—1+4+o01+02 .03 .m0l — m—1
no>->n;>1 US) n3 n o)

ng>1

converges when m > [ + |oy| + - -+ + |oy].
Now, to get the formula (1.17) we apply Lemma 1.14 with s = s, n = n4
and M = ny, and then perform the summation over ny, > ng > --- >mn; > 1.
It remains to carefully control the (potential) poles by induction on . [

EXERCISE 1.15. Show that the potential poles of ((s) at s € ¥, are at
most simple.

HINT. Notice that the second (multiple) sum in (1.17) is analytic, so that
the only source for poles comes from
" B
/{;—f (51)k—1-C(s1+s2+k—1,53,...,5).
k=0
Use mathematical induction on [ and the fact that ((s) (when [ = 1) has one
simple pole at s = 1. [



CHAPTER 2

Multiple zeta values

2.1. First multiple steps
The quantities

C(8) = ((s1,82,---,81) = > ﬁ; (2.1)

nl n2 “ ..
niy>ng>--->n;>1

for the admissible tuples of integers (all sy, ..., s; are positive and s; > 1) were
introduced in the 1990s by Hoffman and, independently, by Zagier (with the
opposite order of summation on the right-hand side of (2.1)). Those very first
papers produced some Q-linear and Q-polynomial relations as well as indi-
cated a series of conjectures (that has been partly resolved since then) on the
structure of algebraic relations for the family (2.1). Hoffman also introduced
the alternative version

1
* _ * _
C*(s) = C*(s1,82,...,81) = E S TIN Ta— (2.2)
n]_ n2 e nl
ni2ng>-2n 21
of generalised Euler sums, with non-strict inequalities in summation; these are

known by the name multiple zeta star values.

EXERCISE 2.1. For any admissible index s = (si,59,...,5), show the
(dual) relations

(a) ()= ¢ and (b)) ((8)=) (~1)7P¢(p),

where p runs through all indices of the form (s; 0 sy 0---0s) with ‘o’ being
either the symbol ¢, or the sign ‘+’, and the exponent o(p) denotes the number
of signs ‘+’ in p. (The total number of such indices p is 2/71.)

HinT. This is a purely combinatorial statement; use the inclusion-exclusion
principle for part (b). O

Although all relations of series (2.2) may be translated, with the help of
Exercise 2.1, into relations for series (2.1) and vice versa, several identities
possess a more compact form by means of (2.2); for example,

{23 1) = ¢ (2,...,2,1) = 2(2k + 1), k=1,2,.... 2.3
({235, 1) = ¢( ] ) = 2¢( ) (2.3)
times
Observe that the particular instance k = 1 of (2.3) is equivalent to Euler’s
identity ¢(2,1) = ¢(3).
15
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To each quantity (2.1) (or (2.2)), assign two characteristics: the weight
(or degree) |s| = sy 4+ s + --- + s; and the length (or depth) ((s) = [. We
shall witness in the course that all relations known so far for the MZVs (2.1)

and (2.2) are weight-preserving.

2.2. The partial-fraction method

This elementary analytic method is a powerful source of identities for mul-

tiple zeta values.

THEOREM 2.1 (Hoffman’s relations). For any admissible multi-index s =

(s1,82,...,51), the identity
l
E <(817"'7Sk—178k+17Sk+17"‘73l)
k=1
l 5k72
= g(sh”‘ask—lask_j7.j+178k+17"'751> (24>
k=1 j=0
Sp>2
holds.
PROOF. For any £k =1,2,...,1, we have
1 1
Z GRSl * Z niFmnt - ong
nk>nk+1>~~->n121 k k+1 l nk>m>nk+1>~-->n121 k k+1 l
2. 1
= Sk Sk+1 el
nE>m>ngy1>-->n2>1 nk mnk"—l nl
> > :
= Sk, Sk+1 817
NE>Ngy1>>n>1 m=ng1+1 mnk nk+1 nl
hence
C(Slv ce s Sp—1, Sk T L Sk, - 751) + C(Sb ey Sk—1,Sky Ly Ska1s - - Sz)
2. 1
- s1 .Skl Sk+1 s
Ny > S Sng > > e Ty ™
1

+ 2

N> >nE>m>ngy1 > >n2>1 1

- ¥

ny>-->np>ngyp > > >l m=ng i +1

Y e
- S1,..82
”’Ll n2 ..

. sl
ny

ni>ng>--->n;>1

51 DEEEY Sk 8k+1 DY Sl
n M MMy

N 1
z : S1 Sk oy Sk+1 S
L L S Y]

s

D

m=ng41 +1

1
m
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and

l
Z(g(sly"'ask—hsk—l—1a3k+17"'751)+C(517'"75k—178ka173k+17"'78l))
k=1
- Y e Z—

n1>ng>-->n>1

1 > /1 1
= - — = . 2.5
) n?ngz...n;lz(m ) 25)

ny>ng>-->n;>1 m=1
From now on, to each collection ny > ny > --- > n; > 1 we will associate
the set of parameters mq,ms,...,m; > 1 such that ny = my + --- + my for
k=1,2,...,1; alternatively, my = ny —ngy; for k=1,...,1 — 1 and m; = ny.

Now notice the following partial-fraction decomposition (where both sides
are viewed as functions of m for n # 0 ﬁxed):

1
m(n+m)*  n*m Z nit(n+m)s=7’ (26)

for the proof, it is sufficient to sum a geometrlc progression on the right-hand
side. For n = n; and s = s; this implies

1 /1 1 i 1 1
n'\m n+m :Z i+l P )51
j 1 =m T (m)si - m(m+m

Going on in equality (2.5) we find that

l
Z(C(Slv ooy Sk—1, Sk T 178/€+17 ceey Sl) + g(sla ooy Sk—1, Sk 17 Sk+1y--- 7Sl>)
k=1

SIZZ 2 2 :
= 51 —j J+1 so LSt
G=0 ny>na>->n>1m>1 (n1 4+ m)* =Iny " n; y

+ Z Z n1+m51n2 ceeny!

ni>ng>-->n;>1m>1

vl
[\

1—

C(Sl _.77.]+ 1a827"-a8l)

j=0
DS 1
m(ng +m+my)sing® - - n)'

ng>-->n;>1mmi>1

+

»
[\

1—

o 1
= <(31_37]+17327"'7sl)+ Z s 52 | O (27)

1
Ng MmN ‘n
7=0 no>ni>ng>-->n;>1 0 1742 l

where in the latter tuple sum we interchanged m <> m; and set nyg = ny + m.
Using now identity (2.6) with m = my_1, n = ng = ng_; — my_1 and s = sy,
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we deduce that

sp—1

1 1 Z 1
mg—1n" Mg (ng + mg_)® n{fl(nk,l + my,)sk—I

Jj=0
sp—1
! L fork =2 )
_Z Sk—J j+1+n5km Or R = 4,...,1,
=0 Ny M k—1"""k—1
therefore
) 1
81,52, k-1 Sk, Sk+1 S0
no>ni>->n;>1 LORD Moo M1 Mgy g v
Sk—l
> > :
N 81,82 ., . Sk=1, k=3 J+1_Sk+1 s
=0 no>ny>-—->m>1 10 T Mg Mg " Mg Mgy =0 1Y
DY :
$1,,82 . 5k—1, Sk Sk+l . S0
no>ni>-->n;>1 no nl nk)—Q nk’—lmk—lnk_j’_l nl
Sk—l
= g C(s1yee oy Sk1,8k — J,J + 1, Ska1y- -+, 81)
=0
1
+ Z n81n82 . nSk—lnsk m n5k+1 . nsl 9 (28)
no>ni>->n>1 0 1 k—2 "k—1""E e l

where again we swap the role of m;_; and m;. Applying consequently identi-
ties (2.8) for k = 2,...,l for the second multiple sum on the right-hand side
of equality (2.7), we obtain

1
Z(C(sl,...,sk,l,sk—|—1,5k+1,...,sl)—|—C(31,...,sk,l,sk,l,skﬂ,...,sl))
k=1 .
=Y ((s1—j.j+152,....8)
=0
I sp—1
-I—ZZg(sl,...,sk_l,sk—j,j+1,sk+1,...,sl)

k=2 j=0

> :
ng'ny® e ngtymy

no>niy>-->n;>1

I sp—2
= E C(Sla"'ask—hsk_j7j+173k‘+1a"'75l>
k=1 j=0
’ 1
—|— C(Sla"'7Sk—l717$k78k+17"'7$l)+ E

51,52 Sk
k=2 no>ni>-->n;>1 (U =17
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N

Skp—

l
C(Sla <oy Sk—1, Sk _j>] + 17 Sk4+1y - -+ 731)
k=1 j

=]

!
+ C(s1yenvySky Ly Shaty - vy S1)- (2.9)
k=

[y

Reducing both sides by the latter sum over k, we finally arrive at the desired
identity (2.4). O

If [ = 1, the statement of Theorem 2.1 can be written in the following form.

THEOREM 2.2 (Euler). For any integer s > 3, the identity

s—1

> Cls—4) =<(s) (2.10)

j=2
takes place.
Note also that, in the case s = 3, identity (2.10) becomes nothing else but

Euler’s relation (1.13).
As a simple companion to Theorem 2.2 we have the following.

THEOREM 2.3 (Weighted analogue of Euler’s theorem [33]). For any s > 3,

s—1

> 200, s =) = (s +1)¢(5). (2.11)

=2

Proor. We follow the proof from [44]. Write the left-hand side of (2.11)

as
27 T . — T Ni e + s
7=2 m,n=1 (n + m)Jn ! 7j=2 m,n=1 (n + m)Jn ! j=2 n=1 (271)371 !
m#n
o) 1 s—1 (2’”)]
=Y oy 5= 2¢0)
m,zé—l j=2

The geometric summation in j reduces the remaning sum to

> (s~ )

m,n=1

m#n
The first summand has antisymmetry in the variables m,n and hence vanishes
when summed. For the second one we use the partial-fraction decomposition
to obtain

o0

3 11 11
m2—n2_2nm:1 m—-n m-+n

m=1
m#n m#n
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m=1 m=n-+1
n—1 2n—1 00
1 1 1 1 1
—%(— o ZEJFZ(E_kJrQn))
k=1 k=n+1 k=1
n—1 2n—1 2
1 1 1 1
(i X2
1 1 n ry 3
o2n \n  2n/) 4n?’
and the result follows. O

EXERCISE 2.2. (a) Show that
00 1 2
2= (YL %) —cw+xe,
n=1
(b) Verify that ((2,2) = 3¢ ( :
(c) Conclude that ¢(2)* =
implies ¢(4) = 7*/90.
HiNT. (b) Use Theorems 2.2 and 2.3 for s = 4. O

EXERCISE 2.3. For s > 4 even, show that
s—1

S 1Cs — ) = 5405)

=2
EXERCISE 2.4 (Euler). For s > 3, show that

)
2(¢(4); in particular, the formula ((2) = 7?/6

C(s—1,1) +Zg C(s—j) = (s — 1)C(s).

In other words, (s — 1,1) can be always expressed in terms of single zeta
values.

In [21], Hoffman and Ohno proved the following result also by means of
the partial-fraction method. A somewhat simpler proof was given by Ohno
[30] (see also the later publication [31] by Ohno and Wakabayashi).

THEOREM 2.4 (Cyclic sum theorem). For any admissible multi-index s =
(s1,82,...,81), the identity

!
ZC(&H— L, Skt v vy 81,81+ Sk—1)

l
= ZZg(sk—j,SkJrl,...,81,81,...,8k,1,j—|—1)
:2
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holds.

One of the consequences of the cyclic sum theorem is independence of the
sum of all multiple zeta values of fixed length and fixed weight on the length;
this statement, as well as Theorem 2.1, generalises Euler’s theorem.

THEOREM 2.5 (Sum theorem). For any integers s > 1 and | > 1, the
identity

Z C(s1,82,...,5)=C((s)

51>1,822>1,...,51>1
s1+s2+-+s;=s

holds.

We prove this theorem in Section 4.3. In fact, Theorems 2.1 and 2.5 are
particular instances of Ohno’s relations (Theorem 5.1), which we discuss in
Chapter 5.

2.3. Calculation of MZVs

There are several ways of computing the MZVs efficiently based on their
different representations. Notice that the original series (2.1) defining ((s) is
somewhat inefficient, because the convergence is very slow (already for [ = 1).
The method we discuss below was designed by R. Crandall; later on in the
course we shall witness a completely different strategy (see Proposition 3.8).

First observe the equality

1 < 1 o 1 1
S rn — S nx — 2.12
_F(s)/o e dx nSF(s)/O (nx)* e " d(nx) - (2.12)

valid for Re s > 0; this follows from (1.6).

LEMMA 2.6. For admissible indices s = (s1,...,s,) € Z.,,

o= [ H ) 15%%%, (2.13)

mi,...;my>1 U >UI—1 > >UL >UQ

where we set ug = 0.

PRrooF. It follows from (2.12) that

(s) = / / [yt s

I'(s;)
ny>-- >nl>1 a0 7j=1
= | |,CL’S] ! e i (mj+ +ml)_dxj
I'(s;)
mi,.. 7ml21 T1,.. $l>0 ] 1

Change the variables uy, = Z?Zl x; and use the fact that the Jacobian of this
transformation is the identity. OJ
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For a fixed real parameter u > 0, consider the subdomains of the integration
domain
T={(u,..,w) u >uq>--->u >0} R,
in (2.13) given as follows:

Tk:Tk(u):{(ul,...,ul):ul>--->uk+1>u>uk>--->u0}€Rl>0
for k=0,1,...,1—1, and
]}Iﬂ(u):{@q,...,?j/l)ZU>U1>"‘>U1>U0}€RI>O.

Clearly, the domain 7' is the disjoint union of the [+1 subdomains Ty, 71, . .., T].
Denote

f(siu) = filst,...,si5u
e [l

mi,...,my 21 wS>up_ 1> >up>u

(it differs from the one in (2.13) by reducing the integration domain to u; >
W1 > -+ > U > u, so that f(S'O) = ((s)) and

g(s;q u) = gi(s1, ..., siq;u

l
du
— E U? | | —uj_ 1 sj le—ujm] U
m m;>1 =1 F(S])
Lo MUZ S >y >y >0 >u1>u0 1=

(the integration domain is now bounded with an extra twist of the integrand
by uj implemented, for ¢ = 0,1,2,...). These definitions immediately imply

Z / /H — Uj— 1 le_ujmjrd(i :fl(sl,...,sl;u), (214)

$5)

Sj

Z / /H — uj_1) 16—“””% =q(s1,...,8;0;u). (2.15)

mi,...,m;>1 T (w) Jj=1

EXERCISE 2.5. It follows from the definition of g(s;¢;u) that
9(8;0;00) = lim g(s;0;u) = ((s)
for all admissible multi-indices s. Compute
9(8;¢;00) = lim_g(s;¢;u)
forg=1,2,....
HinT. Compute the ¢-th power of
w = (u — 1)+ (w1 —up2) + -+ (ug —uy) +uy

using the multinomial theorem (or apply repeatedly the binomial theorem).
O
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LEMMA 2.7. Fork=1,...,1—1,

l

du,;
Z [N H(fu/] — ujil)sjflefujmj—]
/Tk(u)/jzl ['(s;)

mi,...,m;>1

(Y
= p G815y S5 ) fiok (k1 — @, Skas - -5 S u). (2.16)
q=0 ’

ProOOF. We use the binomial expansion

1 1 (s — 1)
Sp1—1 k+1 — . Sp+1—q—1 q
Upaq — up) 17 = U — U
Topny) e ) Do) 2 (sers g D1 (0
:S§i1&4w Gy
' T(sp—q) °
and integrate over the groups of variables uy, . .., ux and w1, .. ., u; separately.
OJ
Combining equalities (2.14)—(2.16) we arrive at the following result.
PROPOSITION 2.8. In the above notation,
C(s8)=agi(s1,-.,s5;0;u) + fi(s1,...,s;u)
1—1 Sp41—1 (_1)q
+ gk(317 <oy SE3 45 u)fl*k(SkJrl — 4, Sk+2,---, 515 U)

|
=0 ¢

ol
I
—

Q

The expression found shows that, for any positive u, every MZV can be
written as a finite sum of products of the functions f(s;u) and g(s;q;u). Our
next step is to find efficient algorithms for computing these functions, at least
for some u > 0.

PROPOSITION 2.9. For sq,...,s; positive integers and u > 0 real,

fo-n x (2)7e

Tsa st
n§2 .. nll
ni>ng>--->n;>1

t=n1

The series for f(s;u) is rapidly convergent, as a geometric series with rate
e, especially for large u.

Proor. Take n; =m; +---+my for j =1,...,0l and ni4; = 0, so that

l
d .
e = 3 ./'”/i ]y = o)t

n>->n21 U >uUj_1>>uU1>U J=1

i du
— . Y el (R R LY b
[ Iew-uare (s

n1>-->n21 U >uUp_1>">uU1>U J=1
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Now notice that the summand is obtained from applying the differential oper-

ator
a 8171 a 8271 8 Sl*l
(_671) (_6_@) (_0_m)

He (uj—uj—1) de
['(s;)

U >SU_—1 > >uU1>U J=1

— He xJnJ —
nng - -Ny -

z1>u,x2>0,...,2;>0 j=1 J

to

: 1
(s - DY

This implies the desired form of f(s;u). O

To study g(s; q; u), we first observe that, when u < 27, we can use

o0

o,
Z e_ujmj — ¢ ’ = 1
1—e W et — 1
mj:1
within the range 0 < u; < wu for j =1,...,[, so that we can write

l 1 duy
g9(siqiu) = / / u uu] 1) ;
USUISU 1 > > UL >UY l Jl_[ e —1 I'(s;)
o duy “z “oduy (g _ul_l)slﬂ
= /0 F(Sl) ew — 1 /0 F(Sl_l) T e
. /u3 dus (ug — up)* ™ /u2 duy (up — wp)®> !
o ID(s2) ewz—1 o D(s1) T :

Recall that

— By

— 2.17
-y (217)
k=0
Change variables u; = vju;4q for j =1,...,1—1 and w; = vu in the resulting

integral for g(s;q;u). We get

/”2 duy  (ug — uy)*2 tut™ !
o I'(s1) e — 1

1
_ U2 dvl sog—1 s1—2 E : Bkl k
= /0 m (’LLQ — u2v1) 2 (UQUl) 1 ]{:1' (Ugvl) !

Bk’l k1+ 1+s2—2 | 1 /1 k1+s1—2 -1
_ s1+s s 1 — 89 d
“ 2 Ty T

k1>0

— Z Bkl k1+51+52 2 F(SQ) F(kl + S1 — 1)
F(Sl) F(kl + 51+ SS9 — 1)7

k1>0
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where the Euler integral of the first kind was used (see Exercise 1.2); then
/U3 du2 (U3 _ u2>53—1ul261+81+32*2
o I'(s2) ev2 — 1

o Z BkQ k1+k2+81+82+83 3 F(SS) F(kl + k2 + S1 + S2 — 2)
F<82) F(kl + ko 4 51+ 59 + 53 — 2)’

k2>0

and so on. The final result reads

Z H yfSira— MK +S+q-1)

9(s;q;u) (K, +S +q+1—1)

kl, k>0 5=1 J
-1 .
D(K;+ 55 —J)
I(K;+ Sj1—7)
where K; =k +---+kjand Sj =51 +---+s;forj=1,...,L

ProrPoOSITION 2.10. For 0 < u < 2m,

yEKitSita—l -1

Z Hk' Ki+S+q—1

kl, Sk>05=1 7 j

D(K; +S; —j)
F(K +Sj+1 ) .

g(siq;u

1

Because the series in (2.17) converges in the disk |z| < 27, the sum we
deduce for g(s;q;u) converges absolutely at the geometric rate u/(2m).

EXERCISE 2.6. To compute the multiple sums for f(s;u) in Proposition 2.9
and for ¢(s;q;u) in Proposition 2.10 with a given accuracy &, one needs
(roughly) to sum the first expression over ny < N and the second one over
ki+ -+ k < K, where

—loge loge
d K~——m"—.
wo log(u/(2r))
What is an (approximate) optimal value u for both sums? This can be used

for computing the multiple zeta value ((s) numerically on the basis of Propo-
sition 2.8.

N ~

EXERCISE 2.7. Implement a code for computing ((s) and ((s, t), single and
double zeta values, where s > 2 and ¢ > 1 are integers. Choose a reasonable
accuracy for your numerical calculation, for example, 10719,



CHAPTER 3

Algebraic relations of multiple zeta values

In this part, we expose the standard algebraic setup of the MZVs. It
is expected that all known algebraic relations (that is, numerical identities)
over Q for the quantities (2.1) are produced by the so-called double shuffle
relations which we describe below.

3.1. Algebra of multiple zeta values

It is useful to represent ( as a linear map of a certain polynomial algebra
into the field of real numbers. Consider coding of multi-indices s by words (i.e.,
by monomials in non-commutative variables) over the alphabet X = {z, x;}
by the rule

S Xy = Jrgrlxlxgrlxl . -xélilxl.
Set
((zs) = C(s) (3.1)
for all admissible (starting with xy and ending on z;) words; then the weight
(or degree) |zs| = |s| coincides with the total degree of the monomial xs, while

the length ¢(zs) = ¢(s) expresses the degree with respect to the variable x;.

