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no cayyaro 60-semuasa

[Tycts a € QN (0,2], a # 1. Torga mocjie0BaTIbHOCTL BEJIUIHMH

L aay _
/0 (1—(1—a)x)"“dx€(@10ga+@’ n=012..., (1)

peayiu3yer ‘Xopornue’ panuoHaJIbHbIe TpubinKenusd K log a. CymmecTByeT HeCKOJIBKO
cocoboB OCyIIeCTBUTh WHTerpupoBanue B (1) ¢ TeM, 4T06bl MOKA3aTh, YTO WHTET-
paut siexxut B Qlog a + Q; majiee Mbl IPUBOAUM SKCIIO3UIUIO PA3JIUYHBIX METOIOB.
[lenbio HACTOSIIEN0O MUHHOO30pa-3Cce MPOJIEMOHCTPUPOBATh, KaK Pa3jindHbie 0000-
menust uHTerpaia B (1) mo3BosSIOT yCTAHOBUTH HAWJIYYIHe PE3YJbTaTbl O Mepax
uppanuoHaJbHocTH vucen log2, m u log3. Hecmorps Ha TO, 94TO mpeacTaB/IeHHBIE
HUKe MeTOIBI paboTaloT U B GoJiee OOUMX CUTYyaAIUaX (HAmpuMep, JJIsi HEKOTOPBIX
Q-nuueitHbIX hopM 0T JTorapudMOB), TPU YKAAHHBIX IUCJIA MPEACTABISIIOTCS HAM
HanboJIee KPACUBBIMA U BAXKHBIMH MOJIEJIIMH JIJIsT S9KCIIO3HUIIHH.

OueHKY Mep UPPAIMOHAIBHOCTH OYAyT MPEACTAaBICHb B TEPMUHAX BEPXHUX Olle-
HOK JIJIA TI0Ka3aTesieil mppaluoHaabHocTH. HamoMHUM, 9TO nokazamend uppayuo-
HAALHOCMY BETIECTBEHHOTO YHCJIA 7Y ONPEIeIaeTCs COOTHOIIEHUEM

= u(y) = inf{c € R : nepasencrso |y — a/b| < |b|”¢ umeer

JIMIIb KOHEYHOe YUCI0 B a,b € Z}.

Ouenku mjist (4(7y) BBIBOASTCS C TOMOIIBIO KOHCTPYKIMH JIUHEHHBIX HOpM, comep-
ZKAIUX BEJIUUMHY 7Y, U CTAHJAPTHBIX YTBEPKIEHUI CIeAyIOmero BUIA.

*Pafora BbIMOJHEHA TIPU MOEPIKKE MCCIEAOBATENBCKON cTuneHaun Ghouaa Anekcanapa Gon
I'ymboabara n gacruanoit noguepxkke Poccuiickoro dhonga dyHIAMEHTAIBHBIX WCCIEI0BAHUIT,
rpant Ne(03-01-00359.



Mepsr uppanuosapbHOCTH JIOTaPAGPMOB 2

ITpengoxxenmne 1 ([10], nemma 3.1). IIyems v € R uppayuonaavho. Ipednono-
AHCUM, UMO NOCALO0BAMEALHOCTVD NUHETHBE GOpM b,x — a,, € yesbMmU KodPPuyu-
EHMAMU U3 NOAA POGUUOHANDHOIT YUCEA UAU MHUMOZ0 KEAIPATNUYHOZ0 NOAS YI06-
AETNBOPAELTN, COOTNHOULEHUAM

log |by, |

1 bn — Un
lim sup < 0y, lim M

n—00 n n—00 n

= _C,

ede Cy u C1 — nexomopwie noaosicumenvhoie sewecmeermnvie wucaa. Tozda pu(y) <
1+ C1/C.

ITpengoxxenne 2 ([11], nemma 2.1). Iyemv w,w’ € R — dsa uppayuonasorox
vucaa. Ilpednososicum, wmo nocaedosamesvrocmu auHelHuT Gopm b, — a, u
byx — al, ¢ ueavimu KosPPuyuenmamu U3 NOAA PAUUOHAAOHILT YUCEA UAU MHUMOZO0
K6adpamuUuH020 NOAA YOOBALNEOPAIOM COOMHOULEHUAM

) log |b . loglbyw —a . loglbw' —d!

lim sup g‘ n‘ < Cla lim M — _CO’ lim M — _C(’]
n—oo n n—oo n n—0o0 mn

ede Cy < C} u C, — mexomopwvie nososcumenvrvie sewecmsennvie wucaa. Tozda

A0600 nenyaeeoti saemenm vy € Quw + Quw' asasemesa upparUOHaALHBIM ¢ 0UEHKOT
u(y) € 1+ C1/Cy daa nokaszamers uppayuoHaLLHOCTU.

3ameuwanue. Ha camom nmene, semma 2.1 B [11] HECKONBKO OTJIMYAETCS] OT HAIIETO
HOCJIeJHEr0 YyTBePZKIeHNd; OJHAKO HEMOCPeJCTBeHHasd NPOBEPKa IOKa3blBaeT, YTO
npuBeseHHoe B [11] m0Ka3aTebCTBO MPOXOIUT U B CJIydae Hamed ‘Moaudukamyun’.

1 Mepa upparuoHaJbHOCTU IJid log 2
(mocisie E. Pyxangze)

1.1 T'mnepreomerpuydeckasi dyHkmnus I'aycca

Msr Gymem paborarh ¢ 6osiee obmieit (hopmoit nurerpasa (1), UMEHHO ¢ HHTErpaJIOM

I(m,ng,ni;a) = /0 a in(()il__afg:nﬂ dz, (2)

I7ie HEOTPHIATEIbHBIE LEIIBIE 112, T, 71 YAOBIETBOPSIOT JOIOJHATEILHOMY YCIOBHIO
max{m,ng} < ny (310 OrpaHuYeHue BBOAUTCS Jyist yao0cTBa). Murerpan B (2) ecrb
B TOYHOCTH #I€POB HHTErpaJl JJls runepreomerpuydeckoro psiaa Laycca:

F(?’L0+1)F(7’L1+1) m+1,n0+1 ]_—CL
L(ng 4 ny + 2) "\ ng+n; +2

o0

_ F(nl—i—l)zF(m—i—l—i—l/)F(nO—i—l—i—V)
CT(m+1) ~T(1+v)l(ng+n +2+v)

I(m, Tbo,nl;a) =

1-a)” ()

v=0
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(cMm., nanpumep, [3], §2.2). [Mocaenusisi cymma MoXKeT ObITh 3alMCAHA B BUJIE

I(m,ng,ny;a) = ZR(V)(I —a)’, (4)
rie
Ct+)(E+2) - (t+m) ny!
R(t) = m! (ttno+ D(E+no+2)---(t+ng+m +1)

(5)

npuuem R(t) = O(t™!) npu t — oo BBUAY M < ny. [lomaras m* = min{m,ne} u
ng = max{m,ng}, pa3noKkuM panuoHaJIbHY GYHKIUO (5) B CyMMYy IPOCTEHIITNX
Jpobeii:

no+ni no+n1 m+no—k ( k n1
_ Ak B (_1) ° (m) (k—no)
RO= 2 5™ 2 R ©)
=n}, =n}

Torna cornacuo (4) moaydyaem

o0 no+ni < _ u+k+1
I(m,ng,n1;a) = Z R(v)(1 —a)” ZAk ~(k+1) Z
v=—m* k=ng v=—m* v+ k + 1
no+ni [ee] 1 _ a
=3 i (z z)
k=n =1
no+ni no+ni1 k—m*
A 1—a —(k+1)
S0 SENIERCIED SR oE ye
k=ng k=ng =1
OTKY/1a
I(m,ng, n; a)(1 — a)"o+™m+t. dn0+n1_m*Dno+n1—m* € Zloga + Z, (8)

rje d 0003HavYaeT 3HAMEHATe b YHCJIa ¢, a 1), — HauMeHbIee o0Iee KpaTHOe TUCeT
1,2,...,n. CoracHO aCMMITOTHYECKOMY 3aKOHY PaCIIPeIeIeHHs IMPOCTHIX UYHCeI
UMeeM CJIe/LyIOIee COOTHOIIEHUE:

. logD,
lim =

n—00 n

1.2 ApudmMmerundeckue OIleHKHI

Bkutouenne (8) B psije ciydaeB MOXKeT ObITh 3HAYMTEJBHO YTOYHEHO, ¥ UMEHHO
3TO HaboAeHne To3BoJnI0 PyxXama3e yCTaHOBHTH PEKODIHYIO OIEHKY JJsl MephI
uppanuoHaJbHOCTH log 2.
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Cummerpusi oFj-psina B (3) oTHOCHTENBHO €ro BepXHHUX HapamerpoB m + 1 u
ng + 1 BJIeYeT TOXKIeCTBO

I(m7 nOanl;a’) — I(n()?m: ng +ny — m; a’) (9)

Fng+1)T'(ni+1) T(m+1)T(ng+n —m+1)

(KoTOpOE HE CTOJIb OYEBHIHO € TOUYKY 3penus (2)). Briaovenune (8), 3anucannoe s
I-Benuunnbr B npasoit vactu (9):

1 — *
I(no,m, no + ny — m; CL)(I o a)no-l—m-l- . dno-l—m m Dno—|—n1—m* c ZlOgCL + Z,
a TaK2Ke paBeHCTBO

m! (ng +ny —m)!

. no+ni+1 no+ni—m*
I(m,ng,ny;a)(1 —a) 0™ @™ Dy —m —
Tog- 1M1
_ . no+ni+1 mno+ni—m*
= I(ng,m,ng +n1 —m;a)(l —a)™ ™ dOTMT D —me

o3HavaoT, uTo ecau P(m, ng, ni) ABJIIETCS 3HAMEHATEEM OTHONICHHUSI

m! (ng +ny —m)!

nO!nl! ’

TO

I(m,ng,ny;a)(1 — a)motmtl. gnotm=—mip e - ®(m,ng,n1)"" € Zloga + 7.
(10)

3BecTtHO, 4TO i KaXKJOro0 IIPOCTOro p mMeeT Mecro dopmyna ord, N! =
|N/p| + |N/p*| + |N/p*| + -, tne | - | — uenas wacrep uncra. Crenosarensho,

®(m,ng,n1) = Hp¢(P)+¢(p2)+¢(p3)+...’ 1)
p

oo 3] [2]-[222)

BakmounresnsHoe 3aMedanne (caenannoe I UyanosckuMm B [7] BMecTe ¢ METOIOM
BBIYHCJICHHs] ACHMIITOTHKY MHOXKUTes€eil Buga (11)) cOCTOUT B TOM, YTO J€IHTE/b

rie

®(m, g, n1) = H p*? (12)
p>/n1

ancaa ®(m,ng,n1) JaeT TIABHBIA BKIaJ B acUMITOTHKY (11), 1 €ro acuMnToruka
MOZKeT OBITh HEeCJIOXKHO MOJCUNTAHA.
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1.3 Pe3yabpTar 00 uppanmoHaJbHOCTHA

Buibop @ = 2 u ng = 6n, m = Tn, ny = 8n, rme n — MNOJOXKUTEJLHBIA IEJIbIi
mapamerp, Bo3pacramomuii K 0o, no3posus E. Pyxanse B [18] mokasars cienyioriee
yrBepxKaenue (cM. takxke [10], [19] u [6]).

Teopema 1. Ilokxasamendv uppayuonasvrhocmu log2 ydosiemsopaem Hepasercmey

1(log2) < 3.89139977. .. .