Let Q(X) = Q(xg, 1) be the graded by degree Q-algebra (where the degree
of each variable 2y and z; is agreed to be 1) of polynomials in the two non-
commutative variables; we identify the algebra Q(X) with the graded Q-vector
space $) spanned over monomials in the variables xg and x;. Define as well the
graded Q-vector spaces H' = Q1D Hz; and H° = Q1D zoHx;, where 1 denotes
the unit (the empty word of weight 0 and length 0) of the algebra Q(X).
Then $H' may be regarded as the subalgebra of Q(X) generated by the words
ys = x5 'w1, while $° is the Q-vector space spanned over all admissible words.
Now, we may view the function ¢ as the Q-linear map ¢: H° — R defined by
the relations ((1) =1 and (3.1).

Define the multiplications LU (the shuffle product) on $) and * (the harmonic
or stuffle product) on $H' by the rules

lww=wwl=uw, lxw=wx1l=w (3.2)

for any word w, and
rjull rpv = xj(u W xpv) + o (e W v), (3.3)
yiu* ypv = y;(u * ypv) + ye(yju * v) + yipr(u x v) (3.4)

for any words wu, v, any letters x;, x, and any generators y;, y of the subalge-
bra $!, respectively, distributing then rules (3.2)—(3.4) on the whole algebra )

26
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and the whole subalgebra ' by linearity. Sometimes it becomes useful to
spread the stuffle product on the whole algebra $), formally adding the rule

T *w = w * ) = w) (3.5)
for any word w and integer j > 1, to rule (3.4).
EXERCISE 3.1. Compute xox; L xoz1 and xoxy * oxy.

EXERCISE 3.2. Use the inductive argument to prove commutativity and
associativity of each of the multiplications.

The corresponding algebras £, = (9,W), H = (H1, %) (and also H, =
($), %)) are examples of so-called Hopf algebras.

The following two statements motivate consideration of the introduced mul-
tiplications L and .

THEOREM 3.1. The map C is a homomorphism of the shuffle algebra $H°, =
(9°, W) into R, that is,
Clwy Wwy) = C(wy))C(wy)  for all wy,wy € H°. (3.6)
THEOREM 3.2. The map ¢ is a homomorphism of the stuffle algebra H° =
(9°, %) into R, that is,
Clwy * wy) = C(wy)C(wy)  for all wy,wy € H. (3.7)
Later we give detailed proofs of the two theorems using the differential-
difference origin of the multiplications LU and * in suitable functional models
of the algebras $,, and $°.
One more family of identities is given by the following statement, which

is equivalent to Hoffman’s relations in Theorem 2.1; we will discuss later its
different proof.

THEOREM 3.3. The map ( satisfies the relations
oy wWw—2%w) =0 for all weH° (3.8)
(in particular, the polynomials x1 LW w — x1 * w belong to H°).
All (rigorously and experimentally) known identities for the multiple zeta

values (are expected to) ‘follow’ from identities (3.6)—(3.8) — the double shuffle
relations. This makes the following conjecture looking truthful.

CONJECTURE 3.4. All linear relations over Q of multiple zeta values are
generated by identities (3.6)—(3.8); equivalently,

kerC:{ul_l_lv—u*v:ueﬁl, veﬁo}.

In particular, the conjecture implies that all relations of MZVs over QQ are
homogeneous in weight.

EXERCISE 3.3. Using Theorems 3.1-3.3 show that:

(i) every MZV of weight 4 is a rational multiple of ((4);
(i) every MZV of weight 5 is in the Q-linear span of {(5) and ((2)((3);
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(iii) every MZV of weight 6 is in the Q-linear span of ((6) and ((3)?

(iv) every MZV of weight 7 is in the Q-linear span of ((7), ((2)((5) and
¢(2)%¢(3).

In other words, any MZV of weight up to 7 can be expressed algebraically

through the (single) zeta values ((s).

EXERCISE 3.4. (a) Using the stuffle product show that

n

c2m+1)¢({2}") = > C({2}, 2m+1,{2}"") + Z c{2} ", 2m+3,{2}"7)

7=l

for integers m,n > 1.
(b) Deduce from part (a) that

n n

(=0T Em+ {2 = Z c({2y 3, {2}"7)
formn=1,2,....

3.2. Shuffle algebra of generalised polylogarithms
In order to prove shuffle relations (3.6) for multiple zeta values, let us define
the generalised polylogarithms

ni

. z
Lis(z) = > i 2] <1, (3.9)

ny>ng>-->n;>1 nl n2 T nl
for any collection of positive integers sq, ss,...,s;. By definition,
Lig(1) = ¢(s), seZl, $>2 5>1, ..., 5>1. (3.10)

Taking, as before for multiple zeta values,
Li,, (2) = Lis(2), Li;(z) =1, (3.11)

let us extend action of the map Li: w — Li,(z) by linearity on the graded
algebra $! (not $, since multi-indices are coded by words in .61).

LEMMA 3.5. Let w € $* be an arbitrary non-empty word and x; the first
letter in its record (that is, w = x;u for some word u € $H*). Then

d Liy(2) = d Liy,u(2) = w;(2) Liu(2), (3.12)
where
d
i if x5 = w0,
wi(2) = w;(2) = 1 A (3.13)
Zf Ty = T71.
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PROOF. Assuming w = x;u = x5 for some multi-index s, we have

dLiy(2) =dLis(z) =d Y —

nl n2 « .. n’;l
ni>ng>--->n;>1

ni—1

z
= E dz.
s1—1_so

.. Sl
n1>ng>-->ny>1 1 T2 i

Therefore, in the case s; > 1 (corresponding to the letter z; = ), we obtain
z™
2 : nSl—lnSQ . nsl dZ
ni>ng>-->n;>1 1 2 l

= — Lig, 16,5 (2) dz = wo(2) Li,(2)
z

dLig.(2) =

— W | =

and, in the case s; = 1 (corresponding to the letter x; = z1), we get

zm—l 1 >
3 S S n1—1
dlelu(Z> = E TG dz = E s s E z dz
2 P nl n2 « e nl
ni>ng>-->n;>1 ng>-->n;>1 ni=ns+1
1 "2 1 . .
=1 E TR dz = 1= Lis, .5 (2)dz = wi(2) Li,(2),
no>-->n>1 2 !
and the result follows. O

Lemma 3.5 motivates another definition of the generalised polylogarithms,
now defined for all elements of the algebra ). As before, it is sufficient to give
it for words w € $) only, distributing then over all algebra by linearity; set
Li;(z) =1 and

k
loi' : if w = af for some k > 1,
Liy(2) = v (3.14)
/ w;(z) Li,(2) if w = z;u contains letter x;.
0

Evidently, Lemma 3.5 remains true for this extended version (3.14) of the
polylogarithms (the fact yields coincidence of the newly-defined polylogarithms
with the ‘old’ ones (3.11) for words w in H').

EXERCISE 3.5. (a) Compute Li,, ., (2).
(b) Show that

1i1rn+ P Li,(2) =0 if the word w € $) contains letter z;.
z—0

HINT. (a) It is standard to use

d s
log z = 5(’2 ) L
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We get

z “logzdz d [* 20
Loy o(z) /0 wl('z) 1 0(2) /0 1— 2 5/0 1— 2 z
d z s d & Zn+6
= — n d = —

_ g(% - Z_> = (log #) Li; (2) — Lia(2).

n2

0=0

6=0 6=0

(b) Use the fact that if f(z) is continuous on (0,1) and 2~ Y2f(z) — 0 as
2z — 0%, then

F(z)= /Ozf(z)dz

is also continuous on (0, 1) and satisfies 2~/2F(2) — 0 as z — 07. Of course,
this fact should be also established (by using traditional analysis techniques).
OJ

LEMMA 3.6. The map w — Li,(z) is a homomorphism of the algebra $,
into C((0,1); R).
Proor. We have to verify the equalities
Ly, (2) = Liy, (2) Liw,(2) for all wy, we € $; (3.15)

it is sufficient to do this job for words wy,wy € $. We will prove equality (3.15)
by induction on the quantity |w;| + |ws|. If w; =1 or we = 1, relation (3.15)
becomes tautological by (3.2). Otherwise, wy; = z;u and wy = z3v, hence by
Lemma 3.5 and the inductive hypothesis we have

d(Liwl(z) Li,, (z)) = d(Lizju(z) Lixw(z))

= dle]U«(’Z) : Lla:kv<z> + Ll:tju(z) : dlekv<2)

= w;(2) Liy(2) Liz, o (2) + wi(2) Lig,u(2) Liy(2)

= wj<z) Liu'-UkaU(Z) + wk(z) Li:pjuLu'u<Z)

= d(leg(“‘-kaU)(Z) + lek(m]uu_lv)(z))

= dLixjuu_lxkv(Z)

= d Liy;ww, (2)-
Thus,

Liw1(z) Lin(Z) = Liw; 1w, (Z) +C, (316)

and letting z — 0% if at least one of the words wy,w, contains letter xq, or
substituting z = 1 if the records of wy, ws consist of letter xy only, gives the

relation C' = 0. Therefore, equality (3.16) becomes the required relation (3.15),
and the lemma follows. O

PROOF OF THEOREM 3.1. Theorem 3.1 follows from Lemma 3.6 and re-
lations (3.10). O
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EXERCISE 3.6. Show that

Li{l}k(z) = Lixzf(z) = Lil(z) — (_ 10g(1 B Z))

k! k!
for k=1,2,....

Explicit computation of the monodromy group for the system of differential
equations (3.12) allows to Minh, Petitot and van der Hoeven to prove that the
homomorphism w +— Li,(z) of the shuffle algebra $,, over C is injective,
that is, all C-algebraic relations for generalised polylogarithms are originated
from shuffle relations (3.15) only; in particular, generalised polylogarithms are
linearly independent over C. A much simpler proof of the linear independence
of functions (3.9), as a consequence of elegant identities for the functions, is
due to Ulanskii [42].

EXERCISE 3.7. Verify that the dilogarithm function Li, satisfies the identity

. . . T . Y . LY
L L =L Li){ — ) — L
o) + L) =i 15 ) i) -t (=)
—log(1 — z)log(1l —y).
EXERCISE 3.8. (a) Demonstrate that for n = 1,2, ...,

% (x Z(—1)J’ Li,(x) + (1 — z) Liy(z) — x) = (—1)" Li, ().

Jj=2

(b) For n =1,2,..., show that the function
=2

satisfies
aTL
oxy -+ 0xy,
(c) Given k € Zs¢ and n € Z, prove that there is a linear form f, x(x) in
single polylogarithms (1 — z) Li; (z), Lis(x), ..., Li,(2), ... and powers of
the logarithm log? z, where j = 1,2, ..., such that
mek(zl coexy) = (w1 xn) " og(1 — 2y - 1),

folzy - xy) =log(l —xy -+ - xy,).

HINT. (b) Show that, more generally,
871,
oxy -+ 0xy,
by induction on n. O

fo(txy - x,) =tlog(l —tay -+ x,)

EXERCISE 3.9 (‘Landen’ connection formula [35, 42]). Prove that

. . . —z
LIS(Z) = L1$81_1$1~~~1‘8l_1x1 (Z) = (_1)[ Z L1w1x1~-~wlxl <:) ‘

WY yenny wy
|lwjl=s;—1 for j=1,...,l
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Note that z — —z/(1 — 2) is an involution.

3.3. Duality of MZVs

By Lemma 3.5, the following integral representation is valid for the word
W= T, Tey T €HY

Lin(:) = [ “wn (1) / " ey(z) / " e (1)

_ / / wey (21)wey (22) - e, (20) (3.17)

2>2z1>20> >z 1>2 >0

if0 < 2z <1. Whenz., # x4, i.e., w € $H°, the integral in (3.17) converges in the
region 0 < z < 1, hence, in accordance with (3.10), we reduce representation
for the multiple zeta values

w) = [ [ o) e (3.18)

in a form of Chen’s iterated integrals.
There is a simple mnemonic way to write down the integral representa-
tion (3.18):

1
((rey@ey - 2e,) = / Te Loy - - Ty (3.19)
0

where (with a definite ambiguity!) o and z; denote the corresponding differ-
ential forms wy(z) and w(z).

Denote by 7 the anti-automorphism of the algebra $ = Q(zo, z1), inter-
changing zy and z;; for example, 7(z2r12071) = oT17073. Clearly, 7 is an
involution preserving weight. It can be easily seen that 7 is also the automor-
phism of the subalgebra $°.

The following result is an immediate application of the integral represen-
tation (3.18).

THEOREM 3.7 (Duality theorem). For any word w € $°, the relation

((w) = ¢(Tw)
holds.
PrROOF. To prove the theorem, it is sufficient to do the change of variable
2 =1—2z, 25 =1— 21, ..., 2, = 1 — 2z, and apply relations wy(z) =
—w1(1 — z) followed from (3.13). O

As the simplest consequence of Theorem 3.7, notice (again) identity (1.13),
which follows for the word w = 22z, as well as the general identity

C(n+2)=¢2,{1}) n=12,..., (3.20)

for the words w = zj*'z;. Recall our convention (see (2.3)) about {s}" to

denote the n-repetition of multi-index s.
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EXERCISE 3.10. Show that
C({2,1}") = C({3}"), n=1,2,.... (3.21)
For n = 1, this is again Euler’s (1.13).

The integral representation (3.17) leads to a recipe for computing the
MZVs. For this write as in (3.18),

/ / Wal 21 e Wey, (Zk)

20>21> > 2K > 241

where for simplicity we set zp = 1 and 2,1 = 0. Now we take an arbitrary
z in the interval 0 < z < 1 and split the integration domain into the disjoint
union of k£ + 1 subdomains like it was done in Section 2.3:

) =3 [ e e

20> >2i >2>2541> 0 > 2k 41

= i / /Ws1 21) ng(zj)

20> D2 >

/ / We i ZJ+1 - we, (21)

B>Zj41> > 241

:i / / wWi— sj Wi (27)

=0 1—2>2 > >2>0

X / / Wej1 zj+1 " Wey (Zk)

E>Zj 41> > 241

= Z Lire e (1= 2) Lo, (2)-

J=0

X

Finally, making the choice z = 1/2 leads to the following formula.

PROPOSITION 3.8. For the multiple zeta value ((w) with w = x., - - x., €

9%, we have X
- S uul)

where the sum runs over all possible ways of writing the word w as uv.

The efficiency of this formula follows from the fact that the series repre-
sentation of any polylogarithm Li,(z) converges at the geometric rate z; the
convergence of the series at z = 1/2 is fast. At the same time, the computa-
tional scheme implied by Proposition 3.8 is much simpler than the one coming
from Proposition 2.8.
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EXERCISE 3.11. (a) Give the formula for ((s), where s > 1 is an integer,
in terms of polylogarithms evaluated at z = 1/2.
(b) Implement it for computing the zeta values for a given accuracy.

HINT. (a) Make use of Exercise 3.6. O

The iterated integral representations of MZVs and generalised polyloga-
rithms motivate considering a slightly general than (2.1) version of MZVs,
namely, the alternating (or ‘alternative’) Fuler sums

ni __ng ng
0'1 0’2 --.O’l

C(Sla--'asl;ala-"agl): Z S1_S2 TR

n n DY n
ny>ng>-->n;>1 1772 !

(3.22)

where o; € {£1} are ‘signs’ and s;, as before, are positive integers. It is
customary to shortcut the notation by combining strings of exponents and signs
and replacing s; by 5; in the multi-index string if and only if the corresponding
o;j = —1. For example, ((1) = ((1;—1) = Li;(—1) = —log2 and ((2,1) =
¢(2,1;-1,1).

EXERCISE 3.12. Show that

(a) ¢(T,{1}"") = Lipyn(—1) = (_12—%2)71, n=12...;
)@ =Y

In Section 4.4 we will see that the standard algebraic setup for the alter-
nating Euler sums is an extension of the non-commutative algebra Q(xg, z1) to
Q(xg, x1,T1), and generalization of the integral in (3.19) by allowing the three
differential forms

dz dz
o — CL)()(Z) = —, X1t wl(z) =
z —Z
(3.23)
4 7o m(s) = &
all I wilg) = .
1+z2

3.4. Multiple harmonic sums

Another way to cast multiple zeta values ((s) is through the limiting case,
as N — oo, of the multiple harmonic sums (MHSs)

1
C<n(8) = H(s;N) = H(s1,...,s;N) = Z s

N>ni>no>-->n;>1 nl n2 Y nl
(3.24)
where N =1,2,...; we also set H(; N) =1 for the empty index s. Given N,
notice that these are finite sums, therefore well defined for any s1,...,s; € R.

This allows us, in our algebraic setting, to assign the MHS H(xs; N) = H(s; N)
to any word

_ s1—1 so—1 s;—1 o 1
Ts =Ty T1TG X1 Ty X1 = Ys YseYs, €EH
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Then we extend the map H(-;N): w — H(w;N) defined on words w € $?
by linearity on the graded algebra $'. Notice that

N-1

1
H(sy,...,s;;N) = Z o H(s2, ... s5m1); (3.25)

nq

ni=1

this iteration shares some analogy with integrating the polylogarithms using
the differential equations in (3.12).
Fix N € Z~o. An easy calculation shows that

H(Sl; N)H(Sg, N) = H(Sl, SQ;N) + H(SQ, S1; N) + H(Sl + S9; N) (326)

but also motivates the fact that the product of any two MHSs (of weights &
and m) can be always represented as a Z-linear combination of MHSs (all of
weight k +m). More specifically, the following result takes place.

LEMMA 3.9. For any N € Z~o and words wi, ws € H*, we have
H(wy; N)H (wy; N) = H(wy * wy; N).
Here the stuffle product is defined by the rules (3.2), (3.4).

PROOF. Recall the connection between a multi-index s = (sq,...,s;) and
the word w € $H': it is assigned to w = y,, ---ys,. We prove the required
identity by induction on the sum of lengths of the multi-indices corresponding
to wy and wy. Write w; = y;u and wy = ypv for u = y,, -y, and v =
Yry =+ Yr, Then

H(wy; N)H (wg; N)

1 1
ST Do RD DR o s

J o S1 s
N>ng>ny>-->n;>1 oy y N>mo>mq>->m;>1 0 g

we Spht the sum into three, according to whether ng > Mo, No < Mg or
g
Ng = m0>

1
= Z —j.H(Sl,...,S[;n())H(k’Tl;---7ri;n0)

no<N TLO

1 .
+ Z m—gH(],317~--,3l§m0)H(7“1,~~,7"¢;m0)

mo<N

1
+ Z WH(sl,...,sl;nO)H(rl,...,ri;no)

no<N 0
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(we apply the inductive hypothesis to the internal products)

N-1 N-1

1 1
= FH(U*ZJW;”O)JFZWH(%‘U*USWO)
no—=1 10 mo=1"""70
N-1
—|-Z —5 H(u*ving)
no=1 o

= H(y;(u*ypv); N) + H(yp(yju xv); N) + H(yjpn(uxv); N),

where the property (3.25) was implemented at the final step. The result con-
verts into H (wy * wq; N) according to the definition in (3.4). O

Lemma 3.9 means that the map
w—{Hw;N): N=1,2,...}

into the Q-linear space of (rational-valued) sequences is a homomorphism of
the stuffle algebra ..

EXERCISE 3.13. Show that

— ZHSN

In other words, the left-hand side is the generatmg function of the sequence
{H(s; N): N=1,2,...}.

We will have another opportunity to witness the multiple harmonic sum
(3.24) as a refinement of multiple zeta value ((s) in Section 5.2.

PrRoOOF OF THEOREM 3.2. This follows immediately from considering the
limiting case of Lemma 3.9 as N — oo. 0

Several other proofs Theorem 3.2 are known. For example, one can in-
vent a functional model (viewing H(w; N) as functions of N, not necessarily
integral!) satisfying the shuffle relations in a way similar to our treatment of
generalised polylogarithms in Section 3.2. Another proof exploits Hoffman’s
homomorphism ¢: H' — Q|[t1,ts,...]], where Q[[t1,t2,...]] is the Q-algebra
of formal power series in the countable set of (commuting) variables 1, s, ... .
Namely, the Q-linear map ¢ is defined by setting ¢(1) = 1 and

¢(y51y82 o 'ysz) = Z tfllltfé tflll, s c Zl, s;>1, ..., 52> 1.

ni>ng>-->n>1

The image of the homomorphism (actually, the monomorphism) ¢ is the alge-
bra QSym of quasi-symmetric functions. A formal power series (of bounded
degree) in tq, 1o, ... is called here a quasi-symmetric function if the coefficients

of t;1t;2 -+ -3l and t‘sl t” . tsl are the same whenever ny > ng > --- > n; and

ny >nh > >mnj. By the above means, the homomorphism in Theorem 3.2
is defined as restriction of the homomorphlsm ¢ on H° by setting ¢, = 1/n for
n=12....