[TpuBenem HAOPOCOK JOKa3aTeabcTBa. JI1sh yKa3aHHOTO BBIIIE BHIOOpA MapaMeT-
POB TOJIOXKHUM

Y21 —2)8\" dw _ _
I, = I(7n, 6n, 8n;2) = — A,log2 — B,
(Tn, 6n, 8n; 2) /0((1+x)7) 1+ o8

rae seugy (6) u (7) cupasegyuBa dbopmyiia

k=Tn
Torma
log I, 6(1 — )8
lim —8m _ log max (1)
n—soo N o<e<1 (1+x)7
2533(77346331/393 — 153333125
~og 220 = ) 1184497806 ., (13)

U B COOTBETCTBUM C aCUMITOTHYecKOit popmysoit Ctupnunra aid dakTopuasa

log |A 1
limm:]im—log max (k>< sn )

nooo T n—o0 7, m<k<14an \Tn ) \k — 6n

yY 8®
=1 .
e 7‘2%4(77@ — 7y =61 - y>>

2533(7734633/ 153333125
—log 23 (7734633 i?“ 53333125) _ 19 68147230 ... (14)

Jlng BBIYHMC/IEHUS aCUMOTOTHYECKOIO NOBeJeHud BeJUduHbl @, = 5(771, 6n,8n) B
(12) mbr mosb3yeMcst TeM, 910 ¢(t) = wo(n/t), roe

wo(z) = max{0, |6z] + |8z] — 2|7z]}

[l eemze LU U]
)0 wunmade.

oo W
~|w
~—
~
N[
e
~—
L
[CMI1)
ot
~—
L—
[N
~| >
~—
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[Tosromy

log ®,, L 21533 3+6v2—4V3
lim Ogn - / 0 (@)dy(x) = log — Ch ‘g V) = 2.45775406.. . .,
n o 0

(15)

rae (x) — norapudmMudeckas Tpou3BoAHas raMMa-pyHkuun. [Ipumenss Briode-
uust (10) u acumnroruku (13)-(15), 3akiouaem, 410

Co = — log(7734633+/393 — 153333125) + 10log2 — 8 +
= 6.30273213. . .,

(3 +6v2 — 4/3)
6

34+ 6v2 — 4v/3
C, = log(7734633v/393 + 153333125) — 10log2 + 8 — m(3+ \g v3)

= 18.22371823. . .,

B 0603HaueHusaX npeaioxKenus 1. OKoHYaTEIbHO, IPUXOIUM K OIEHKE

C
n(log?2) < 1+ 0_1 = 3.89139977 . .. .
0

[Tonydennstit pe3yabTaT JJisi MepHI 10g 2 MOXKHO CPaBHUTH C OLEHKON B CJIy4ae
6ostee mpocToro BeIGOpa ng = ny = m =n (kak B (1)):
Co=—2log(v2—1) —1=2log(vV2+1)—1, C;=2log(v2+1)+1,

OTKY/1a

Cr . 2log(v2+1)+1

1< = 4.62210083. .. .
Co 2log(v2+1) -1

p(log2) < 1+

2 Mepa upparuoHaJIbHOCTA AJIS T
(mocsie M. Xarbi)

2.1 CoBmMecTHBIE TPUOJINXKEHUS JorapudMoB

Bamena mepementoil z = 1 — (1 — a)x B (1) mpuBOAUT UHTErPAT K BHILY

(=) / G i Cll) i (16)

(1 _ a)2n+1 Zn—l—l

BmecTo passioxkeHusi mocjie/lHero WHTErpaJia Mbl OyJemM paborarb ¢ OoJiee oOIUM
KOMNACKCHDILM AHTETPATIOM

Mamma)- |

1—‘l,a.