3.5. QUASI-SHUFFLE PRODUCTS AND DERIVATIONS 37

EXERCISE 3.14 (Cartier). (a) For an admissible multi-index s, prove the
integral representation

bty by, dty dty - - - dt),

1 —tity -ty rors, 1—tita - totorits

where [ = {(s).
(b) Using part (a) show that

C(s1)C(s2) = C(s1 + s2) + C(s1,52) + ((s2,51) forsy > 2, s9>2,
which corresponds to the stuffle product of words ys, and y,, (see (3.26)).

HINT. (a) Integrate termwise the series
N
— = and —— = :
1—t ~ 1—-t vt

(b) Substitute u =ty - - -ts,, v = ts, 41 - - ts, 45, into the (elementary!) iden-
tity

1 1 " u n v
1—w)(1—-v) 1T—uw (1—-u)(l-uw) (1-2v)(1—u)
and integrate over the hypercube [0, 1]°*7*2 using (3.27). O

The approach in Exercise 3.14 (b) can be extended to demonstrate Theo-
rem 3.2 in its generality.

3.5. Quasi-shuffle products and derivations

The following construction, due to Hoffman, allows one to consider each of
the algebras ), and ! as a particular case of some general algebraic structure.

Consider the non-commutative, graded by degree, polynomial algebra 21 =
IC(A) over the field K C C; here A denotes a locally finite set of generators
(that is, the set of generators of fixed positive degree is finite). As usual,
elements of the set A are said to be letters and monomials in these letters are
words. To any word w, assign its length (the number of letters in the record)
((w) and its weight (the sum of degrees of the letters) |w|. The unique word
of length 0 and weight 0 is the empty word, which is denoted by 1; this word
is the unit of the algebra 2. The neutral (zero) element of the algebra 2 is
denoted by 0.

Now, define the product o, additively distributing it over the whole alge-
bra 2, by the following rules:

low=wol=w (3.28)
for any word w, and

ajuo av = a;(u o arv) + ag(a;u o v) + [a;, a)(u o v) (3.29)
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for any words u,v and letters a;, a, € A, where the functional
[, ]: Ax A= A (3.30)
(A = AU {0}) satisfies the properties

(S0) [a,0] = 0 for any a € A4; )
(S1) [[ay, ax], @] = [a;, [ak, a]] for any a;, ax, a; € A;
(S2) either [a;,a;] = 0 or |[ak, a;]| = |a;| + |ax| for any a;, ai, € A.

Then A, = (2, 0) becomes an associative graded K-algebra and, if the addi-
tional property

(S3) [aj,ax] = [ax, a;] for any a;,a, € A

holds, then it is the commutative K-algebra (the result of Hoffman).

If [aj, a;] = 0 for all letters a;,a, € A, then (2, o) is the standard shuffle
algebra; in particular case A = {xg, z1}, we obtain the shuffle algebra 2, = $,,
of the multiple zeta values (or of the polylogarithms). The stuffle algebra .
corresponds to the choice of the generators A = {y;}52, and the functional

[Yjs Y] = Yjrk for integers j > 1 and k£ > 1.

EXERCISE 3.15. On the algebra 20 with the given functional (3.30), define
the dual product 6 by the rules

1low = wol = w,
ua;ovay = (udvag)a; + (ua;ov)ay + (uov)|a;, ax]

in place of (3.28) and (3.29), respectively. Then s = (2,0) is a graded
IC-algebra as well (commutative, if property (S3) holds).
Show that the algebras 2, and 25 coincide.

HiNT. Use induction on ¢(w;) + ¢(w2) to demonstrate that
w1 O Wy = w16w2

for all words wy,wy € K(A). Note that property (S3) is not required in this
derivation! O

LEMMA 3.10. For any letter a € A and any words u,v € A, the following
identity holds:

aouv — (aou)v=u(aov—av). (3.31)
Proor. We will prove the statement by induction on the number of letters
in the word w. If the word u is empty, then identity (3.31) is evident. Other-

wise, write the word u as u = aju;, where a; € A and the word u; consists of
less number of letters, hence the identity

aouv— (aou)v=ui(aov—av)
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holds. Then
aouv — (aou)v =aoauv — (aoau)v
= aaju1v + ai(a o uyv) + [a, a1]ugv
— (aaruy + ai(aouy) + [a, ar]uy)v
=ai(aouv — (aoup)v) = ajui(aov — av)
=wu(aov — av),
which is the desired result. 0J

By a derivation of the (graded non-commutative polynomial) algebra 2 =
IC(A) we mean a linear map §: 2 — 2 (of the graded KC-vector spaces) that
satisfies the Leibniz rule

d(uv) = 0(u)v + ud(v) for all u,v € 2L (3.32)

EXERCISE 3.16. Verify that the commutator of two derivations [0y, ds] =
0109 — 0901 1s a derivation.

Therefore, the set of all derivations of the algebra 2 forms the Lie algebra
Der(2) (naturally graded by degree).

It can be easily seen that, for defining a derivation § € Der(2(), it is suffi-
cient to give its image on the generators A and distribute then over the whole
algebra by linearity and in accordance with rule (3.32).

The next assertion gives examples of derivations of 2, when the algebra
possesses an additive multiplication o with the properties (3.28) and (3.29).

THEOREM 3.11. For any letter a € A, the map
dg: W aw —aow (3.33)
1S a derivation.

PROOF. Linearity of the map J, is clear. By Lemma 3.10, for any words
u,v € A we have

do(uv) = auv — aouv = auv — (a o u)v — u(a o v — av)
= (dqu)v + u(dqv),
thus (3.33) is actually a derivation. O

Theorem 3.11 implies that the maps 6,,: § — $ and 6, : H' — H', defined
by the formulae

d:w— rw—o Ww, O w— yw—y xw=axw—1o xw, (3.34)

are derivations; thanks to rule (3.5), the map J, is a derivation on the whole
algebra $. We mention the action of derivations (3.34), obtained in accordance
with (3.2)—(3.5), on the generators of the algebra:

STy = —ToT1, Sy = —27, 0,29 =0, d,01 = —27 — ToT]. (3.35)

For any derivation 4 of the algebra £ (or of the subalgebra $°), define the
dual derivation 6 = 77, where 7 is the anti-automorphism of the algebra $)
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(and $°) in Section 3.2. A derivation § is said to be symmetric if § = §, and
anti-symmetric if § = —§. Since Tzy = 71, an (anti-)symmetric derivation § is
uniquely determined by its value on one of the generators xy or x1, while an
arbitrary derivation requires its values on both generators.

Define now the derivation D of the algebra $ by setting Dxy = 0, Dz; =
rory (that is, Dy, = ys;, for the generators y, of the algebra $') and write
the statement of Theorem 2.1 (Hoffman’s relations) in the following form.

THEOREM 3.12 (Derivation theorem). For any word w € $°, the identity
¢(Dw) = ((Dw) (3.36)
holds.

PROOF. Expressing a word w € H° as w = y,,ys, - - - Ys, (With s; > 1), note
that the left-hand side of equality (2.4) corresponds to the element

Dw = D(ys1ys2 e ysl)
= Ys1+1Ysy " " Ys, + Ys1Ysa+1Yss * " Ysy + o+ Ysy =" Ysi_1Ysy+1 (337)
of the algebra $°. On the other hand,

n -1 s—1—1 -1 -1
Dw = 7D (zox] oz} ™" -+ moa P Twox] V)
l Sk_2
-1 Skp+1—1 j —j—1 Sp_1—1 _1
=T g E zori' - woxr T wox o TV e - ot
k=1 j=0
Sk >2
l Sk72
-1 Sp—1—1 —5—1 j s -1 -1
= E E g wy e xy Tt g T g™t g ag wy (3.38)
k=1 j=0

Sp>2

that corresponds to the right-hand side in (2.4). Applying now the map ¢ to
both sides of obtained equalities (3.37) and (3.38), by Theorem 2.1 we deduce
the required identity (3.36). O

Note that the condition w € $° in Theorem 3.12 cannot be weakened;
equality (3.36) is false for the word w = z:

((Dxy) = ((zox1) # 0 = ((Day).

PROOF OF THEOREM 3.3. Comparing action (3.35) of derivations (3.34)
with those of D, D on the generators of the algebra $,

D(L’Q = 0, D(L’l = Tod1, DI’Q = ToT1, DZE‘I = 0,

we see that 6, — 8, = D — D. Therefore application of Theorem 3.12 to the
word w € $° leads to the required equality:

C(zwWw — 21 xw) = (((6: — du)w) = ¢((D — D)w) = ¢(Dw) — ((Dw) = 0.
This completes the proof. [
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Another proof of Theorem 3.3, based on the shuffle and stuffle relations for
the so-called coloured polylogarithms

) ) Z?l 2;12 . Zlm
Lis(2) = Lig, sy,...5(21, 22, ..., 21) = Z S s a0 (3.39)
1 g 1y

ni>ng>-->n;>1
was given by Waldschmidt. (As it is easily seen, specialising zo = --- =
z = 1 functions (3.39) become generalised polylogarithms (3.9).) We do no
discuss properties of the functional model (3.39) here, except for the cases
when z1,...,2 € {£1} (see Sections 3.3 and 4.4).

EXERCISE 3.17. (a) Show that

Lij (2, y) = LiQ(—M) - Lig(— * ) — Lis(zy).

—x 1—z

(b) Use part (a) to compute the integral

/1 log 5 log 5% da
o \1—x 1+ x

in terms of the values of logarithm and dilogarithm.

HinTs. (a) Use appropriate differentiation.
(b) Expand the integrand into a power series. O



CHAPTER 4

Generating functions and periodic multi-indices

Another application of differential equations for generalised polylogarithms,
deduced in Lemma 3.5, is the generating-function method.

Let us first remark that, for an admissible multi-index s = (s1,...,s;), the
corresponding set of periodic polylogarithms

Ligsin(2), where {s}" =(s,s,...,s8) forn=0,1,2,...,
(s (2) {s}"=( )
n times

possesses the generating function

Lo(z,t) =Y Liggn(2)t"*!,
n=0

which satisfies an ordinary differential equation with respect to the variable z.
For instance, if £(s) = 1 that is s = (s), the corresponding differential equation,
by Lemma 3.5, has the form

((4-98) (-2) ") o

and its solution may be written explicitly by means of generalised hypergeo-
melric series.

4.1. Hypergeometric function

In order to show any reasonable result for MZVs using generating functions,
we have to familiarise ourselves with the Euler—Gauss hypergeometric function
(or hypergeometric series)

Floe) o

|
w

3
Il
o

a-b ala+1)-bb+1) ,

1'chL 1-2-¢(c+1)

ala+1)(a+2)-bb+1)(b+2) ,
1-2-3-clctr Vet 7

42
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where
(a) _Tla+n) 1 if n =0,
" T(a)  Nala+1)---(a+n—-1) ifn>1,
denotes the Pochhammer symbol (1.16).

The convergence of the series can be determined by the ratio test. If we
denote

the nth coefficient of the hypergeometric series F'(a, b; c; z), then

Antl _ (at+n)(b+n) -1 asn— oo

an (I1+n)(c+n)
hence the series converges in the unit disc, |z| < 1. In several cases, depending
on the parameters a, b, ¢, the series may converge on the boundary of the disc,
for example, at z = 1. We will examine the latter situation.
Because of the relation

(14+n)(c+n) a1 =(@+n)(b+n)-a, forn=0,1,2,...,

we have

z(zd% + a) (zd% + b) Fla,b;c;z) = z(z% + a) (z— + b) i ?‘zgzn .

n=

_, i (a)p(a+mn)- (b)(b+n) . i (@)nt1(0)nt1 i+l

n!(c)n —  nl(c)y

> a)n(b), n = (@), (), -n(c+n "
()E) Z()() (ctn)

n=0

IE=1CR R~
() (o) 5 e

LEMMA 4.1. The hypergeometric function F(a,b;c;z) satisfies the differ-
ential equation

(o)) ) oo

i equivalent form,

d*y dy
(1—2)F+(c— (a+b+1)z )& —aby = 0.
LEMMA 4.2 (Pochhammer’s integral). If Rec > Reb > 0 and |z| < 1, then

ING)

F(a,b;c;2) = —F(b)F(c ) /0 21— 2) N1 - za) T da.
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Note that for a = 0 the integral on the right-hand side reduces to Euler’s
integral of the first kind B(b, ¢ — b).

ProOF. The conditions Reb > 0 and Re(c — b) > 0 ensure convergence of
the integral

1
I(a,b;c;z) = / 271 — 2) N1 — za) T da
0

Furthermore, for |z] < 1,

n!
n=0
Therefore,
[(a b: ¢ Z) _ /1 i (a/)nznmernfl(l . .73)0 b ldl'
) ) b O nZO n!
o n 1
_ Z (a')nz / Jib+n_1(1 . x)c—b—l dr
n! 0
n=0
B i (@)pz™ I'(b+n)I'(c —b)
—~ nl I'(c+n)
(0)L'(c =)
— Fla.b:
F(C) <a7 b? c7 z)?
and the result follows. O

As a corollary of this result and Abel’s theorem on power series, we deduce

LEMMA 4.3 (Gauss’ summation formula). If Rec > Re(a + b), then
F(e)l'(c—a—10)

I'(c—a)l'(c—10)

PROOF. The result follows, whenever Rec > Reb > 0 and Re(c—a—b) > 0,

by taking the limit 2 — 1 in Lemma 4.2 and using the beta integral evaluation
of the resulted definite integral:

F(a,b;c;1) = —F(b)l;‘((cc)— ) /0 271 —2) 7 e
(

['(c) L'b)(c—a—Db)
- T(B)T(c—b) I'(c—a)

To get rid of restriction Rec > Reb > 0, note that the formula is valid for

Re(c —a —b) > 0 and use the theory of analytic continuation. O

F(a,b;c;1) =

REMARK. When a is a negative integer —m, the theorem becomes

= (m (b)n_ n_ b e :(C_b)m
Z<n><c>n( D= Flembial) =",

n=0
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the result known as the Chu—Vandermonde summation. With the help of the
latter formula one can show the following binomial evaluation:

>()(,0,) - ()

n=0
EXERCISE 4.1. (a) Show that
I(14+b—a)l(1+ 3b)
L1+ b)I(1+3b—a)

Fla,b;1+b—a;—1) =

(b) Give a gamma-function evaluation of the hypergeometric series

1
F<,1— ; ;—)-
a GC2

4.2. Broadhurst’s MZV evaluation
It is now a good time to go back to the MZV story.

LEMMA 4.4. The following equality holds:
Lsi(z,t) = F(3(1+d)t, —5(1+d)t; 15 2) - F(3(1 —i)t, —2(1 —i)t; 15 2), (4.1)
where F(a,b;c; z) denotes the hypergeometric function and i = /—1.

PROOF. Routine verification (with a help of Lemma 3.5 for the left-hand
side) shows that both sides of the required equality are annihilated by action
of the differential operator

(-2 () -

in addition, the first terms in z-expansions of both sides in (4.1) coincide:

1+t4 2, ¢t 3+t8+44t4 iy
—Z —Z —— <
8 18 1536

Thus the statement of the lemma follows. O
EXERCISE 4.2. Fill in the missing details.

The following result was conjectured by Zagier in his pioneering talk at the
European Congress of Mathematics in 1994. The proof was given some years
later in joint work of Borwein, Bradley, Broadhurst and Lisonék.

THEOREM 4.5. For any integer n > 1, the identity

(B = 2

(4n + 2)! (42)

holds.
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PROOF. By Lemma 4.3 (Gauss’ summation formula),
1 sina
Fla. —a:1:1) = = 4.3
(a,—a; ;1) I'l—a)l(1+a) Ta (4:3)

substituting z = 1 into equality (4.1) yields

DB 1M = Ly (1,8) =

sin 3 (1 + Z)?Tt sin 1 (1 — 4)7t
(1 +4)mt (1 — )t

=3 12152 . (e(1+i)7rt/2 _ 6—(1+i)7rt/2) (6(1—i)7rt/2 _ 6—(1—i)7rt/2>
T
= # . (67“5 4 e _ pimt _ e—iwt)

o0

1 m -m \m
= mZ(H'(—l) —i" = (=9)"™)
m=0

27T4nt4n

— (4n+2)1"

(mt)™
m!

o0

Comparison of the coefficients in the same powers of ¢ gives the desired identity.
O

Identity (4.2) is not the unique example of application of generating func-
tions. We present more identities of Borwein, Bradley and Broadhurst, similar
o0 (4.2), for which the above method is also effective:

oy = 22 (), = e ()

oty = gl

o= ) (- )
¢({10}") = 10(zm) ™ (1 + (1 +2\/5)10n+5 + (1 _2\/5> 10n+5),

(10n + 5)!
where n = 1,2, ... . Identities

Cm+2,{1}") =C((n+2,{1}"), wherem,n=20,1,2,...,

(4.4)

may be derived by the generating-function method (as well as by straightfor-
ward application of Theorem 3.7). The fact that both sides of this equality are
expressed as polynomials in single zeta values ((s) with rational coefficients is
the subject of Exercise 4.6.

EXERCISE 4.3. Prove (some) identities in (4.4).

A different proof of the first identity in (4.4) is discussed in Exercise 4.6
below.
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EXERCISE 4.4. Show that

C({3,1}") = 5 C({23).
The family of identities
C{2)"3) +2¢({2)",3,3) = ¢(2,1,{2}",3), n=1,2,..., (4.5)

conjectured by Hoffman, stayed a conjecture for almost 20 years. It was finally
proved by M. Hirose and N. Sato in [15].

An example of other-type generating functions relates to generalization of
Apéry’s identity

© o 1yk—1
C(3> = gz_: </€31()2k) 3

namely, the following expansions are valid:

;C(Qn—i-?))t = Zm

Sy () TH0-£)

k=1
- 1
> ((An+3)n =
n=0

8

(4.6)

Mg

K3(1 — t4/k%)

k=1

B (—1)k SR
_§; k3<2k‘> t4/k;4H 1—t4/14"

k

ot

Their proofs as well as proofs of several other identities is based on transforma-
tion and summation formulae of generalised hypergeometric functions, similar
to application of formula (4.3) in deducing Theorem 4.5.

Identities (4.6) can be used in fast computation of the Riemann zeta func-
tion at odd integers. To see that note that they both come as special cases
(s =0 and t = 0) of the bivariate generating function identity

n+m 2nydm - k

’ﬁ (m? — s2)2 + 4t4

mt — s2m2 — t4 ’

oo o0

n=0 m=
(_1)k—1 5k2 - 82
- k(lec) k4 _ 52k2 _ t4

2
k= -
which was conjectured by Cohen and proved independently by Bradley and

Rivoal. Recently, applying the so-called Markov-WZ algorithm, the Hessami
Pilehroods gave a different identity

;;kk_;#_¢4:1§:«4w—mmIﬁ;xmz—s>+4t> W

28 n() I (mt - st — i)

n=1 m=n

n



4.3. MULTIPLE ZETA VALUES OF FIXED WEIGHT, LENGTH AND HEIGHT 48

where
r(n) = 205n° — 160n° + (32 — 62s%)n" + 40s*n*
+ (s — 8s% — 25t")n? + 10t'n + t*(s* — 2).
Formula (4.7) generates (Apéry-like) series for all ((2n + 4m + 3), n,m > 0

convergent at the geometric rate with ratio 27!°. For example, if s = ¢t = 0
one gets the Amdeberhan—Zeilberger series for ((3),

1 o= (—=1)"1(205n2 — 160n + 32)
¢(3) = ) Z:l ns (2n)5 :

EXERCISE 4.5. Using (4.7), find fast converging series for ((5) and ((7).

4.3. Multiple zeta values of fixed weight, length and height

In this section we discuss a different application of generating functions
and the theory of hypergeometric series.
We will need the formula

I(1—2) = exp <7:c + :2 CUZ“’k) (4.8)

This follows from Proposition 1.1.

Define the height m = m(s) of a multi-index s = (s1,...,5) to be the
number of components satisfying s; > 1; for an admissible s we have s; > 1,
so that m(s) > 1. Denote the set of admissible multi-indices of fixed weight
w = |s|, length | = ¢(s) and height m = m(s) by I(w,l,m), and set

@(Q?, v, Z) — Z xwflfmylfmZmeQ Z C(S)
w,l,m=0 sel(w,l,m)
to be a (formal) power series with real coefficients.
THEOREM 4.6. The generating function ®(x,y, z) is given by

O y.2) = i S (1 — exp (i % Si(,y, z))) , (4.9)

k=2

where the homogeneous polynomials Sk(x,y, z) of degree k are defined through
the formula

r+yE/(z+y)?—422
2 Y
(4.10)

Sk($ay7z>:xk+yk_ak_ﬁk ’LUZth{O{,B}:

or alternatively by the identity

o0

Se(z,y,2) ool1_ Y~ 22
> o (1 ) e

k=2
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In particular, all of the coefficients Y- i1 m C(8) of ®(x,y,2) can be ex-

¢(s
pressed as polynomials in single zeta values (2 ), ¢(3),... with rational coeffi-
crents.

PROOF. If one defines, more generally,

O(x,y,2;t) = Zf“”lmlmmz Z Lis(t),

w,l,m=0 sel(w,l,m)
(ID (x,y,2;t) = E g immylmm 2m E Lis(t),
w,l,m=0 sel(w,l,m)

where [ (w,l,m) is the set of all multi-indices s including those with s; = 1.
Using the differential equations of the generalised polylogarithms, Lemma 3.5,
we find out that

dd =z 1~ d ~ Yy

-t - 12 et 2 __J &
P tCID—i-yt((I) 1—2°d), dt(q) 2°®) P. (4.12)

One can eliminate ® from this system and write a homogeneous linear 2nd
order differential equation for Y =1 — (zy — 22)®:

EY | (lox _y \AY a2
d? t 1—t) dt  t(1—1t)

Y =0. (4.13)

This equation is recognised as a hypergeometric differential equation (see
Lemma 4.1) whose ungiue holomorphic solution at t = 0 starting Y (t) =
1+ O(t) is given by the hypergeometric function F(a — z, 8 — z;1 — x;1),
where a + 8 = x + y and a3 = 2z2. Specialising to t = 1 and using Gauss’
summation formula (Lemma 4.3) arrive at

'l —o)'(1 -
1—(@—22)@(%,3/,2;1)ZF(a—x,ﬁ—x;l—xsl):F((l 3 El o
The rest follows from the power series expansion (4.8). O

Particular specialisations of Theorem 4.6 lead one to numerous beautiful
identities of MZVs, in particular, to a simple proof of the sum formula.

PROOF OF THEOREM 2.5. Letting 22 — xy in (4.9) we obtain the gener-
ating function

:Ey\/_ Z$l1l1 Z C(S)

sel(w,l,m)m any
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of multiple zeta values of weight w and length [ on the left-hand side. At the
same time, the right-hand side simplifies to

> 1 B =1 z\ ™ y k2
e~ 2 () (1)
= Z C(k1+k2+2)l’k1yk27

k1,k2>0

so that the coefficient of z*~=1y~1 in ®(z, y, \/Zy) is equal to {(w) as required.

O
EXERCISE 4.6 ([32]). (a) Using Theorem 4.6 prove that
7T2n
2}") = —— f =0,1,....
) = gy forn = 0L

(b) Show that, for each m,n = 0,1,2,..., the multiple zeta values {(m + 2,
{1}") = {(n+2,{1}"™) are polynomials in single zeta values with rational
coefficients.

HiNT. Use specialisation z =y =0 in (a) and z = 0 in (b). O

4.4. An identity for alternating Euler sums

In this part we discuss a family of relations for the alternating Euler
sums (3.22) formally introduced in Section 3.3.

THEOREM 4.7 (Zhao). The following equalities are true:
- 1
C{2,1}") = 3 C({3}"), wheren=1,2,.... (4.14)

The family of identities (4.14) was conjectured by Borwein, Bradley and
Broadhurst in [5] (see (3.22) for the definition of alternating Euler sums); it
generalises Exercises 3.10 and 3.12 (b) and looks similar to that in Theorem 4.5.
It was proven more than a decade later by Zhao [49] using the (finite) double
shuffle relations and distribution relation for the alternating Euler sums, so
that it was quite from the proof given in Section 4.2. A proof by generating
functions is still wanted. Here we adopt Zhao’s only-known proof of (4.14).

We have essentially settled standard setup for the (alternating) Euler sums
at the end of Section 3.3. The non-commutative algebra $ = Q(xo,z1) is

extended to the algebra :‘73 = Q(xg, z1,71), and its subalgebra
5%0 =Q1® 55051131 S 330551 S fl-%wl

of admissible words is generated by words not beginning with x; and not

ending with xy. Furthermore, H0 is generated by the words y, = x5 '2; and
Y, = x5 'Ty, where s = 1,2, ..., with the only restriction that the words over

this newer alphabet cannot begin with y;.
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By assigning the three differential forms

dz dz
xo — wo(z) = — = wi(z) = ,

1—=2
_—dz
14z

(cf. (3.23)) to the three letters, for a word w € $° we define the evaluation
zeta map by

and T; — w1(2)

cw = [ lw (4.15)

(with the convention used in (3.19)). Then, of course, ((s) = ((ys, - - - ys,) if the
multi-index s = (s1,...,s;) does not involve bars (so that the corresponding
word does not contain letter Z;). For example,

({3}") = w5 = (zgz1)".
If however the multi-index s involves bars, then the rule of assigning the word
is as follows. Going for s; to s;, as soon as we see the first signed entry s; we
change every y; after y,, (inclusive) to 7, until the next signed entry s; occur.
We then leave all the y; after y,, (again inclusive) until we see the next signed
entry when we start toggling again, and so on. In other words, we can think
of the bars as of switches between y and 7.

EXERCISE 4.7. Write the word which corresponds to the multi-index
(1,2,1,2,3,4,5).

EXERCISE 4.8. Prove the following correspondence:

(voZ3x0x2)*(2o72) ifn =2k +1,

(wo@2x072)" if n = 2k,

[n/2) 2(n/2}

({2 1)) o (w002 (2472700 = {

= @2@1%91) @2@1)

The shuffle and stuffle products in (3.2)—(3.4) are extended to the alge-

bra 5/’)\0 as well. In fact, the shuffle product uses the old rules, now allowing
one extra letter T; for either x; or zy in (3.3). As for the stuffle product, to
complement rule (3.4) we use

YU * YU = Y57y, (%Jju * ykv) + Y Vyr (yju * ’Vykv) + [ij yk]’Y[yj,yk] (%’ju * 7%“)7

where 7, w = w for y; = xé_lxl and vy w = yw = W is the word with all y;
and 7, toggled, while
Wikl = [, Uk) = yier and  [y;, 7] = [0, vk = U
Then
C(wr Wws) = ¢(wy * ws) = ¢(w1)¢(w2). (4.16)
EXERCISE 4.9. (a) Prove the (finite) double shuffle relations (4.18).

~

(b) Verify that z; Ww —z;xw € $H° for all w € $° and C(zy Ww—xyxw) =0,
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Zhao’s proof of (4.14) follows from the three lemmas displayed below.
Though the results of Lemmas 4.8 and 4.9 represent a pure combinatorial
structure, they are merely computational. In their statements we take u =
xo(21T1 + T11) = Y2U; + Yoy1 to be a particular word of weight 3.

LEMMA 4.8. Forn=0,1,2,...,

WY T g s o) = ) T T (g a) = (1) (ys +s)"

(4.17)

PRrROOF. Trivially, the statement is valid for n = 0.

Note that the words 1, y» + ¥, and any power of u are invariant under the
toggling operator v: w + w. This simplifies application of the stuffle rules
when these words and their products are involved. For vy,vs € {1,192 + 75},
integers k > 0 and m > 1 we have

Jyutvr  uvy = JuFog x (1ol + Yoyn) U™ g

= gl(ukvl * u™vg)

m

+ Yo (T vr * Gpu™  og) + Yy (P uFur * Jrum o)

+ yg(ukvl * Jou™ ) + s (ubvy * JiumLuy)
=7, (uPvy * u™vg) + (1 +7) (y2@1uk711 * ?1Um71@2))
+ (1+7) (ys(ubvr * 0™ vp))

but also

goutvr # (ya + 7)) = 7y (o1 * (Y2 + 7))
+ yzylukvl + ?gywkvl + (ys + yg)uk%

=7, (o1 = (yo + 7)) + "oy + (3 + Ya)u" vy



4.4. AN IDENTITY FOR ALTERNATING EULER SUMS 53

Therefore, denoting the left-hand side of (4.17) by w,, we obtain, by telescop-
ing,

=3 (o0 e 7 zun 7))
i=1
n—1
+(1+7) (m (Z g g (g + 3)
i=1
- Zylun_i *Ju' " (Y2 + 52)))
=2

n—1
+(147) (y3 (Z gt e (g 4 7)

1=1

_Z“” T g y2+y2))>

— (u" + (ys +75)u" )
= —(1+7)(y3wn-1),

and the result follows from the inductive hypothesis w, 1 = (—1)" " (y3+7;)"~

O
LEMMA 4.9. Forn=0,1,2,...,
u"+Zu"‘iLl_|flui Y2o(xy +71) leu” v g (o + 7))
=1
= (=2)"(xgT2xox) ™ (& _2)2{”/2}. (4.18)

PROOF. Our strategy is similar to that for the proof of Lemma 4.8 but we
deal exclusively with the shuffle in this part. Again, equality (4.18) is trivially
true for n = 0.

Let w,, denote the left-hand side of (4.18). Notice that the shuffle rules
allow to swap the role of any two letters, in particular, of x; and Z; this
means that our target equality (4.18) is equivalent to

W, = (—2)"(zrizeTy) " (2o2])* "2,

Take {v1,v2} = {1,20(x1 + 1)} and recall that u = zou’, where v’ = 17 +
T1x1. Then for non-negative integers £k > 1 and m > 1 we get

m—1

TyuFvy W u™vy = Ty (uFoy Wu™vy) + 20(TyuPvy W (21T + Tz ) u™ M)

+ 20Ty (TruF vy Wz u™ oy + 20T (P W w'u™ )

= 7, (uPvy W u™vy) 4 zozy (TruFuy W T u™
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= 71 (uPv L u™vy) 4 zozy (TruFoy L Tu™ )

+ xoT111 (flukvl LU Umilvg) + xoT111 ('Lbk'l)l LU flumflvg)

+ 2z (uFvy W 2™ y) + 2T o (w et oy W u™ ),
with the formula remaining valid for m = 0, vo = 1 (in which case all the terms
containing ©™~! have to be dropped) and for k = 0, v; = 1 (in which case the

last term containing u*~! has to be dropped). In addition, with v = zq(2; +7;)
we have

Tuf W = T (uf W) + zo(z) + T1)Tu” + 20T (v W (2, + 7))
=T (v W) + zo(ay + T)Tuk + 20T (21 + Ty )k
+ zoT1zo(w'u™ ™ W (21 + 7))
=7 (uF W) + T 4 20T 4 2T w0 (W W (2 4+ 7))
for kK > 1 and

T W™ =T (v W u™) + zor (Tyv W Tu™ )
+ 2071 (T1v W 21u™ ) + 207 (v W w'u™ )

=71 (v W u™) + xoxy (Tyv W Tyu™ ")

-+ 1'051£C1<§1U LU 'meil) + xoT171 (’U LU Elumfl)
-+ 23305%(1] LU xlumfl) —+ l’gflxo((fﬂl + Tl) L w/u™ 1)

for m > 1. Substituting these findings into the left-hand side of (4.18) we
obtain, for n > 1,

n n
n = u" + E Wt Tt e — E Zu" i ut
' i=1

E woT1ry (Tru o W™ 4+ mT (v e W T

= —2$0f%wn_1 .

Thus, the desired formula follows from the inductive hypothesis for w,,_; (hence
for w, 7). O

LEMMA 4.10. Forn=20,1,2,..

*

(@ + 7)) = g ((a3ea)") = 3B,
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PROOF. Observe that

dz  1d(z?) dz —dz  2zdz  d(z?)

— == and + = = .

z 2 22 l—z 142z 1-—22 1-—22
Performing the change of variables z? — z in the iterated integral (4.15) for
¢((23(z1 +71))") we obtain the integral for 272"¢((z3z1)"). O

PROOF OF THEOREM 4.7. The statement of Lemma 4.8 can be alterna-
tively written as

u” + Z " T g (2 + ) — Zflun”' s u' " two (2 + )

i=1 =1

= (—=1)"(23(z1 +71))"
in other words, its left-hand side coincides with that in Lemma 4.9 except that
every shuffle product in the latter is replaced by the stuffle product in the
former. Application of the double shuffle relations (Exercise 4.9) then implies
that

C((xg(a:l + fl))n) = 2”§((:U0xfxoff)tn/2j (wox%)Q{”/Q});
it remains to use Lemma 4.10 to arrive at (4.14). O

The result of Lemma 4.10 is in fact a particular instance of the distribution
relation of multiple polylogarithms (3.39): for any d € Z~ and s = (s1, ..., s),

Z Lig(z1,...,2) = d-1s! Lis(a, ..., a).
z;-i:aj
J=1,0

When d =2 and a; =--- = a; = 1, we have

(e +m)) =y B G T gy

n PR n
ny>-->n;>0 1 l

Zhao notices that this relation does not follow from the (finite) double shuffle
relations, which are involved in the other part of his proof in [49].

EXERCISE 4.10. Check that indeed x3(x +7;) = y3+75 cannot be reduced
to ix%ajl = Z—llyg in $ using the finite double shuffie relations.

HINT. You can list, for example, all linear relations in 5% of weight 3. [



CHAPTER 5

Further relations of MZVs

5.1. Ohno’s relations

The following result contains Theorems 2.1, 2.5 and 3.7 as particular cases
(corresponding implications are given by Ohno).

THEOREM 5.1 (Ohno’s relations [29]). Let a word w € $° and its dual
w = 17w € H° have the following records in terms of the generators of the
algebra $H*:
W= Yoy Yso Yoy W = Y Ysly o Y-

Then, for any integer m > 0, the identily
Z C(y81+i1y82+i2 T ysz+iz) = Z C(ys’1+i1ys’2+i2 T ysﬁg—&-ik)

11,82,..+,91 >0 11,1241 20
i14ig+-Fi=m i1 tig+-F+ig=m
holds.

The proof of this theorem was given by Ohno in 1999. It used manipulations
with multiple integral representations of (generating functions of) the sums
involved in the identity. Different proofs were given later by Bradley [7] (he
proved a g-version of Theorem 5.1 —see Theorem 7.2), Okuda and Ueno [35],
and Ulanskii [43]. Here we follow a very simple and elementary proof given
by Seki and Yamamoto [39] using the method of connected sums.

We continue to use recording of multi-indices as words over the alphabets

ro, 71 and y, = x5 'zy, where s = 1,2,...; all the notations are as in Sec-
tion 3.1. To a (formal) variable ¢ and two multi-indices s = (sy,...,s;) and
r = (r1,...,r), not necessarily admissible if both non-empty, we assign the

‘connected’ sum

s1—1 s;—1
Z LEO 5(71 R xo xl
xrlfl xrk—l

O ‘rl." 0 ‘rl

t):Z(S t>:Z(81"”’Sl t)
T Ty, T

1
= Z C(ny,my;t) P

>SS0 n g — 1) on T (g — 1)
my>-->mp>0 1

(5.1)

(o = ) (g )

where the connector C(n,m) is defined by

o (L=t),(1=t), T+1-0C(m+1-1t)
C(n,m;t) = (1 —t)psm o F1—tT(n+m+1—1)

56
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(we refer to the Pochhammer symbol (1.16)) and C(n,0;t) = C(0,m;t) = 1
(this is the case when one of multi-indices s and 7 is not present, so that
the corresponding sum in (5.1) degenerates to a sum over single group of
variables). Without the connector in (5.1), the right-hand side would be simply
the product of two multiple sums (the product ((s){(r) when ¢t = 0 provided
both s and r are admissible). The symmetry

t) (5.2)

2]
)]

is clear from the definition, and we also have
1
_ E : 5.3
Sy —t) - nd T (g — 1) (5:3)

s1—1 s;—1
Z(ZL‘O I’l R :L‘O :L‘l
ny>>m>0 14 Yy

1

in the case when the second multi-index is absent.

EXERCISE 5.1. Assume that ¢ is real, ¢ < 1. Prove that the multiple sum
indeed converges if both s and r have length at least 1.

The main rationale behind the definition (5.1) is the following property of
the connected sums.

LEMMA 5.2 (Transporting relations). If s; > 1 then
A URREE () = 7 s1—1,...,58
T1,...,Tk 1,T1,...,Tk
7 1,89,...,58 () =z Sz
O\ 1,
Equivalently (and uniformly),

T1y...,Tk
Z<x5u t):Z( ¢ t) (5.6)
v T1_gU

for x. € {xg, 21} and two words u,v over the alphabet {xg,x1}.

t); (5.4)

if s1 =1 then

t). (5.5)

PRroOOF. Clearly, property (5.4) follows from (5.5) and the symmetry (5.2).
To prove (5.5), observe that

1 . (1 B t)n—1<1 - t)m
e (e s
_ 1 ((1 a1l =t (L=l — t)m>
m (1 - t)nerfl (1 — t)ner

= %(C(n— 1,m;t) —C(n,m;t)),
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hence
i C(ni,my;t)  C(ng,my;t)
i T t N m
by telescoping, where no, = 0 if [ = 1. O

EXERCISE 5.2. Using properties (5.2), (5.3) and (5.6) give another proof
of Euler’s identity (1.13).

PrROOF OF THEOREM 5.1. The properties of the Seki—Yamamoto connected
sums (5.1) imply

1
S () = ()
ny>->n;>0 ni' (g —t) g (g — 1) TWw
1

- 11 1 .
om0y (=) (g — 8)

It remains to expand both sides in powers of ¢ using

o0

1 _ 1 -y t
ns=l(n—t) ns(1—t/n) — st
and compare the coefficients of ¢". O

It is straightforward that case m = 0 in Theorem 5.1 is the duality theorem
(Theorem 3.7).

EXERCISE 5.3. (a) Show that the choice m = 1 in Theorem 5.1 corre-
sponds to Hoffman’s relations (Theorem 2.1).

(b) Show that, if multi-index s in Theorem 5.1 is one-component (that is,
s = (s)), then the theorem reduces to the sum theorem (Theorem 2.5).

EXERCISE 5.4 ([35]). Deduce Theorem 5.1 from the Landen connection
formula in Exercise 3.9.

5.2. The Maesaka—Seki—Watanabe formula

As another illustration of the power of the method of connected sums used
in the previous section, we prove a refinement of the link between the multiple
zeta values defined via the the sum (2.1) and their representation (3.18) as
iterated integrals. For the former we use the multiple harmonic sums

1
Cen(s) = Cenl(st, .- 81) = Z nSins2 ... pd
N>ni>ng>>n>1 0 1072 !

from Section 3.4, while for the latter we introduce a new type of multiple sum

l
1
b
o) — 5.7
C<N( ) Z g njln]2 . .. nj,ijl(N - njsj) ( )

N>ni122n1s;
>n212> >N2sy
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inspired by the representation (3.18). Indeed, we have + = < % and +— =
< ﬁ, and this allows us to recognise the sum in (5.7) as an N-regular
Riemann sum for the integral (3.18). For example,
1 1
§b<N(271’3):_6 Z n n n ngmn n
N N>ni1>no>ns>ng>ns>neg>0 Wl(l o WQ) ' (1 B WS) | ﬁﬁ(l o Wﬁ)

which is a regular Riemann sum that approximates the iterated integral
/ le ng ng dZ4 dZ5 dZG
1

>21>22>23>24>25>26>0 <1 1- 22 1 - Z3 24 Z5 1— Z6

=((2,1,3);

thus, we obtain
lim (2 y(2,1,3) =¢(2,1,3).
N—o0

EXERCISE 5.5. Verify that
. b
J&l—{noo C<N(3> = C(‘S)
for all admissible s.

Quite amazingly, as shown by Maesaka, Seki and Watanabe in [28], the
limiting equality

lim ¢ y(s) = ((s) = lim Cen(s)
for admissible s has the following natural refinement.

THEOREM 5.3. For any index s (not necessarily admissible) and any inte-
ger N > 0, we have

Cen(8) = (Ln(s). (5.8)

PROOF. It is convenient to introduce the compact notation 3 x(s) for the
summation indices

n = (nn,...,nlsl,ngl,...,n282,...,nll,...,nlsl)

n (5.7). The choice of connected sums is

ZN(S | 'I"‘) :ZN(Sl,...,Sl|’T‘1,...,’f’k)
l k 1
= -On(ngg, —1,my) - | | —»
neEZNs) Hnjl T, Sj—l(N_anj) : Hmz

N>mi1>-->mp>0

where the connector Cy(n, m) is given by

@) m-enmmr
Cn(n, )—(N;)—(N_l)(N_Q)...(N—m).

The transport identity
Zn(s,t|r)=Zy(s|t,T) (5.9)
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then implies that
Con(8) = Zu(s1 st | 0) = Zn(su,o o sic | s1) = -
=Zn(s1]s2,...,8) =ZnD | 51,82,...,5) = Cn(8),

which is precisely the identity in (5.8).
The remaining check of (5.9) follows from application once of the telescop-
ing identity

Cy(n—1,m) _ NZ Cn(n—1,a—1)—Cy(N—1,a) NZ C(n,a)
N —-n a=m+1 N —-n a=m-+1 n

and then ¢ times of the identity

" Cn(b,m " Cy(b,m) —Cx(b—1,m Cn(n,m
3 ( )_Z (b, m) ( ) _ On(n,m)

b m m
b=1 b=1

O

Finally notice that Hirose, Matsusaka and Seki [14] generalise the formula
from Theorem 5.3 to the case of multiple polylogarithms; some further varia-
tions on the theme are discussed by Yamamoto in [46].

5.3. Thara—Kaneko derivations

Theorem 3.12 has a natural generalization. For any n > 1, define the anti-
symmetric derivation 9, € Der($)) by the rule 9,29 = xo(xo + x1)" ' 21; as
mentioned in the proof of Theorem 3.3, we have 0y = D — D = ¢4, — d,. The

following result is valid.
THEOREM 5.4. For any n > 1 and any word w € H°, the identity
C(Opw) =0 (5.10)
holds.