(z—=1)"(z—a)™ - (z — ag)"*
Zm—i—l

dz,
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rue I'y , ecTb riankumit opuenTHpyeMbiit Iy Th u3 1 B @, 3akodennsiii B obnactu C\
{0}; mapamerpsi a, ay, ..., ar — KOMIUIEKCHBIE YuCia, He paBHble 0 1 1; nokasaresu
No, N1, - - -, Mg, M — TOJIOXKUTEJIbHBIE Tebie. VaTerpan B (16) orBedaer BBIGODY
k=1, a =aunyg=n; =m =n. [lonarag JONOJHATEJbHO ag = 1, TaK »Ke, KaK u
B [11], pasnen 3, Haxomum

Ik(aa m,n; a Z Z Z A ( ) <l1> - (7:) /F SlothitFlpg—m—1 4,

lo=011=0

— ) . Nk lot-+lpg—m _ 1
Sy () () e )
lot+ -+l #m

+Z ZA,( ) (l) loga, (17)
lo+:+l=m k
rIe

Al - Alo,h, Wy — (_1)l0—|—l1—i_m_|—lk61’71“_l1 o _aZk—lk

U MblI BOCIOJIb30BAJIUCH (DOPMYJIOit

a l
/ Zl—ldzz/ Al gy = a'/l mpul#0,
Tia 1 loga npul=0.

OcHoOBHad Med 3aK/JII0YaeTCd B TOM, 4To K03dduiuenT npu loga B JMHERHOI
dbopwme (17) He 3aBucur or BbIOOpa @ (HO, pa3ymeercsi, AaHAJINTHYECKOE MOBEIEHNe

WHTErpaJia SaBI/ICI/IT!). [Toaxomsiiuit 1 ecTecTBEHHBIN BHIOOD st @ — IIPUHA/IIE-
KaTh MHOXKECTBY {al, cen ak}. B stom cirydae onpeneneHHbie BBIIE BEJIUYUHBI )
peaiu3yIoT COBMECTHBIE MPUOIKeHus K logay, . . ., log ay.

2.2 Awnanurudyeckue m apudmeTnveckmne MHTrPeIueHThI

CkoHIleHTpUPYeM Hallle BHUMaHue Ha ciay4ae k = 2, npu koropom B [11] ycranos-
JIeHa, OIeHKa Mepbl JIMHeHON He3aBucuMocTu unces 7w u log 2 Hag Q (B wactHOCTH,
MepBI HPPAIMOHATLHOCTH ), & TAKYKe HOBas Mepa HPPAIMOHATLHOCTH 9iCaa 7 /v/3.

Urak, Xara [11] Beibupaer k = 2 (uem neiicrBuresibHo 0606maer (16), a 3naunr,
u (1)) u, noxacraBisisi @ = a1 ¥ @ = dg, CTPOUT XOPOIIIHE COBMECTHBIE MPUOIMIKEHNS K
log a; u logay. Xara ‘orpannuuBaercsi’ ¢ caMOro Ha4vaJjia paCCMOTPEHHEM YaCTHOTO
caydas ng = ny = ng = 2n U m = 3n, rae n — pactymmii napamerp. OaHAKO
9TOT MPOCTO BHIOOD MPUBOAUT K HAUIYYIINM TEOPETUKO-UYHUCJIOBBIM DPe3y/IbTaTaM,
1 Hallle COOCTBEHHOE pAacCMOTpeHue oO0Ieil cuTyanuu

g = &N, N1 = 1N, T2 = Q2N, TN = AT,

IJe oy, (1, Qig, ¢ — TIOJIOYKUTEJIbHBIE 1eJIble, B O0JIbIIel CTeNeHU MOTINHEHO MEeTO-
JIOJIOTHYECKUM IIPHYMHAM.
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BannmeM UHTErpaJibl B BUE

nf(2)
dz, j=1,2, (18)

Jn = ha) = [

Vi <

e
f(2) = aplog(z — ag) + a1 log(z — a1) + aslog(z — as) — alog 2

¥ IyTh 7j COEAUHSIET TOYKH 1 W @j, IPOXOJs Yepe3 COOTBETCTBYIONINE TOYKH Hepe-
BaJia. DT TOYKM nepesasa &, &, &y ABIASAOTCS pemenusivi ypasrenusi f'(z) = 0,
KOTOpOe TIPUBOAUTCA K KyOMYECKOMY MOJUHOMHUAILHOMY YPaBHEHMIO: JBEe TOUKHA &;
u £ OTBEYAIOT 3a POCT WHTErpasos B (18):

1 n . log|Jon
tim 081Nl _pese), tim LL?’ |

n—0oQ n n—o00

= Re f(§2),

B TO BpeMs KaK TPeThs TOUKA MepeBaja &y ONpeieaseT aCUMITOTHIECKOe TOBEICHNE
K03 DUINEHTOB JIUHEHHBIX (HOPM.

JLnst Beraucsienusi apudmeTuku KoM UIUEHTOB Mbl JIOJIXKHBI ONPEJIE/TUTh TPa-
BUJIbHBIE 3HAMEHATEJIM TPOU3BE/ICHUH

1 agn\ [oan Qon
lo+11+1 .
zo+11+12—an(zo><zl><zz>’ ot hitl#an

flcuo, uro noTpebyercs: HauMeHbIIHit 061wmit 3HaMenarens Dg,, e f = max{a, ap+
a1 + ap — a}, HO 9acTh IPOCTHIX p > VVC'n MoXkeT GbITh HCKIIoYeHa u3 Dg, ¢ mo-
MOIIBIO PEIIeHus CAeAYIONeR 3aa49n: ONPEIEIUTh MPOCTHIE P, AEJSIINe BCE IeJIble

YUCIA
QN a1n [e5X1)
lo Iy lo

IIPU JIONOJIHUTEIbHOM yesoBuu lg + Iy + Iy = an (mod p). BanuceiBasg apoGHBIE

nomn z = {n/p} uy; = {l;/p}, j = 0,1,2, cBeneM 3anady K MEUHEMH3AUUH 1-Te-
PUOIMYECKON 1eTI03HAYHON (DyHKIMH

w(:c,yo,yl,yg) = Z(LajmJ - Lij - Lajx - ij)

J

na kyb6e (o, y1,%2) € [0,1)% npu monosnuresbHOM Oorpanudenun Yo + Yy, + Yo =
(mod 1). (ITocnennee ycioBue o3Hadaer, 4TO 3HAHUE T, Yo, Y1 OJHOZHAYHO OIPEIe-
JISIeT OCTABIIYIOCS BeJMUYMHY Yo.) OO03HAUMM uepe3 wy(x) Tpebyemblii MUHUMYM.
Hanpuwmep, Bei6op Xarhl o = a; = g = 2, @ = 3 IPUBOIUAT K PYHKIUH

(z) 1, ecimm zx € [%, %),
(ov] =
0 0 wmHaUe.
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CymecrByer Takxke ‘mpobsieMa’ OTHICKAHUsI MPABUJIBHBIX 3HAMEHATE el duces
Ay m Ajalotttl=m K npumepy, B ciydae a; = 2, az = 1 +i (oTBevaiomem coBmecT-
HbIM TpUO/IMKeHusM K log 2 u ) mosydaem

(—1)l0+l1+l2A1aéo+ll+l2_m — 2n1—l1 (1 4 ,L')m—lz c Z[Z]
(_1)lo+l1+lelal10+l1+l2—m — 2n1+lo+l2*m(1 + i)n2*l2

— 2n1—|—l07m(1 + Z)l2(1 . i)lz . (1 + 7;)2|_n2/2] (1 + i)?{nz/Q}flz

— 2n1—|—|_n2/2jfm+l0i|_n2/2j (1 + 2)2{n2/2}(1 o i)lz c Z[Z],
(_1)l0+l1+l2Alal20+l1+l2—m — 2n1—l1 (1 4 i)n2+l0+l1—m

— (1 + z')mfh (1 _ Z‘)n1*l1 (1 + Z‘)n2+lo+l1*m

= (L4 g)mtmmtlo( — jym-b ¢ 7]

IpU YCJAOBHM, 4TO Ny + |no/2| —m > 0 u ny +ny — m > 0 (uHbIME ciOBaMHu,
o +ag/2 > a).