In what follows, we describe a scheme of the proof of the theorem given
by Kaneko and Thara [23] (see also [24]); a different proof was provided by
Hoffman and Ohno [21].

For each integer n > 1 define the derivation D,, € Der($)) setting D, xy = 0
and D,z; = z{z;. It may be easily justified that the derivations D;, D, ...
pairwise commute; this holds for the dual derivations Dy, Ds, ... as well. Con-
sider a completion of $, namely the algebra § = Q{(zo, x1)) of formal power
series in non-commutative variables xg,x; over the field Q. Action of the
anti-automorphism 7 and of derivations § € Der($)) is naturally extended to
the whole algebra 9. For simplicity, the record w € ker { will mean that all
homogeneous components of the element w € f belongs to ker (. The maps

D= &, 5:2%
n=1

n
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are derivations of the algebra 5, and the standard relation of a derivation and
homomorphism implies that the maps

o = exp(D), =707 = exp(D)

are automorphisms of the algebra 5% By the above means, Ohno’s relations
(Theorem 5.1) may be re-stated as follows.

THEOREM 5.5. For any word w € $°, the inclusion
(0 —7)w € ker ( (5.11)
holds.

PrROOF. Since Dxy = 0 and
x
Dz = (xo + ?0 + go + - --)xl = (—log(1 — zg))z1,

we may conclude that D"zy = 0 and D"x; = (— log(1—x¢))" 21, hence oxg = xg

and
o0

1
o =) —(=log(1 —x0))"wr = (1 = o) "a1 = (1 +@wo + a5+ x5+ )1,
n=0
Therefore, for the word w = yg, s, - - ys, € H°, we have
ow = o(zf o ey ) )
=y 1(1+x0+$0+ Now N1+ mg+ap + )y -

LS R R SRR

. E E s1—1+eq so—1+es S;— 1+el .

=0 e1,e2,...,6,>0
€1+62+ te=n

thus ow — orw € ker( by Theorem 5.1. Applying now Theorem 3.7 (with
m = n), we arrive at the desired inclusion (5.11). O

Recalling 0y, 0s, . . ., consider the derivation

0o an R
0 = Z - € Der($
n=1

LEMMA 5.6. The following equality holds:
exp(0) =7 -0 . (5.12)
PROOF. First of all, let us note pairwise commutativity of the operators 9,
n =1,2,.... Indeed, since 0,(xg + x1) = 0 for any n > 1, it is sufficient to

verify the equality 0,0,,x¢ = 0,0,x9 for n,m > 1. Taking in mind that
On(1o + 21)* = 0 for any n > 1 and k > 0, we obtain the desired property:

8n8mw0 = 8n(:c0(:1:0 + xl)mfla:l)

= .To(l'o + Il)nilxl(l'o + Qil)milx'l — 270(56'0 + Qil)milx'o(HTo -+ l'1>n71£€1
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= zo(x0 + $1)n_1($0 + 21 — x0) (2 + $1)m_1$1

— zo(z0 + 21)™ g + 21 — 21) (20 + 21)" Ly

)m—l

= —xo(zo + a:l)"_lxo(xo + 11 1

-+ .1'0(1'0 -+ l'l)mil.xl(l'o —+ x1>n71x1

= amanl’o

Consider the family ¢(t), t € R, of automorphisms of the algebra 5%R =
R{(zo, z1)), defined on the generators z{, = zo + ; and 1 by the rules

1—(1—= I\t -1
o(t): zy =z, @)z~ (1 —xp) ' (1 — %aﬁ) :
0

where ¢ € R. Routine verification shows that

o(t1)p(ta) = o(ti +t2),  »(0) =1id,

hence p(t) = exp(td) and substitution ¢ = 1 leads to the required result (5.12).
0

PROOF OF THEOREM 5.4. Now let us show how Theorem 5.4 follows from
Theorem 5.5 and Lemma 5.6. First we have

—_ 1 — - (0 —3)o )" 1
0=log(@-o')=log(l— (0 —7)o! O'—O'Z o
n=1

and secondly
an 1
c—o=(1-5-0"0=(1—exp(0) :—02

hence 99° = (¢ —7)H°, and Theorem 5.5 yields the required identities (5.10).
0J

Does there exist a simpler way of proving relations (5.10)? Explicit com-
putations show that 9, = d, — d,

Oy = [6.,0.],

1 - 1
83 = 5[5*7 [6175*“ B 5[5*782] - [ *782]’

1 — 1
84 - 6[5*7 [ala [8175*]“ - 6[5*7 [5*; [8175 ]]]

DN | —

1 _
6[617 [82’ ) H + 5[837 (5*] + g[@g, (5*]

and, in addition, 0, + 6, = 0., + d.; therefore cases n = 1,2,3,4 in Theo-
rem 5.4 are served by induction (with Theorem 3.12 as inductive base). This
circumstance motivates the following hypothesis.
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CONJECTURE 5.7. For anyn > 1, the above-defined anti-symmetric deriva-
tion 0y, is contained in the Lie subalgebra of Der($)) generated by the derivations
Os, Oy, Oy, and Oy,.

5.4. Open questions about MZVs

In addition to Conjectures 1.10, 3.4 and 5.7 given earlier, we mention a
series of other important conjectures concerning the structure of the subspace
ker ( C $. Denote by Zj the Q-vector space in R spanned by multiple zeta
values of weight k; in particular, Zy = Q and Z; = {0}. Then the Q-subspace
Z € R spanned by all multiple zeta values is the subalgebra of R over Q graded
by weight.

CONJECTURE 5.8. As a Q-algebra, the algebra Z is the direct sum of the
subspaces Zy, where k =0,1,2,... .

It can be easily seen that relations (3.6)—(3.8) for multiple zeta values are
homogeneous in weight, hence Conjecture 5.8 follows from Conjecture 3.4.

Denoting by dj the dimension of the Q-space Z;, k = 0,1,2, ..., note that
do =1,dy, =0, dy =1 (since ((2) # 0), d3 = 1 (since ((3) = ((2,1) # 0)
and d; = 1 (since Z; = Qr* by Exercise 3.3 (i)). For k > 5, above-deduced
identities allow to compute the upper bounds; for instance, ds < 2, dg < 2,
d7 < 3 (see Exercise 3.3), and so on.

CONJECTURE 5.9. For k > 3, the recurrence relations
dk = dk_g -+ dk_g (513)
hold; equivalently,

> 1

E_
det _1_t2_t3'
k=0

It is now shown dimg Z;, < dj, for all k£, where the sequence dj, is defined
by the recursion (5.13) (and dy = dy = 1, d; = 0). There are several proofs
of this result, due to Terasoma [41], to Deligne and Goncharov [10], and to
F. Brown [8]; all are algebraic and use motivic interpretations of the multiple
zeta values.

Even if Conjectures 5.8 and 5.9 are confirmed, the question of choosing
a transcendence basis of the algebra Z and (or) a rational basis of the Q-
spaces Z;, k = 0,1,2,..., is still open. Concerning this problem, we find
the next conjecture of Hoffman rather natural (compare, for example, with
Exercise 3.4 (b)).

CONJECTURE 5.10 (Hoffman’s basis). For any k = 0,1,2,..., a basis of
the Q-spaces Zy. is given by the set of numbers
{C(s):|s| =k, s; €{2,3}, j=1,....(s)}. (5.14)

A serious argument for Conjecture 5.10 to be valid, is not only experimental
confirmation for & < 16 (under the hypothesis of Conjecture 3.4) but also
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agreement of the dimension of the Q-space spanned by the numbers (5.14)
with the dimension dj, of the spaces Zj in Conjecture 5.9.

EXERCISE 5.6. For given £ = 0,1,2,..., show that the number of MZVs
in (5.14) is equal to di. Here dj, is the same sequence defined earlier in (5.13).

Although proving Conjectures 5.8-5.10 in the form given is hopeless at the
present time, the ‘true’ MZVs in R are the images under a Q-linear map of cer-
tain motivic MZVs which are defined purely algebraically. The Terasoma [41]
and Deligne-Goncharov [10] bound dimg Z;, < dj, as well as Conjecture 5.8
about disjointness of the subspaces Z, are shown to be true for the motivic
MZVs. Terasoma and Goncharov established the bound by showing that all
MZVs are periods of so-called mized Tate motives that are unramified over Z.
Another well-known conjecture in the area states the converse, that is, that all
periods of mixed Tate motives over Z can be expressed as linear combinations
(over Q[(27i)*!]) of MZVs. Equivalently, this says that the dimension of the
space of motivic MZVs of weight £ is exactly dy.

Brown [8] proved the latter conjecture and also the fact that the motivic
MZVs from Hoffman’s conjectural basis in Conjecture 5.10 form a basis of the
corresponding Z;. Brown’s proof requires quite specific properties of certain
coefficients occurring in the relations over Q of some special MZVs; namely,
that the MZVs

E(m,n) =¢({2}™,3,{2}") forn,m >0,

which are part of Hoffman’s basis, are QQ-linear combinations of products
72y + 1) with p +v = m +n + 1. A very explicit version of such a
formula was given by Zagier [48]; we discuss this remarkable identity of MZVs
in Section 6.2.

Our final exercise in this part relates counting of the number of MZVs to
partitions.

EXERCISE 5.7. (a) How many different MZVs of given weight k exists?

(b) Compute the limit of d,lc/ " as k — oo for the sequence dj constructed
in Conjecture 5.9.
(¢) Any polynomial in single zeta values,

(W2)50C<3)81C(5)82 Q20+ 1), 50,81, 825 - - -, St € L,
belongs to the linear space Z; of MZVs of weight
k= 2sg+3s1+5sy+ -+ (20 + 1)s;.

Assuming Conjecture 1.10, all these polynomials are linearly independent over Q.
Denote by ¢ the total number of such polynomials of given weight k. Compute
cx for small values of k& (namely, for £ < 12) and show that ¢, < dj, for k > 8.
(In other words, the algebra of MZVs cannot be fully generated by single zeta
values.)

(d) For the sequence ¢ from part (c), find a general analytic formula and

compute the limit of c,lg/ M as k — o0.



CHAPTER 6

The two-one formula and its relatives

6.1. The two-one formula

In the introductory section the following alternative version of the multiple
zeta values with non-strict inequalities was mentioned (see (2.2)):

C*(S) = C*(Slvs%"'vsl) = Z s1 521

nl n2 DY nlsl
ni>ng>--2>n>1

Exercise 2.2 gives a simple recipe to pass from one model to the other.
Relation (2.3) is an example of simple relations for the multiple zeta star
values; its companion is

)n—l

C ({21 = 20— 2k =23 T

(This expression can be compared with the one for (({2}*) given in (4.4) and
reproduced in (6.11) below.)

The starting goal of our joint project with Ohno (in 2006) was not just
finding a general form of the two families of identities for the MZSVs but
searching for alternatives of Hoffman’s basis (5.14) in terms of multiple zeta
star values. Note the one can replace that basis with its dual (the order is
swapped and each 3 is replaced with 2, 1)

{¢(s):|s| =k, s; €{2,1}, j=1,...,£(s), no 1s next to each other}.
(6.1)
Another choice of the basis

{C*(s):|s| =k, s;€{2,3}, j=1,....0(s)}.

was also proposed at the time in [22], and later confirmed by Glanois [11]; the
equivalence of the two Hoffman’s basis conjecture was also discussed by Zagier
and Brown. Essentially, the original question was whether one could replace
(conjecturally) the MZVs in the ‘dual’ Hoffman’s basis (6.1) with MZSVs. We
found that this is not the case already in weight 12 by showing that ¢*({2,1}%)
is a rational multiple of 7'?, hence of (*({2}%). However, on this way we suc-
ceeded in generalising (2.3), conjecturally. Some particular cases of our conjec-
ture—dubbed as the ‘two-one formula’— were established by ourselves, and
it was finally proved in full generality by Zhao in 2013. One of lucky accidents
of our proofs was a discovery of the weighted version (2.11) of Euler’s original
formula (2.10) (the sum formula of depth 2 in the modern terminology).

65
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THEOREM 6.1 (Two-one formula). For k = 0,1,2,..., denote g1 =
({2}%,1). Then for any admissible index s = (s1,52,...,58) with odd entries
S1,...,5, the following identities are valid:

Cfogs g 1) = 3 (~1)7P27 P ¢ (p) (6.2)

= 27 P¢(p), (6.3)

where, as in Ezercise 2.1, p runs through all indices of the form (s 0 s3 0
-+~ 0.38;) with ‘o’ being either the symbol ‘) or the sign ‘+’, and the exponent
o(p) denotes the number of signs ‘“+’ in p.

Surprisingly enough, the pattern in (6.2), (6.3) is similar to that in Exer-
cise 2.1. One particular instance corresponding to [ = 2,

C{2), 1, {212, 1) = 2C(251 + 285 + 2) + 4C(251 + 1,285 + 1),

was shown to be true in our original work with Ohno (by an elaborate de-
scending inductive argument given in eight lemmas!). It implies the equality

C{2hn L2 ) + ({28, 1 {21, 1)
=4C(2s1 + 289 +2) +4¢(2s1 + 1,280 + 1) +4((2s2 + 1,251 + 1)
=4¢(2s1 +1)C(252 + 1) = ({2}, D¢ ({212, 1)

when sq, s > 1, which does not seem to be generalisable further to cases [ > 2.
A related formula

C{2A1 1) = (m+ 1¢((m + 1)n + 1)

for any positive integers m, n was given two different proofs are given by Zlobin
and Ohno-Wakabayashi. If m = 1 it is nothing but formula (2.3), while
if m > 2 then its left-hand side equals ¢*({us, {pt1}™ 2}", p1), so that the
two-one formula implies the closed-form evaluation of the corresponding right-
hand side in (6.2) (equivalently, in (6.3)) by means of the single zeta value
(m+ 1){((m + 1)n + 1), where the integers m > 2 and n > 1 are arbitrary.

EXERCISE 6.1. Show the equality of the right-hand sides in (6.2) and (6.3).
HinT. Use Exercise 2.1. 0J

On the right-hand side of (6.2) and (6.3) we have MZSVs and MZVs of
length at most [, while the left-hand side involves a single zeta star attached
to an index with entries 2 and 1 only (and the number of 1’s is equal to [);
the latter circumstance was the reason of dubbing the formula as the two-
one formula. The formula does not seem to be a specialization of identities for
polylogarithms (3.9) but, after Zhao’s proof, is linked to the multiple harmonic
sums (3.24), their star counterparts

1
H*(s;N) = H"(s1,...,8;N) = Z

S1 EP) S 0
TLl 7’L2 A ’I’Ll
N>?’L1>TL2>>TLZ>
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but also to a different type

~ N2 1
H(s;N)=
(s N) Z (N —n)! (N +ny)! n'ng?--n'’

N>ni>ng>-->n;>1

where N =0,1,2,... and PNI(;N) = ]/-j(;N) = 1 for the empty index s. As
seen earlier

lim H(s;N)=((s) and lim H*(s;N)=("(s)
n—o0 n—o0
when s; > 1.
EXERCISE 6.2. Show that for admissible multi-indices s, we have
lim H(s;N) = ((s).
n—o0
HiNT. The limit relation is equivalent to showing that, for £ > 2 and any
multi-index s = (s1,...,8)),

SN H(s;m—1) N2
Jm D T(l TN =) (N+m)!) =0 (64

m=1

(Notice that the expression in the parentheses is always positive.) Try first to
prove (6.4) in the toughest possible case k = 2, s; = --- = 5, = 1. One possible
strategy is to split the sum into two, according to m < v/N and m > v/N; use
an estimate for the expression in the parentheses for the first sum and some
trivial estimates for the second one. O

With the above notation in mind Theorem 6.1 is the limiting case, as
N — o0, of the following result.

THEOREM 6.2. For any N € N,
HA ({211, {21, 1, .. {2}, 13 N) = 2 3 2@ i (p; ),

p=(2s1+1)o(2s2+1)o---0(2s;+1)
(6.5)

where o is either comma or plus and &(p) denotes the exact number of commas.

PROOF. For aesthetic reasons we will write H} (s) and }AIN(S) for H*(s; N)
and H (s; N), respectively. The proof of (6.5) is by induction on N + [. As
Hi(s) =1 for any s and Hy(s) = 1/2 if I = 1 and 0 otherwise, the equality in
(6.5) is trivially true when N =1 and [ > 0 is arbitrary.

Furthermore, assume that N > 1 and use the definition to write

Hy ({23, 1,{2}°2,1, ..., {2}°, 1)

- 1 S S
_ 2 :—nzsﬁk Hy ({2¥F,1,{2}2,1, ... {2}*,1)
k=0

— 1 * 52 S
+ N251+1 HN({2} 717"‘7{2} l71)-
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Applying the induction statement to the newer multiple harmonic sums we
obtain

Hy({2}°,1,{2}=,1,...,{2}",1)

= N2251 ZN% Z 26(p)1f[N71(P)

k=0 p=(2k+1)o(2s2+1)o---0(2s;+1)
2 )
+ W Z 2 (p)HN(p). (66)

p=(2s2+1)o---0(2s;+1)

Using then the geometric sum

i(ﬁ) 2k _ 1 N251+2 . n%sl-&-?
=0 nq n%sl (N - n1>(N+ TLl)

we deduce that

S1

ZNQk?INflqjl + 2k7p27 s 7pr)

k=0
=N Z (N —n ;\IN:N + | ,,P1+2s1 12 pr
N>ny>ng>->np>1 A )t nf Ng™ -+ =N
1 N2 1
N2 N>n1>r;~>nr21 (N —n)l (N +nq)! n€1—2n2272 o.pPr
_ N2 Z N'? 2 1 .
N oo 51 (N —nq) (N + ng)! pfrt2siphz ol
1 N2 1
TN N>m>r;>_“>m>1 (N —n)! (N +nq)! n]fl_QngQ copbr

~

N 1
:N281HN<p1+2815p2a'~-7p7‘) _WHN(pl_Z’p27""pr)'

Therefore, the equality in (6.6) can be written as

Hi ({231,221, .. {23, 1) — 2 > 2°®) [, (p)
p=(2s1+1)o(2s2+1)0---0(25;+1)
2 ) T
= N2l 27 Hy (p)
p=(2s2+1)o---0(2s;+1)
2 NP
a(p)
o N2s1+2 Z 27°® HN(p)

p=(—1)o(2s2+1)o---0(2s;+1)
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(we expand the first o in p = (—1) o (2s5+ 1) o---0 (25, + 1))

2 o
= VanT1 > 27" Hy(p)

p=(2s2+1)o---0(2s;+1)

2 5(p) T
~veE 2. YWHs)
p=(2s2)0---0(2s;+1)
1 & N2 )
— : 200 H, )
stl+2Z(N m) (N +m)l 2. 1(P)
m=1 p=(2s2+1)o--0(25;+1)
(6.7)
Finally, the other identity
N
N2
2 Hm— ) Y s
; N—m)!(N+m)!m 1(Propos- o)
- 1S (P2, - -, r)
n1 1 27 ceey MUr
N
H, ey Dr N2
_ Z 1—1 p27 ,Pr) .9 Z m
— (N —m)! (N +m)!
= m=ni+1
(the internal sum is summed by Exercise 6.3 below)
:i ni— 1p27"'7p’l“)_ (N_nl)le
1 (N—nl) (N+Tl1)
= NHN(plaPZa v 7pr) - ﬁN@l - 1,]92, v 7pr)
simplifies the right-hand side of (6.7) to zero. O
EXERCISE 6.3. For integers NV > 0 and n > 0, show
N (%)
2 Z N+m) - <N+n) :
m= n+1 m n
HinT. Use a telescoping argument: verify that
2m T]X (N-I—m)(i\;)
(NJr(m)) ZG(N,m—f-l)—G(N,m), where G(N,m):—w,
and sum both sides of the identity over m from n + 1 to N. O

Finally, we point out that using the integral representation of MZSVs,

/ / dtSH- +si
[0,1]51FFs H ( SRR 2 +sz>
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(compare with (3.27)) valid for any admissible multi-index s = (s1,..., ), we
can write the right-hand side of (6.2) as follows:

-1
(L4t t ss
2// ngl( th 1t +‘)dt1...dt51+...+sl. (6.8)
[071}31+--'+Sz Hi:l 1-— tl t

( S1+-+Si

The change of variable u; = ¢, ---t; for j =1,..., 514 -+ s5; gives the integral

-1 S1+-+s;—1
duj (1 + sy ogs,) dUsy g
LAY (O

1 — Ugiqrg )Ug s,
1>u1 > >usy 445, >0 i=1 “j=s14-+s;_1+1 ( sit +81) sitetsi
sy

S1+-+s;—1

S | e (6.9)

;i 1 — Ug ...
j=sittsii 1Y 1ty

where the empty sum sy + --- 4+ s;_1 for ¢« = 1 is interpreted as 0. Therefore,
any of the two integrals in (6.8), (6.9) may replace the right-hand sides of (6.2)
or (6.3).

6.2. Zagier’s identity
Zagier’s formula shows that the multiple zeta values
E(m,n) =C¢({2}™,3,{2}") form,n >0, (6.10)

which are part of Hoffman’s basis in Conjecture 5.10, are Q-linear combinations
of products 72#¢(2v + 1) with u +v =m +n + 1.

Before giving the formula for the numbers £(m, n), we first recall the much
easier formula from the family (4.4) (see Exercise 4.6(a)),

7T2n

E(n) =C({2}") = 2T forn >0, (6.11)

for the simplest of the Hoffman basis elements.

THEOREM 6.3 (Zagier). For all integers m,n > 0, we have

¢(m,n) = mel(_l)r_l ((1 - 2%) (QmQ:— 1) - <2n21 2))

r=1

x&m+n—r+1)C02r+1), (6.12)

where the value of (m+n—r+1) is given by (6.11). Conversely, each product
E(pu)C(k — 2u) of odd weight k is a rational combination of numbers &(m,n)
with m +n = (k —3)/2.

Zagier’s original proof [48] is skillfully designed and worth studying on its
own. Other proofs can be found in [12, 26, 27] (see also [13]). Here we follow
an elementary proof given by L. Lai, C. Lupu and D. Orr in [25].
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LEMMA 6.4. For nonnegative integers m and k the integral

2 w/2 2 2m
[mk:_/ (22) cos? 2 dz
o)y (2m)!

is evaluated as follows:

(2]6) 1
Ink =5 2. o

k> >km>k L m

where the empty sum (when m = 0) is understood as 1.

PrROOF. For m > 0 and k£ > 0, start with integration by parts

) w/2 95)2m
L = —/ ( Z) ~! 2d(sin 2)
T Jo (
2(2 2m—1
(2k — 1) cos®* 72 2 sin® z — L cos? 1z sinz | dz
(2m —1)!
4 /2 95)2m—1
=2k —1)(Lng—1— Imxr) + %/o % cos®* ! 2 d(cos 2)
implying
2k — 1 2 [T (2z)m
L = L1 + — e cos™ ! zd :
K o K 1+7rk i <2m_1)!COS zd(cos z)
Then
9 w/2 2 2m—1
- / Q2] cos® 71 2z d(cos 2)
TJo (2m—1)!
) w/2 9 2m—1 2(92 2m—2
=— / Q2] (2k — 1) cos®* ! 2 sinz — 22z cos® 2 | dz
T Jo (2m — 1)! (2m — 2)!
2 /2 95)2m—1
—(2k—1)- ;/0 % cos® ! zd(cos 2) — 21,14
implying
) w/2 (22)2771—1 - 1
- /0 m COS zd(cos z) = % L1 k-
Thus

2k —1 1
Lk = —7— Lnp—1 — 75 I ’
k % k=17 75 1k

which can be conveniently written as

2_%[ . = _22k_2 ) 2_% Tk
G G (k) *

and the same recursion Sy, x = Sy k-1 — Sm—1.4/ k? is satisfied by the sums

1
Swe= D Em

ki>o>km>k L m
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for m, k > 0. Therefore, the formula stated follows by induction on m + k with
the help of identities

) w/2 2k
Ipy = —/ cos? zdz = M
T Jo

(see Exercise 1.3) and

2m+1 /2 ﬂ.Qm 1
07 1(2m)! / = (2m+1)! Z k3. k2

0 k1> >km>0 1 m

(see (6.11)). O

We also need the following special case of the hypergeometric function (see
Section 4.1).

EXERCISE 6.4 (][40, eq. (1.5.7)]). The following identity is valid:
F(éa —%a, ;,SIHQ z) = Cos az.

Comparing the coefficients of the expansion of the identity in powers of a
(and reverting the sides) we deduce the following formula.

LEMMA 6.5. For positive integers n,

n 1 & ZSlnz 1
n' 2n2 k2 2k) Z 2_”12
=1

l
E>l>o>l,o1>1 1 n—1

For the next evaluation we introduce generalised Clausen’s functions

(0.9} . 0 )
Z S Im Li,(e’) for s even,

nS
ClL(0) = ¢ "=
Z cosnf = ReLiy(e) for s odd.
nS
n=1

They satisfy differential equations
d Cls(9)
dé

EXERCISE 6.5. (a) Give a closed form expression for Cl;(#) and show that

dCll(O)_ 1 0
0 = 2cot2.

= (—=1)°Cls_1(0) fors=2,3,....

(b) (Clausen) Prove that

0
012(9):—/ log‘Zsin%’dt.
0
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LEMMA 6.6 ([36, Theorem 2.1]). For a nonnegative integer n and real x,
™ n Cl 2
/ Z"cotzdz = (Wx)” (_1)L(k—1)/2jk! (n> k+1( Zx)
0 k=0 k (2mx)

1)™2n!
+5MMnﬂ£_§———dn+1% (6.13)

where Oy, stands for Kronecker’s delta.

PRrROOF. Denote the function on the right-hand side of (6.13) by g(x). Then

o(0) = (e D1 (1) 1y Sra )
n - ~1)/2 n\ (—1)k*127 Cl,.(27z) .
+ (7z) ;(_1)Wf )/ Jk!(k) o) + (mx)"m cot(mx)
= 7"t2" cot(rx)

and this clearly coincides with the derivative of the left-hand side in (6.13). In
addition,

Cl, 1)"/2p
g(0) = (=1)ln=1/2] ';—1() + Oln/2) /2 % ((n+1)=0. O

LEMMA 6.7. For a nonnegative integer n,
[n/2]

n/2 e § C(2r+1)
/0 Z"cotzdz = (—) (logQ—i—Z 27~ 22 1+(5an/2])<2 )W)

In particular, for a polynomial P(z) € C[z] of degree d > 0 with P(0) = 0 we
have
Ld/QJ )

AWZ%@mm@z— <)h%2+§: ?T ()(L_%J<@%+U

22 (_qyr
+ j{: er 0)¢C(2r +1).

PROOF. For the first identity, substitute x = 7/2 in (6.13) and use Cl; () =
—log?2, Cly, () = —(1—272")¢(2r +1) and Cly,(7) =0 forr = 1,2,... . For
the second identity, we only need to verify it for P(z) = 2" wheren = 1,2, ...,
but this is precisely the first one. OJ

EXERCISE 6.6 (open problem). Give a direct proof of the formulae in
Lemma 6.7.

PrROOF OF THEOREM 6.3. The proof compares two evaluations of the very

same integral
. 2 /1 (2arccos z)*™ ! (2arcsin )" dx
0

(2m +1)! (2n+2)  z° (6.14)
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First use the identity of Lemma 6.5 for n shifted by 1 and z = arcsinx to
write

. 2 1 ! (2 arccos x)?m+! , dx 1
fmn) =2 (| e ) Y g
™ () \o (2m +1)! T kSl SR

Now observe that

) _— /2 2m+1
/ (2 arccos ) ' 2L g / &' cos?1 - sin ~ dz
0 (2m + 1)! o (2m+1)!
1 [T/ (95)2mH
R L d(cos% 2)

in the notation of Lemma 6.4, hence
. =1 1 1 m n
k=1 ki>o>km>k L M k>l >l >1 1 n

On the other hand, taking z = arcsinz in the integral (6.14) and using
arcsin x + arccosz = /2 for 0 < x < 1, we find out that

9 /7r/2 (7 — 22)2m+1 (2z)2n+2
0 2m+1)! (2n+ 2)!

22m+2n+4 w/2 T 2m—+1 _—
= - — " tzdz.
7r(2m+1)!(2n+2)!/0 (5-2) & cotzde

For the polynomial P(z) = (7/2 — 2)*™ 1222 we get P(n/2) = 0 and

per) <Z> — _(2r)! 2n + 2 <Z)2m+2n+3—2r
2 2r —2m — 1) \2 ’

2m+ ]_ T 2m-+2n+3—2r
PCI(0) = (2r)] (-)
)=, 9, _2)\5

forr=1,...,m+n+ 1. Therefore, Lemma 6.7 implies

£lm,m) = (2m + 1)!2(2n +2)! mfl(_wl(?r) | ((27‘ in;f— 1) (1 B 2%)

r=1

2 1
B ( m+ )>W2m+2n+2—2r<(2r+ 1),

cot zdz

2r —2n — 2

which after a simple manipulation with the factorials and the use of (6.11)
gives precisely the right-hand side of (6.12). OJ

EXERCISE 6.7. Prove the second statement of the theorem (that is, the
invertibility of matrix M}, in (6.15)) by computing the 2-adic valuation of the
entries of the matrix.
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REMARK. The second part of Theorem 6.3 (Exercise 6.7 above) gives rise
to several other open questions [48].

The coefficients in the expressions for the products &(u)((k — 2u) as linear
combinations of the numbers £(m,n) do not seem to be given by any simple
formula. For example, the inverse of the 5 x 5 matrix

_ 15 189 _ 255 4603

2 16 16 256
0 _15 315 _ 1753 9585
2 8 16 64
157 889 10689
0 0 55 16 128
_ 1985 11535
0 2 =30 552 — %>

17925
—2 12 -30 56 -9

expressing the vector {{(m,n) : m +n = 4} in terms of the vector {¢(2m +
BE(n) : m+n =4} is

11072505 19354609 23488575 22114173 15331307
50084880 122931470 160083660 147349978 89977320
246001728 508012288 669540272 613537008 369002592 | |
2555171 | 494939520 1022542528 1349936640 1236102000 742409280
300405248 620662272 819546624 750355968 450607872

in which no simple pattern can be discerned and in which even the denominator
(prime 2555171) cannot be recognised. This shows that the Hoffman basis,
although it works over Q, is very far from giving a basis over Z of Z-linear
span of MZVs, and suggests the question of finding better basis elements.

The following question is supported by numerical data for m +n < 30, but
remains open.

EXERCISE 6.8 (open problem). Denote My the matrix from (6.12) express-
ing the vector {£(m,n) : m +n = k} in terms of the vector {{(2m + 3)&(n) :
m +n = k}, that is,

e (gt () (), o

Show that all the entries of the inverse matrix M, ! are strictly positive.

6.3. Double zeta values and products of single zeta values

In this section we fix an odd number £ = 2] + 1 > 3 and discuss the rela-
tionship between the double zeta values ((m,n), the zeta products {(m){(n),
and our latest heroes &(u, v), all of weight m +n =2(u+v)+3 =k.

It was already found by Euler (explicitly for k& up to 13) that all double
zeta values of odd weight are rational linear combinations of products of single
zeta values.
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THEOREM 6.8. The double zeta value ((m,n) (with m > 2 and n > 1) of
weight m +n =k = 2l + 1 is given in terms of the products ((2s)((k — 2s),
s=0,1,...,1—1, by

n“ —2s—1 k—2s—1 .
=727+ (527 s )

X C(23)C( —2s). (6.16)

PROOF. The harmonic and shuffle products in the case of single zeta values
result in

C(r)¢(s) =C((r,s)+((s,r) +((k), wherer+s==k, r;s> 2, (6.17)

=3 (771 + (77 1) )etmt-m (6.9

m=2

wherer +s ==k, r,s > 2,

In both cases we can suppose without loss of generality that » < s, since both
sides of the equations are symmetric in 7 and s. This will give us only 2(l —1)
equations for the 2/ — 1 unknowns ((m, k —m), 2 < m < k— 1. However, both
(6.17) and (6.18) remain true if we fix any value T' (that is, any regularization)
for the divergent zeta value ((1) (here 0 or Euler’s constant y would be natural
choices but we can also simply take 7" to be an indeterminate) and use one of
them to define the divergent double zeta value ((1,k — 1), so that this gives
2l—1 equations in 2] —1 unknowns. To solve them, we introduce the generating
functions

ZC Tlsland Ql‘y ngnmlnl

r,s>1 m,n>1
7‘+s:k m+n:k

with the convention ((1) =7 and ((1,k—1) = ((k—1)T — (k) —((k—1,1).
Then the (double shuffle) relations (6.17) and (6.18) translate into equations

k—1 k—1
—Y

Plr,y) = Q) + Qo) + (R —
=Qz,z+y)+Qy,z+y)
Using Q(—x, —y) = —Q(x,y) (for k odd), allows us to solve for Q:

Q(z,y) = R(z,y) + Rz —y, —y) + R(z — y,2),
1 A T
where  R(z,y) = o Pz,y) + P(-2,y) —C(k)x—_y :
This is equivalent (because of ((0) = —3) to (6.16). O
Either of the double shuffle relations (6.17) and (6.18) permits us to express

the single zeta products ((2r)((k — 2r) in terms of all double zeta values of
weight £, but we would like to do this using



6.3. DOUBLE ZETA VALUES AND PRODUCTS OF SINGLE ZETA VALUES 7

(a) only the ‘odd-even’ values ((k — 2r, 2r), where we also include ((k) to
have the right number of quantities, or
(b) only the ‘even-odd’ double zeta values ((k — 2r — 1,2r 4+ 1).

This turns out to be possible only in case (a), as we now show.

Since in case (a) we have taken ((k) as one of the basis elements, we can
omit it from the basis and work modulo ((k) in the right-hand side of (6.16),
which simplifies to

-1
Clk—2r,2r) = Z((;; - ;i) + (QQZT__QiS))C(Qs)C(k _2), 1<r<i—1,

s=1
(6.19)
where the congruence is modulo Q¢(k).
THEOREM 6.9. For odd k = 2l + 1 > 3, the products ((2s)((k — 2s),

1 < s <1—1, are expressible in terms of double zeta values ((k — 2r,2r),
1<r<I[—-1.

PROOF. Let Ny be the (I — 1) x (I — 1) matrix whose (r,s)-entry is the
sum of binomials in (6.19). It is sufficient to show that the determinant of the
matrix is non-zero.

Any binomial coefficient (T;) with m even and n odd is even, because in

this case
m\ m m—1
n) n\n—-1/)

Thus, the matrix N} is congruent modulo 2 to a unipotent triangular matrix
and hence has odd determinant. 0J

REMARK. The immediate consequence of Theorems 6.3 and 6.9 is the fol-
lowing result: For each odd k =21+ 1 > 3, the | numbers ((k) and ((k — 2r,
2r), 1 <r <I1—1, span the same space over Q as the | numbers

{&myn) m+n=101-1} or {7¥C(k—2r):0<r<Il-—1}

Zagier made several experimental observations about the matrix /N which

we give here as open problems.

EXERCISE 6.9 (open problem). For k = 2/+1 > 3 and the matrix N = Ny,
defined above, show the following:
(a) det N = (=1)'1-3-5--- (20 — 1); and
(b) the entries of the inverse matrix N~! are explicitly given by either of
the two expressions

k—2s
—2 k—2r—1\(/n+2s—2
-1 -
(v )S’T_Qs—lz(k:—Qs—n)( n )Bn

n=0

k—2s
2 2r — 1 n—+2s—2
= B, 1<sr<Il-1,
25—1Z(k—23—n)( n ) >0

n=0

where B,, denotes the nth Bernoulli number (see Section 1.3).
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6.4. Hirose—Sato integrals
One can cast the two-one formula (6.3) in the form

* k k k 2#{”17n2,~~~,nz}
1 2 1 _ E :
C <{2} 717{2} 717"‘){2} 71) - 2k1+1_ 2ka+1 ..n%ﬁl’
l

mi>ng>->m>1 1 T2

(6.20)
where ky > 1, ko, ...,k > 0 and #{ny,ns,...,n;} counts distinct elements in
{n1,n9,...,m}. In fact, Zhao gives in [50] a general formula expressing any
multiple zeta star value (*(s) in terms of the zeta-star looking sums

#{ni,....,n
Fs)=CF(s1,.os) = Y (_1)"1(81*1)+"-+nz(81*1)2 e

ny>-2n>1

6.21
ny'--om (6:21)

More precisely, he show that there is a bijection ¢ on the set of admissible
indices such that

¢*(s) = (*(os) for all s. (6.22)

For the particular shape s = ({2}%,1,{2}*2,1,...,{2}*,1) of an admissible
index one gets 0s = (2ky + 1,2ky + 1,...,2k + 1) implying the two-one for-
mula (6.20). The general description of the bijection o in [50] is somewhat
sophisticated and requires introducing a lot of additional notation. In order to
gain a clear vision of o we follow the generalisation of Zhao's formula (6.22)
given by Hirose and Sato in [16].

Given holomorphic 1-forms ¢4, ..., ¢, on an open connected domain V' C
P! and a path v: [0,1] — P! such that v(0,1) C V, define

Liwion.ooun) = [ [ o) o),

1>21>->2z >0

where 2 = v(1) and y = v(0). We omit + if it happens to be a straight line
connecting x with y. For z € C, set

dt
e,(t) =
() t— =z
In these settings,
C(s1sn ) = (1) (L e ey e T ere®  (er — ey); 00).
To produce an integral expression for (#(s), we assign the sequence g, €1, . .., & €

{+£1} to the admissible index s = (s1,...,s;) by the rule
eo=1 and ¢ =(-1)""lg;, forj=1,...,1
Then

(F(s) = (=1)sH T8 ](1, eqt 1(2651—60)~--eél’1_1(2651_1—60) S 1(2651 —2e); 00).
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Let us first see how the two-one formula looks like, on a particular example
(*(2,2,1,2,1) = ¢*#(5,3):
I(l;e_je1e_je1epe_qeq (g —e_q);00)
= I(1; epepepen(2¢e1 — €p) egep(2e1 — 2¢e); 00). (6.23)
In order to present the correspondence between the two expressions in a more
transparent form, introduce auxiliary differential 1-forms
fi-i=f11=e, fiir=2e1—e and [f1_;1=2e_1—ep.

In this notation, the right-hand side of (6.23) can be stated as
I i fnfia - finfi—if-i(fin — fi-1);00),

where the rule we choose to switch between f; _; and f_;; (which both cor-
respond to the same eg) is to force alternation of 1 and —1 in all consecutive
indices, and we always start from f;_;. We are now ready to witness an
explicit form of Zhao’s idenity (6.22).

THEOREM 6.10 (Zhao's relations). For any e1,...,&,ex01 € {1} with
€1 # 1, we have

]<17 661682 Tt e€k_1(€€k - €€k+1); OO)
= [(1; f1,€1f€1,€2 T f5k7275k—1(f5k7175k - f5k7175k+1>; OO) (6'24)

Though Theorem 6.10 sounds general enough, its form suggests existence
of an even more general result. Suppose that we can find some differential
forms f, ., for any z,w € C such that

(i) fz,w = f.u for z,w € {£1}, and
(ii) the identity

](1; €21€2 " " ezk71(ezk - 62k+1); OO)
- I(l; fLZl fZ1,Z2 U fzk72,2k71 (fzkfl,zk - fzk71,3k+1); OO)

holds for any zi, 29, ..., 2, 2k+1 € C with z; # 1 (to ensure the conver-
gence of either side!).

The naive choice fzﬁw = 2€(:4w)/2 — €o clearly meets condition (i) but it fails
to satisfy (ii).

EXERCISE 6.10. Prove that the differential 1-form

u

satisfy both (i) and (ii) above.

With the differential form from Exercise 6.10 in mind, after the change of
variable ¢ = (u + u™')/2, we can now give a general identity which implies
Theorem 6.10.
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THEOREM 6.11 (Hirose-Sato [16]). For k > 0 and zg, 21, ..., 2k, 2k11 € C
with zg # z1 and z, # 2,11, we have
[’Y(ZU; €21€Czp " " 62k—1(62k - ezk+1); OO)
= I’Y(ZO; 920,21921,20 " " Gzp_a,21 (gzk—lyzk - gzk7172k+1>; OO), (625>

where
dt

(t—2)(t —w)

and v is a fived path from zg to oo avoding the singularities of the integrand.

9zw (t) =

SKETCH OF PROOF. Denoting f(zo, 21, ..., 2k, 2k+1) either side of (6.25),
one routinely verifies that
aizlfl(zo,zhzz) = % i %
and
0 1
a—Zkfk(zO, Zlyeney Zhy Zhl) = P—— fr—1(z0, 215 - - -5 21)-

Integrating we determine the constant by setting 2 = 2zx11, in which case both
sides vanish. OJ

The argument can be generalised even further by introducing, for complex
a with Rea > 0, the differential 1-forms
dt
(t — 2)o(t —w)t—
THEOREM 6.12 (Hirose—Sato [16]). For k > 0 and 2y, 21, ..., 2k, zk+1 € C
with zg # z1 and zy # 211, the integral

g, (t) =

[’7(207 g?O,Zlg:LZQ o g?k,2,zk,1 (g(zlk,l,zk - g?k,1,2k+1); oo) (626)

does not depend on «.

In particular, the choice v = 1 corresponds to the left-hand side of (6.25),
while a = § is for the right-hand side of (6.25). Thus, Theorem 6.11 follows
from Theorem 6.12.

The most general form of the Hirose-Sato theorem is the following Selberg-

integral-type identity.
THEOREM 6.13 (Hirose-Sato [16]). Take

. dt
gz,ﬁ@) = (t . Z)a(t . ’LU)lfﬁ'

For k > 0 and collections of complex (k + 2)-tuples zg, ..., Zk11, Qoy- - -, QCgt1
and By, . .., Brr1 satisfying

20 # 21, 2k # Zke1, Reag >0, Reffy >0, Reapy <1, Refypy <1,

ao—ﬂozal—ﬁlZ"'Zak—ﬁk:akﬂ—ﬁkﬂa
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the following identity is valid:

C 00,01 0,0 Qe Q1 , . , , Bk Br+1.,
I’y(ZOv gzoo,zllgzll,z; © Gz, zky Zk-H) . I’y(ZOv gfg,ﬁlgff,iz © Gz Zk-i-l)
L 00,Qk41, - . BoBra1, ’
1,203 Gzomsh 5 2ht1) L (203 Gzo 2ran s Zh41)
(6.27)
Choosing ag = -+ = a1 = a — 0 and fy = -+ = fry1 = % in Theo-

rem 6.13 we recover Zagier’s formula from Section 6.2.



CHAPTER 7

g-Analogues of multiple zeta values

7.1. ¢-Zeta values

The classical idea of introducing an additional parameter in an expression
or formula we wish to deal with, is quite fruitful in many situations. This
may significantly simplify a proof of the corresponding identity or lead to
a more general identity which have several other useful specializations of the
parameter introduced. We have already witnessed a usefulness of this approach
on examples of functional models of generalised polylogarithms in Section 3.2
and of multiple harmonic sums in Section 3.4. These were used for proving
the shuffle and stuffle relations of MZVs, respectively. Because the functional
versions satisfy only ‘half’ of relations of MZVs, we can hardly use either of
them as a parametric version of the latter numbers.

There is a different way of introducing a parameter. The story usually
refers to the parameter ¢ (from ‘quantum’, whatever it means) and often has a
different flavour. The basic idea is simply replacing a number n (not necessarily
an integer!) by the function [n] = [n], = (1 — ¢")/(1 — ¢); this is, of course,
nothing else but a polynomial for positive n € Z. The actual motivation of
the replacement has clear analytical grounds:

lim [n], = n,

q—1
0<g<1

so that the (sometimes formal) limit as ¢ — 1 produces back the original
quantities. Note however that this is only a part of the recipe, as multiplying
the ‘g-number’ [n], by any power of ¢ makes exactly the same job as ¢ — 1.
Getting the right exponents of ¢ is an art.

EXERCISE 7.1. For integers m > n > 0, define the g-binomial coefficients

{m} - {mL = ﬁ, where [n]! = [1][2] - - - [n].

n n [n]! [m — n]!

Show that all are polynomials in ¢ with integer nonnegative coeffcients. These
are also known by the name Gaussian (binomial) polynomials in the literature.

HinT. Show first the g-analogue

= T L

82
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of Pascal identities, or the q—binomial theorem

k=1

Before going into details of q—generahzatlon of multiple zeta values, let us
examine the zeta values—MZVs of length 1. For this purpose, we introduce
an ‘arithmetically motivated’ g-model of ((s), namely,

s—1

2081 n)q" _i?_;]:, s=1,2,..., (7.1)

n=1

where o,_1(n) = > 4, d“"*1 denotes the sum of powers of the divisors. Here
are the first few instances:

. = " - : - Q”(l +qn)
1) = 3) = SRS A
Zq (1+4q" +q2") iq (14 11q¢™ +11q2”+q3")
n=1 1 B q n=1 1 B q )

and, in general,

@(k):Z%, k=1,2,3,...,

where the polynomials py(z) € Z[x] are determined recursively by the formulae
pr=1 per1=04k-=-1Dx)p, +x(l—2x)p, fork=1,2....
The latter imply pg4+1(1) = k! that results in the limiting relations
lim (1 —¢q)%¢(s) = (s—1)!-C(s), s=2,3,....
q—1
0<g<1

If s > 2 is even, then the series Es(q) = 1—2s(,(s)/Bs, where the Bernoulli
numbers B, € Q are defined in Section 1.3, are known as the Eisenstein se-
ries. In particular, they are examples of (quasi-)modular forms whose struc-
tural properties are well studied. This circumstance allows one to prove the
coincidence of the rings

Qla: Go(2), Go(4), Go(6), o (8), G (10), .. ] and Qg, (4(2), G4(4), Gy(6)];

the fact can be viewed as a g-analogue of the coincidence of the numerical rings

Q[¢(2),¢(4),¢(6),¢(8),¢(10),...] and Q[¢(2)] = Q[
which we established in Corollary 1.9. Even more, the ring Q[q, ¢,(2), ¢,(4), ¢,(6)]
is differentially stable because of Ramanujan’s system of differential equations
1 1 1
(SEQ 12 (E2 E4), 5E4 - g(E2E4 - EG), 5E6 = §(E2E6 - Ez), (72)

where, as before, § = qdiq.

n=1
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EXERCISE 7.2 (Bailey [4, 54]). Show that

~ qnl
W= 2 T=gri—a)

ni>n2>1

Multiplying both sides of this identity by (1 — ¢)* and letting ¢ — 1, again
recover Euler’s identity (1.13).

7.2. ¢-Models of MZVs

The main requirement from a g-model of MZVs (or MZSVs) is a better
understanding of the structure of linear and algebraic relations between the
corresponding numbers. An important advantage of the g-model is that prov-
ing the absence of such relations and guessing their existence are usually a
much easier task: for example, the linear independence of any version of ¢-
MZVs (and much more) is known, while just the irrationality of odd single
zeta values seems to be hard. On the other hand, showing that some relations
hold is normally easier for numbers than for functions. The main problem here
is finding an appropriate g-analogue which is often dictated by already existing
proofs of the corresponding original identities.

An unfortunate thing about MZVs is that there is no uniform ¢-generaliza-
tion of the multiple zeta (star) values. Having however several g-analogues in
mind and a simple way to pass from one g-model to another gives one a very
natural parallel between the numbers and their g-analogues.

There are very good reasons to believe that the most perfect g-extension
of MZVs is given by

ni(s1—1)+na(s2—1)+-+n;(s;—1)

g
alsn, 82,y 51) = , (7.3)
q n1>n2;>n121 [n1]81 [n2]32 . [nl]sl
where conditions on the multi-index s = (s1,...,5;) are exactly the same as

for the MZVs (2.1) (that is, the multi-index is admissible). The corresponding
g-analogues of the values of Riemann’s zeta function are in this case as follows:
n(s—1)

(
Cols) = Z T

= [P

The g-model (7.3) inherits many relations available for MZVs ((s). There is
a version of stuffle relations, which is based on the identity from the following
exercise.
EXERCISE 7.3. (a) Show that
qn(sfl) qm(rfl)

[nl5  [ml;

n(s+r—2) qn(errfl)

=(1-4q)

q
+
men [nlgtr=t  [nl5t
(b) One may also interpret (, as a linear evaluation map on the Q-algebra
$Y generated by admissible words over the alphabet {y;,%s,...} (as in Sec-

tion 3.1). Use part (a) to define the harmonic (stuffle) product %, on the
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algebra $' in such a way that
Co(wikqws) = Cy(w1)¢,(wsy)  for words wy, wy € H°.

There is however no reasonably nice version of shuffle relations. The follow-
ing result of Okuda and Takeyama [34], which includes numerous implications,
is a convincing argument to count the ¢-MZVs (7.3) appropriate enough. Re-
call that the height m = m(s) of a multi-index s = (s1,...,s;) is the number
of components satisfying s; > 1, so that m(s) > 1 for an admissible indices
s. Denote the set of admissible multi-indices of fixed weight w = |s|, length
[ = {(s) and height m = m(s) by I(w,l,m), and set

@q(ZL‘, v, Z) _ Z :L‘w_l_myl_mZQm_Q Z Cq(s)-

w,l,m=0 sel(w,l,m)

THEOREM 7.1. The generating function ®, is given by

e T ([l o)), ~ ")
L+ & —onale2) = LG =y

—ep(Y Z;(q—l)“cq(j)),
(7.4)

where o and B are determined by
atf=z+y+(@-1)( —2y), af=2"

In particular, the sum of the multiple q-zeta values of fized weight, length and
height is a polynomial in q and single q-zeta values.

The limiting case ¢ — 1 is Theorem 4.6 of Ohno and Zagier given in
Section 4.3.

COROLLARY 1. We have the generating function identity

Z $5+1yr+1<q(3 +2’{1}r)

R D W)

k=2 j=2

In particular, because of the symmetry in x and vy,
Cols +2,{1}") = ¢o(r +2,{1}").
ProOF. The identity follows by taking z = 0 in (7.4). O

COROLLARY 2 (Sum theorem). The sum of all admissible multiple q-zeta
values of fixed weight w and fized length is equal to (,(w),

Yo Gls) =G w).

s:|s|=w, £(s)=l
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PROOF. This derivation is more subtle. Taking the limit as 22 — ay
in (7.4) gives

o0

Dy (.Y, /7Y) = !

— ([rlg = 2¢")(Irlg — ya")

S L) ()

= > 2"y G mn+2) = Y 2 (w).

m,n=0 w>1>1

r

qT’
713

On the other hand, it follows directly from definition that

CI)q(CL’,y, \/@) = Z xw_l_lyl_l Z CII(S>‘

w,l=0 s:|s|=w, £(s)=l

It remains to compare the coeflicients in the two representations of ®,(z, v, /7).

OJ
EXERCISE 7.4. For an indeterminate ¢, show
qnl ! 1 o qln
2w e = 2 e, ey
HinT. This is equivalent to the sum theorem in Corollary 2. OJ

The g-model (7.3) also fits the g-version of Theorem 5.1.

THEOREM 7.2 (g-analogue of Ohno’s relations [7, 39]). Given a non-

negative integer m, for an admissible index s = (s1,...,s) and its dual
s' = (s],...,5,) (in the sense of Section 3.3), we have the identity
Z Cq(81+i1,...,8l+il): Z (q(5'1+i1,...,s§€+ik).
i1y, 20 i1 50y >0
114+ =m i1++ig=m

EXERCISE 7.5. Prove Theorem 7.2.

HINT. Replace the Seki-Yamamoto ‘connected’ sums (5.1) by their g-an-
alogues using the rules

1 qn(sfl)

1) [y (g — tq")

and
[T= (5] = ta?) - TTZ (g — tqj)‘

: O
T2 (1], — ta?)

C(n,m;t) = Cy(n,m;t) = ¢""
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In spite of the above naturalness of the ¢-MZVs (7.3), there exist other
variations, and we indicate more in what follows. The main difficulty of all
these g-models occurs when we look for a reasonable g-generalization of the
shuffle product from Theorem 3.1, the product originated from the differential
equations for the multiple polylogarithms (3.9). Lemma 3.5 tells us that

1
d - Lis1—1,32 ..... sl(z) lf S1 Z 2a
& LiS1,82 ----- Sz(z) =¢” 1 ) ) (75)
T Lis, .5(2) if sy =1,
and this comes from the fundamental theorem of calculus,
d d d
S(F2)9()) = () 9() + () - T-(2). (7)

The differential equations (7.5) give rise to an integral representation of the
polylogarithms (3.9) (hence, of the multiple zeta values), where the participat-
ing differential forms dz/z and dz/(1—z) are assigned as two non-commutative
letters, so that the integrals themselves are interpreted as words on these let-
ters.

The g-analogue of (7.6) reads as

Dy(f(2)9(2)) = Dof(2)- 9(2)+ f(2) Dag(2) — (1 = @)z Dy f(2) - Dag(2), (7.7)

where

D1t = L =19

Defining a g-analogue of the multiple polylogarithms (3.9) as

ni

Lis1 ,,,,, S1 (Z7 Q> - Z m; (78)

ny>-->n;>1

from (7.7) we deduce the following analogue of (7.5):

) ; Lisl—l,sg ..... sl(z; Q) lf S1 Z 27
Dg Lis, s,.....5 (259) = 1

..... a(z7q) ifs =1

This g-model of the multiple polylogarithms, together with classical formulae
in the theory of basic hypergeometric series (which we ‘touch’ below), were
used in the derivation of Theorem 7.1 by Okuda and Takeyama [34]. This
is a reason to believe that the g-multiple polylogarithms (7.8) are ‘motivated’
g-analogues of (3.9), and that their values at z = ¢,

3q(31:527---:51) = (1 _q>7|5| LiSl,SQ ..... sl(q; q)
ni

(7.9)

— 4q
o Z (1_qn1>51(1_qnz)SQ...(l_qnz)Sz’

ni>ng>-->n;>1
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are reasonable g-analogues of multiple zeta values. Note the normalization
factor (1 — ¢)~/*l in the latter specialization; it makes many formulae for g-
MZVs ‘cleaner’ and could be also used for the g-model (7.3).

Although the rule (7.7) might be interpreted as a shuffle product of a suit-
able functional g-model of the multiple polylogarithms and the corresponding
¢-MZVs, these models are different from and even ‘incompatible’ with already
given models. For example, the g-analogue of the formula

Li;(2)" = r! Ligyy, (2)

(cf. Exercise 3.12 (a)) in terms of (7.8) involve certain undesired ‘parasites’: if
r = 2, from

(1-2)

D, (Liy(z; q) Liy (2 q)) = i - Lii(z19) + Lir (2 q)i - (1—-4q)

we have

. > n—l
Liy(2;9)* = 2Lij1(2;9) — (1 —¢q) Z
n=1

where the latter series cannot be expressed by means of (7.8).
A related problem is a g-generalization of Euler’s decomposition formula

C(r)¢(s) = Z:; (S - j H) C(s+¢,r—i)+§ (T - 21 * Z) C(r+i,s—i) (7.10)

(which follows from the double shuffle relations (6.17), (6.18)), since the known
proofs make use (explicitly or not) of the shuffle relations. It seems that a way
to overcome this difficulty is to extend the algebra of ¢-MZVs differentially,
that is, to consider a differential algebra of ¢-MZVs and all their -derivatives
of arbitrary order, where § = q%. Although it is hard to justify this claim, let
us see how the problem may be fixed on the example of a g-analogue of (7.10)
when r = s =2,

((2)? = 2¢(2,2) +4¢(3,1), (7.11)
by means of (7.9). As Bradley shows, even this particular case involves some-

thing, which is not expressible by means of ¢-MZVs (7.3).
We start with the partial-fraction identity

1 1 1+
=3 fxvy +f Yy, xr)), Whefef%?/ = )
o=y 2/ /o) @) = T2y —ay)
and differentiate both sides with respect to x and y,
of (x,y) 2 4 4 1+2y

oroy (- aP(l—wy)? (L—a)(1 -l (1-a)(1-a)® (1—ayP
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Multiplying the result by xy, substituting xr = q” and y = ¢, and using

i zy(1l + xy)

(1- wy)?’

n,m=1
=13 e — 634(2) — 23,08) + 3,2
(1—¢2 < (1-¢p ™ ! o
we finally arrive at

561(2)2 +034(2) = 234(2,2) +434(3,1) — 434(2,1) + 23,(3) — 34(2),

which is the desired g-analogue of (7.11).
One can also use Ramanujan’s system of differential equations (7.2) to get
rid of the term 63,(2). Namely, using

03¢(2) = 34(2) — 534(3) + 534(4) — 23(1(2)2

we obtain

3(1(2)2 = —2354(2,2) —434(3,1) +434(2, 1) + 534(4) — T34(3) + 234(2),

which is also a g-analogue of (7.11). But for a general g-analogue of (7.10) we
do expect terms involving 63,(s) and 03,(t), hence working in the é-differential
algebra generated by the multiple g-zeta values (7.9). Is there a nice form of
double shuffle relations in this differential algebra?

7.3. Multiple ¢-zeta brackets

Apart from standard g-model of the multiple zeta values (7.3) and (7.9)
discussed above, there is a somewhat different version introduced recently by
Bachmann (partly in collaboration with Kiihn):

1

= s1i—=1 . gsi—1 _nidi+--+nid
[81’-.-78l:|_(31_1)!‘..(81_1)! Z dl dl ql 1y

n1>-->n;>0
di,...,d;>0

sy =)l (s — 1)
% Z d‘il_l ... d;’l*1q(m1+~~-+mz)d1+(m2+-~~+ml)d2+~~~+mzdl‘

(7.12)

The series are generating functions of multiple divisor sums, called (mono-)
brackets, with the Q-algebra spanned by them denoted by MD. These clearly
include the single g-zeta values (7.1) from Section 7.1. Note that the g-series
(7.12) can be alternatively written

1 Z P (") -+ - ps, (@)

ol = E e gy (1- g

ny>-->n;>0
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where pg(x) = xps(x) are (essentially) the polynomials from Section 7.1:

pole) (AT e
(1—xz)s dz l—z 4 ’

Since ps(1) = ps(1) = (s — 1)!, we have

lim (1 — )" sy, ..., 8] = C(51,...,81). (7.13)

q—1-

In addition to (7.12), Bachmann introduced a more general model of the
brackets

S1y--5 81 1
Tty - 5T 7“1!(31—1)!'--7’1!(31—1)!

-1 -1
% E n71“1 dil . nln dlSz qn1d1+ +n;d;

n1>-->n;>0
di,...,d;>0

1
ril(sy = D)ol (sp— 1)!
S () ) (7.14)
_qm)sl...(l_qnl)sl’ ’

X

1
ny>>n;>0 (

which he called bi-brackets, in order to describe, in a natural way, the dou-
ble shuffle relations of these g-analogues of MZVs. Note that the stuffle (or
harmonic) product for both models (7.12) and (7.14) in Bachmann’s work
comes from the standard rearrangement of the multiple sums obtained from
the term-by-term multiplication of two series. The other shuffle product is
then interpreted for the model (7.14) only, as a dual product to the stuffle one
via a partition duality. Bachmann further conjectures that the Q-algebra BD
spanned by the bi-brackets (7.14) coincides with the Q-algebra MD.

The goal of this section is to make an algebraic setup for Bachmann’s
double stuffle relations as well as to demonstrate that those relations indeed
reduce to the corresponding stuffle and shuffle relations in the limit as ¢ — 1.
We also briefly address the reduction of the bi-brackets to the mono-brackets.

The following result allows one to control the asymptotic behaviour of the
bi-brackets not only as ¢ — 17 but also as ¢ approaches radially a root of
unity.

EXERCISE 7.6. Asg=1—¢ — 17,

1 ﬁs(qn) _ 1 —c e A g8 A e
oD Uy~ e (L9 + A %) = A+ 0()
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where the polynomials F(g) € Q[e] of degree max{0, k — 1} are generated by

kZ:OFk(s)x 1 (1 —e27)/e

1 2 L, 3
=1+z+ —§5+1 °+ 65 —e+1)z

1 7 3
+ (——53 +—e®— e+ 1)3:4

24 12 2

1 1 5
+(1—2084—183+152_2€+1>ZE5+”'

and

8
%

Yo hat= 1y m+z B% 2

s=0
is the (modified) generating function of the Bernoulh numbers.

By moving the constant term A, to the right-hand side, we get

1+w:1.<5—1_l)+o<e>,

2 1—q" n 2
1 p2(q") 1 -2 -1 1
EalRNLCA S _ O
2 gy w2 \& ~F Tig)toE
p3(q") 1 3 3 o 1
LCAS SV _ 2 - O
0—g) (5 5¢ tge )+ (e),
1 pa(q") 1 -4 3 (e 1 1
—_—— = -2 £ — =T — — O
™0 gy & ¥ T T§ ) o6
and so on.
PROPOSITION 7.3. Assume that sy > r+1 ands; > r;+1 forj=2,...,1L
Then
S1,...,98] <(81—7’1,82—T2,...,Sl—7’l) 1 _
Lﬁ, : ,rll gl (1= qpiroatts 0077 17

where ((s1,...,5;) denotes the standard MZV.

Another way to tackle the asymptotic behaviour of the (bi-)brackets is
based on the Mellin transform

o) 5 B(s) = / " oty ar

which maps
r
P (S) .
a=e (nldl + -+ nldl)s

nidi+--+n;d;
4 |
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Note that the bijective correspondence between the bi-brackets and the zeta
functions

['(s) 3 nitdy ey
7’1!<81—1)!"~TZ!<SZ—1)! (n1d1+~-~—|—nldl)5

ny>-->n;>0
di,...,d;>0

can be potentially used for determining the linear relations of the former. A
simple illustration is the linear independence of the length 1 bi-brackets.

THEOREM 7.4. The bi-brackets [fﬂ, where 0 < r; < 51 <n, $1+1r <
n, are linearly independent over Q. Therefore, the dimension d5P of the Q-
space spanned by all bi-brackets of weight at most n is bounded from below by

[(n+1)?/4] = n(n+2)/4.

PrROOF. Indeed, the functions

I'(s) 3 nydy ((s —s1+1)¢(s — 1)

— =T(s :
7”1! (Sl — 1)' 11y >0 (nldl)s ( ) (81 — 1)'7"1'

where 0 <ry < sy <n, s1+r; <n,

are linearly independent over Q (because of their disjoint sets of poles at s = s;
and s = r; + 1, respectively); thus the corresponding bi-brackets [ﬁ}] are Q-
linearly independent as well.

A similar (though more involved) analysis can be applied to describe the
Mellin transform of the length 2 bi-brackets; note that it is more easily done
for another g-model we introduce below.

Consider now the alphabet Z = {z;, : s,7 = 1,2,...} on the double-
indexed letters z,, of the pre-defined weight s +r — 1. On QZ define the
product

T1 + ro — 2
Zs1,r1 O Zsary = Rs1+s2,mr1+r2—1

r — 1
S1 .
S0 S1+ SS9 — ] — 1
+ Z(_1> ! < s1— >)‘81+82jzj,r1+r21
j=1

s9 .
S1— S1 -+ So — ] — 1
+ Z(_l) o ( Sy — j ))\51+52—j2j,r1+r2—1) . (7.15)
j=1

where

— B,
Z)\x o 1+Zs|x

s=1

is the generamng functlon of Bernoulli numbers. Note that A\, = ), for s > 2,
while )\1 = —); in the notation of Exercise 7.6.

EXERCISE 7.7. Show that the the product ¢ is (associative and) commu-
tative.
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With the help of (7.15) define the stuffle product on the Q-algebra Q(Z)
recursively by 1 mw =wm1l = w and

aw mMbv = a(wmbv) + blaw mwv) + (a©b)(wmv), (7.16)
for arbitrary w,v € Q(Z) and a,b € Z.

PROPOSITION 7.5. The evaluation map

r—1,...,m—1

[.]: 28177‘1 . -Zsl’rl s |: S1y...,95] ‘| (717)

extended to Q(Z) by linearity satisfies [wmuv| = [w] - [v], so that it is a homo-
morphism of the Q-algebra (Q(Z),m) onto (BD, ), the latter hence being a
Q-algebra as well.

PROOF. The proof is based on the identity

Tlfl A

n" " pg, (¢") _ n""ps, (¢")
(st = DHr = DHL —g")*r (s2 = DI ra = DI — ¢7)*
_ (7’1 + To — 2) n””z’_Q < ﬁlerSQ (qn)

rp—1 (r1 4712 = 2)I\ (51 + 52 — D! (1 — gn)sitee

st (ST S2— 35— 1 pi(q")
+Z<_1) ? 1( ))\51+52—j( Y
j=1

s1-J j=DH1 =gy

e ( T 1) T qﬂ)j)' -

o i
= 2—J

Modulo the highest weight, the commutative product (7.15) on Z assumes
the form
T+ 7T — 2

Rs1+s2,r1+r2—1s
r — 1

Zsy i © Zsgry = (
so that the stuffle product (7.16) reads

Zs1,m WITI 255,V = Zs1,my (wrm ZSQJ’QU) + Zsg,r (281,7’1w muv)

+<7’1+7’2—2

r—1 >281+52,T1+T21(w rm U) (718)

for arbitrary w,v € Q(Z) and zs, ., 25, € Z. If we set zg = 21 and further
restrict the product to the subalgebra Q(Z’), where 72’ = {2z, : s = 1,2,...},
then Proposition 7.3 results in the following statement.

THEOREM 7.6. For admissible words w = z,, --- 2z, and v = Zst c o Zsl, of
weight |w| = s1 4+ -+ s, and |v| = 8| + - -+ + ), respectively,

[wmuv] ~ (1 — q)_|w|_|”|<’(w xv) asq— 17,

where x denotes the standard stuffle (harmonic) product of MZVs on Q(Z').
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Since [w] ~ (1 — q)~™I¢(w), [v] ~ (1 — ¢)7"I¢(v) as ¢ — 17 and [wmv] =
[w] - [v], Theorem 7.6 asserts that the stuffle product (7.16) of the algebra MD
reduces to the stuffle product of the algebra of MZVs in the limit as ¢ — 1.

To analyse the duality of bi-brackets, we introduce the following alternative
extension of the mono-brackets (7.12), called multiple q-zeta brackets:

381,...,81 :5(1 S1y...,85]
1y...,T ry..., 17
= E m;l_ldil_l . m;lfldlsl*1q(m1+"'+ml)d1+(m2+"'+ml)d2+~~~+mldl

mi,...,m;>0
di,...,d;>0

=c Z mqlilﬁm (qm1+...+ml>m2271ﬁsz (qm2+~~-+ml) e m;l_lﬁsz(qml)
(1 _ qm1+-"+mz)81(1 _ qm2+---+ml)32 e (1 _ qml>5l

mi,...,m;>0

(7.19)

where

S1 . S1 S, 8 S1y-..,95]
Lﬂl—l}_ [rl] and [51""’5’]—{0,...,0}—3{1,...,1]'
By applying iteratively the binomial theorem in the forms

(m + n)rl—l nr2—1 7"1‘52:_1 <] _ 1) mritrz—i-1 ni—1
(

(ri—1)! (ry—1)! —~ \r-1 Ty —j— 1) (5 —1)!
and
(TL - m)rfl _ i(_l)r_’_z nifl mrfi
(r—1)! - (i — 1) (r —4)!

we see that the Q-algebras spanned by either (7.14) or (7.19) coincide. More
precisely, the following formulae link the two versions of brackets.

EXERCISE 7.8. Show that
S1, S9, ey Sy
7“1—1,7“2—1,...,7“1—1
ri+re—1 /. Jotrs—1 . Ji—1tm—1 .
— J2—1 J3—1 Ji—1
D SH Y I OO ) B DO G
J2=1 Jz=1 5i=1

X5 S1, ‘ ‘ S92, ‘ R S1—1, ) s‘l
M+ Tre—J2,J2+T3s =03, s i1 T — I
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and

Ti—1

T1 T2
3 S1y -+, 81 — Z Z . Z (_1)r1+-~~+mf1—i1—-~~—izf1
r1y..., 1T

i1=112=1 i _1=1

" (7‘1 — 11+ — 1> (TJ—Q — o+ U1 — 1) (Tl—l — 1+ — 1)
ry— 1 Ti—g — 12 Ti—1 — -1
s s S s
« |: 1 29 ) -1 l :|

nw—Lr—i+io—1,... e~ o+ —1Lm1—41+m—1

Exercise 7.8 allows us to construct an isomorphism ¢ of the two Q-algebras
Q(Z) with two evaluation maps [-] and 3[-],

5[Z81,T1 e Zslﬂ“l] =3 |:f’1: :f’ﬂ ’
such that
[w] = 3[pw] and 3w = [ w].
Note however that the isomorphism breaks the simplicity of defining the stuffle
product m.
Another algebraic setup can be used for the Q-algebra Q(Z) with evalua-

tion 3. We can recast it as the familiar Q-subalgebra " = Q1 @ z¢$Hx; of the
Q-algebra $ = Q(xg, x1) by setting 3[1] = 1 and

S1y...,95]

81 ..T"1 STl 9 9

[zttt ada] =3 :
r1y...,T

The length (or depth) is defined as the number of appearances of the subword
rox1, while the weight is the number of letters xg or £1 minus the length.

PROPOSITION 7.7 (Duality). We have
5317327"'7Sl :srlyrl—ly"'arl )
T1,72,...,7 S1, 81—15- -+, 951

PROOF. This follows from the rearrangement of the summation indices:

! ! ! !
o ! /
D_diy my=3 diy m
=1 j=i =1 j=i
where d; = myy1; and m}; = diyq . O

If 7 denotes the familiar anti-automorphism of the algebra $ (and of its
subalgebra $°), interchanging x¢ and z;, then, clearly, 7 is an involution pre-
serving both the weight and length. The duality can be then stated as

3[rw] = 3[w] for any w € H°. (7.20)

We also extend 7 to Q(Z) by linearity.
The duality in Proposition 7.7 transfered to the bi-bracket setting (7.14),
namely @17y, is exactly the partition duality given by Bachmann.
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We can now introduce the product which is dual to the stuffle one. Namely,
it is the duality composed with the stuffle product and, again, with the duality:

wimv = o 're(e 'rpwmetrpv)  for w,v € Q(Z). (7.21)
It follows then from Propositions 7.5 and 7.7 that

PROPOSITION 7.8. The evaluation map (7.17) on Q(Z) satisfies [w o] =
[w] - [v], so that it is also a homomorphism of the Q-algebra (Q(Z),™) onto

PRrRooOF. We have
[wimo] = [p ' Te(p ™ Tpwm e~ Tev)]
=3[rp(p  rowmeT i Tev)] = 3[p(p T TewmeT i Tev)]
= [p I rpwmeTtTeu] = [p T Tew] - [pT Teu]
= 3[rpw] - 3[rpv] = 3[pw] - 3[pv] = [w] - [v]. O

Note that (7.18) is also equivalent to the expansion from the right (this is
established in Exercise 3.15):

WZsy,r MM VZs5ry = (wrm UZS2J’2)ZS1,T1 + (wzswd I U)25277'2

r+ry—2
T ( ry — 1 )<w mv)251+82,r1+r271- (722)

The next statement addresses the structure of the dual stuffle product
(7.21) for the words over the sub-alphabet 2’ = {z; = 2,1 : s =1,2,... } C Z.
Note that the words from Q(Z’) can be also presented as the words from
Q(xg, xox1) necessarily ending with xgx;.

PROPOSITION 7.9. Modulo the highest weight and length,
awmby = a(wmMbv) + blaw M) (7.23)
for arbitrary words w,v € Q1 & Q(xo, xoz1)xox1 and a,b € {xgy, xox1}.

PROOF. First note that restricting (7.22) further modulo the highest length
implies

WZsy py MUZsy 0y = (WM V255005 2171+ (W21 TMV) 2y 195
and that we also have
WZsy ry+1 M VUZs5 1y = (WZsy y MUZsy00)T1 + (WZsy 1y 41 MV) Zsy s
Wy 41 M VZsy rpt1 = (W2sy 1y MVZsy 1y 1) 21 + (W2 1y 41 M V2555 1
The relations already show that
wa' mob’ = (wmob)d' + (wa’ mo)b’ (7.24)
for arbitrary words w,v € Q + Q(Z) and o', ¥’ € Z U {1}, where

Rs1,m1 "t Rsim1,r—1 sl T Rsyr C T Rsp_q,mm1 Rsyrtl-
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Secondly note that the isomorphism ¢ (based on Exercise 7.8) acts trivially
on the words from Q(Z’). Therefore, applying 7¢ to both sides of (7.21) and
extracting the homogeneous part of the result corresponding to the highest
weight and length we arrive at

T(wmv) =rwmrv  for all w,v € Q(Z').
Denoting
_ T if a = xg,
a=rT1a= .
ror1 if a = xgxq,
and using (7.24) we find out that

T(aw™Mbv) = 7(aw) M7 (bv) = (Tw)am(Tv)b

(twm(rv)b)a + ((tw)amrv)b

(tTwm7(bv))a + (t(aw) M7rv)b = (T(wmMbv))a + (T(aw™wv))b
T(a(wmbv) + blawmv)),

which implies the desired result. O

THEOREM 7.10. For admissible words w = zg, - - - 25, and v = Zt c v 2, of
weight |w| = s1 4+ s, and |v| = 8} + - -+ s),,, respectively,

[wimv] ~ (1 —q) =PI¢(w ww) as q— 17,
where LW denotes the standard shuffle product of MZVs on Q(Z").

PROOF. Because both ¢ and 7 respect the weight, Proposition 7.9 shows
that the only terms that can potentially interfere with the asymptotic be-
haviour as ¢ — 1~ correspond to the same weight but lower length. However,
according to (7.21) and (7.22), the ‘shorter’ terms do not belong to Q(Z’),
that is, they are linear combinations of the monomials zg ,, - - 24, With
r+--+r, =1+ m > n, hence r; > 2 for at least one j. The latter
circumstance and Proposition 7.3 then imply

lim (1 — q)'l"H'”'[qu,r1 e Zgn ] = 0. OJ
q—1-

Theorem 7.10 asserts that the dual stuffle product (7.21) restricted from
BD to the subalgebra MD reduces to the shuffle product of the algebra of
MZVs in the limit as ¢ — 1. More is true: using (7.18) and Proposition 7.9
we obtain

THEOREM 7.11. For two words w = zg, -+ 2
necessarily admissible,

,and v = zg - zg  not

[wmv —wimv] ~ (1 —q) ¢ (w s v —www) as q— 17,
whenever the MZV on the right-hand side makes sense.

In other words, the g-zeta model of bi-brackets provides us with a (far
reaching) regularisation of the MZVs: the former includes the extended double
shuffle relations as the limiting ¢ — 1~ case.
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CONJECTURE 7.12 (Bachmann). The resulting double stuffle (that is, stuffle
and dual stuffle) relations exhaust all the relations between the bi-brackets.
Equivalently (and simpler), the stuffle relations and the duality exhaust all the
relations between the bi-brackets.

We would like to point out that the duality 7 we introduced in this sec-
tion is similar to the duality of MZVs from Section 3.3. However the two
dualities are not related: the limiting ¢ — 1~ process squeezes the appear-
ances of xy preceding 7 in the words xj'ziz?zy - - xg'xy, so that they be-
come z3 tzyas2 oy -2 oy, Furthermore, the duality of MZVs respects
the shuffle product: the dual shuffle product coincides with the shuffle product
itself. On the other hand, the dual stuffle product of MZVs is very different
from the stuffle (and shuffle) products. It may be an interesting problem to
understand the double stuffle relations of the algebra of MZVs.

Finally, we present some observations towards another conjecture of Bach-
mann about the coincidence of the (Q-algebras of bi- and mono-brackets.

CONJECTURE 7.13 (Bachmann). MD = BD.

Based on the representation of the elements from BD as the polynomials
from Q(xzg,x1) (see also the above comment about duality 7), we can loosely
interpret this conjecture for the algebra of MZVs as follows: all MZVs lie in
the Q-span of

(51,82, 1) = Clag  aay - ay T )

with all s; to be at least 2 (so that there is no appearance of 2] with r > 2).
The latter statement is already known to be true: Brown proves that one can
span the Q-algebra of MZVs by the set with all s; € {2, 3}.

In what follows we analyse the relations for the model (7.19), because it
makes simpler keeping track of the duality relation. We point out from the
very beginning that the linear relations given below are all experimentally
found (with the check of 500 terms in the corresponding g-expansions) but we
believe that it is possible to establish them rigorously using the double stuffle
relations given above.

The first presence of the g-zeta brackets that are not reduced to ones from
MD by the duality relation happens in weight 3. It is 3[%} and we find out
that

3(3) =331 +3[1] - 53[0
There are 34 totally g-zeta brackets of weight up to 4,
3[]7 3017 3[] =3[5], 3[3]7 3[] =3[4], 3[2] =3[3],
3l 3] =3(i2] 3[i0] =3[2], 3[5:] =3[12], 3
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where the asterisk marks the self-dual ones. Only 21 of those listed are not
dual-equivalent, and only five of the latter are not reduced to the g-zeta brack-
ets from MD; besides the already mentioned 3[3] these are 3[3], 3[31],

3[%;} and 3[%%} We find out that

3[3] = 13[%) +33[1] — 23[ 1],

30510 =3[11] +33[ut] - 3[8t] +3[3] -3t -3l
3[12] = —33[T1] —$3[17] +23[3] +3[ 0] - 3[17] +3[1T1)s
3[27) =3[0 ] +23[ 1] +3[ 1],

and there is one more relation in this weight between the g-zeta brackets from
MD:

53[1] =3[t +3[1] —23[1] +23[71] =0
The computation implies that the dimension d5” of the Q-space spanned by
all multiple g-zeta brackets of weight not more than 4 is equal to the dimension

d'P of the Q-space spanned by all such brackets from MD and that both are
equal to 15. A similar analysis demonstrates that

dPP = @2'P =28 and d5P = d4'P = 51,

and it seems less realistic to compute and verify that d5? = dMP forn > 7
though Conjecture 7.13 supports

de’"l Lot
(1 —x)2(1 — 222 — 223)°

We can compare this with the count ¢MP and 5P of total number of mono-
and bi-brackets of weight < n, respectively:

1 11—z
MD n __ BD n __
ng O A and nE O A e v 5 Fypa™,

where F),, denotes the Fibonacci sequence.

In addition, we would like to point out one more expectation for the algebra
of (both mono- and bi-) brackets, which is not shared by other g-models of
MZVs: all linear (hence algebraic) relations between them over C(q) seem to
be always liftable to relations over Q.

EXERCISE 7.9 (Open problem). Show that a collection of (bi-)brackets is
linearly dependent over C(q) if and only if it is linearly dependent over Q.
7.4. g-Differentiation of brackets
LEMMA 7.14 ([2, Theorem 3.1]). The generating series

T<x1a'-'7$l): Z [Sla--' Sl}xil b xZSI '

814..-,51>0
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of brackets of length | can be written as

T(xy,...,1) = Z

di,...,d;>0 j=1

edizi gdi+-+d;

W'
PrROOF. Indeed,

(dyz)> " (d) ™ g
T(xy,...,1) = Z Z (s — D) (s —1)! g 1dy

814..,81>0n1 > >n; >0

di,...,d;>0
_ E ed1w1+-~~+dﬂzqn1d1+--~+mdz
ni>-->n;>0
di,...,d;>0
= Z ed1$1+---+dzl“zq(ml+---+ml)d1+(m2+---+ml)d2+-"+mzdz
i rondy >0

mi,...,m;>0
l
di,...,d;>0 j=1 m;>0

THEOREM 7.15 ([2, Theorem 1.7]). The Q-algebra MD is closed under the
derivative 0 = qdiq.

PRrROOF. We start from observing that

5 qd _ dqd
1—q¢*) (1-¢%?

d ditetd g
_ }: dizy+Adgz 4 4 }: 1+t
(5T(ac1, - ,xl) = et ! ll — qdl 1_ qd1+...+dl 1— qd1+~~-+dz

implying

di,...,d;>0 7j=1
di di+--+dy ! di+tdy)a
or 1 — g% 1 — gdit+ds 1 — ght+d
di,...,d;>0 q q j=1 q =

The product of two generating series

Z d d di+tdy
goe ey

1—qgd1—qgh 11— ght+d
d,di,...,d;>0 q q g

can be viewed as shuffling of single and [-tuple sums. We split the sum over d
into the sums

d dy qd1+~~~+dl

Y= E E gdetdizit-+diz d 4 .
J 1—¢qd1—qgh 1 — ght+d
di,...,d;>0 d1+-"+dj<d<d1+~-~+dj+1
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for j = 0,1,...,1, where the internal sums are » ,_,_, and >, , . ., for
7 =0 and j = [, respectively, and the sums

dy di+-+d;

d
Y = § E ( pdotdizi+tdia 4 q g
’ 1-— qd 1-— qdl 1 — qd1+"~+dl
di ..., d;>0 d:d1+‘..+dj

dittdr  p(ditetd))z gdit+d;

di
— E €d1$1+~-~+dz$z q .. 4 q
1 — g% 1 — gdit+di 1 — ght+d
di,...,d;>0 q q q

forj=1,...,1L. Writingd:d1+---+dj+(fand dj+1:cf+cij+1,we see that
Y, =T(x+x,....0+Tj41,Tj41,...,27) forj=0,1,...,d—1

and ¥, = T(x + x1,...,¢ + x;,x). For the second group of sums we use
q¢® =1— (1 —¢% to write them as
d dy++d, dy++d;
—_ Z R qh g 1+ +dy eldi+-+dj)z
J 1 — qdl 1 — qd1+"'+dl 1 — qd1+"'+dl
di,...,d;>0
—T(x+z,..., 04+ 2, Tjq1,...,2)

for y =1,...,[. It follows then that

di+-+d; di+-+dj)x

d
Z €d19€1+---+dwz q . q Z el
1— qd1 1-— qd1+~~+dl 1 — qd1+"'+dl
Jj=1

!
:T(x)T(xl,...,xl)+ZT(w+x1,...,x+xj,$j+1,...,a:l)

i=1
— g T(x+x,....,04+2;,2,Ti01,...,0) —T(x+x1,...,0 4+ 21, 2).
=1

Using T'(z) = [1] + [2]x + - --, differentiating both side of the identity and
substituting £ = 0 we obtain

L oT (x 1)
5T(I’1,,xl):[Q]T(xl,,xl)—i—ZZ 1a7$k7 l

j=1 k=1

g

aT(Zla s 7Zl+l)

B Z O (21, 2141)
8zk

(2150052141) = (T 1500055, 500, T7)

k=1 (Zl,.--,Zl+1):(1‘1,...,$l,0)
It remains to take into account that the coefficients in the (multi-variable)
Taylor expansion of any order partial derivative of T'(xy,...,z;) are integer
multiples of mono-brackets. |

Now we turn our attention to bi-brackets (7.14). A straightforward com-
putation implies the following result.
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LEMMA 7.16. We have

l
S S1y...,95] _ZS<T+1) 81,...,8]',1,83'—|—1,Sj+1,...,81
= i\ .
T1,...,7 s 7”1,...,7”]‘,177’]'4—1,7”j+1,...,7’l

As a corollary of Lemma 7.16 and Theorem 7.15 we deduce the following.

THEOREM 7.17. Any bi-bracket [ﬂ of length 1 is an element of Q-algebra
MD.
PRrROOF. Since
1 1
|:S+ }:andsqnd:{r‘i‘ :|’
r S
n,d>0

we assume without loss of generality that the entries of our bi-bracket [s]

under consideration satisfy s > r. Then a repeated application of Lemma 7.16
implies

[ﬂ :ﬁ‘s{i:ﬂ T <3_1><s_2§...<s_r>r!5’“[851’

and the result follows from noticing that the mono-bracket [*;"] = [s —r] and
all its o-derivatives are in MD by Theorem 7.15. O
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