2.3 Mepa gaa w

Takum obpazom, BbibOp Xarbl a1 = 2, a9 = 14+iunyg=n; =ny =2n, m=3nc
MOMOTIHIO TMPEIOKEHNS 2 TPUBOJIUT K CJIEAYIONEMY Pe3yJIbTATY.

Teopema 2. Ilokaszamendv uppayuoHasvrocmu a0b020 Henyaesozo v € Qlog 24+Qn
Yd06.AEMBOPAEM HEPABEHCMEY

p(y) < 8.01604539. ... .

3auHTEPECOBAHHOMY YHTATEII0 OBLIO OBl MOJIE3HO O3HAKOMHUTBHCH C 3aMeTKa-
M [5], KOTOpbIe B COCTOSIHUM NepeIarh OULYIIEHWs] TPY/IHOCTH TIOJYYEeHUs OIEeHKH
Mepbl UPPAIMOHAJIBHOCTHA YHUCJIA, 7.

2.4 JIBoiiHBIE TUIIEPTreOMETPUYECKUE PSIbI

B sTtoMm mynKTe yKarkeM CBaA3b MeXKJy KOHCTPYKIMeil XaThl W IrumepreoMeTpuyec-
KUMY psijiaMu (UCIOJIb30BAHHBIMU KAK OCHOBHOIM MHCTPYMEHT B pasiene 1).
JList KparkocTH TOJIOXKUM ¢ = @1, b = @y ¥ paCCMOTPUM MHTEIDAJIbI

7 /“ (z—=1)"(z —a)™(z — b)™ &

- Zm+1

Zm—}—l

Py S IR0 T O
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peasiu3ymolnue coBMecTHbie npubukenus K loga u logb. Ilpumenss craproByio
3aMeHy nepeMenHoit z = 1 — (1 — a)z K nepBoMy MHTErpaJy, moJay4aeM WHTerpaJl

1—a \m™
1 Ino(l — .’L')nl (1 - 1—_b$>

0 (11— (@1 -a)z)m+!

J = (=1)"tH(1 — g)rotmtl(1 — p)m2 dz, (19)

KOTOPBIi MOXKHO OTOKJIECTBUTH C THIEPreOMeTpUYecKoil byHKImeir Amnmes

J = (=1)™t (1 — g)notmt(1 — p) (e s 1)

1 —
><F1<n0+1;m+1,—n2;n0+m+2;1—a,1 Z)

(e [4], §9.3, dbopmy.a (4)), rae psia

Fl(A;B,BI; C; X, Y) ii (A)V-HJ(B))V(B,)MXV}/M

Iyl
v=0 pu=0 v ,LL(C vtu

abcooTHO cxomuTes B obsactn [ X| <1, [Y| < 1.
Jlpyras 3aMeHa mepeMeHHOM

x=(1—y)/<1—1:2y)

B (19) IpMBOAUT K MHTErPAJIBLHOMY NPEICTABICHUIO

J = (_1)n0+m(1 _ a)n0+n1+1(1 _ b)n°+"2+1(a _ b)n1+n2—|—1
y /1 ym (1 _ y)no dy
0 (a(1—b) —b(1—a)y)™ " ((1—b) — (1 — a)y)"o ™+
(1 —a)ot™+l(g — )™+ D(ng +1)(ng +1)
@ (1= D)+ Dlno+m +1)

(20)

= (=1

b(l—a) 1—a
X Fy m+1lm+1lng+n +no—m+1;n9+n +2; . .
a(l—5)"1-b

Cnyuyait ¢ = 2, b = 1 4 ¢ oTBedaeT CJeIyIOIEeMy BBIOOPY apryMeHTOB B TIOC/IETHEM
F-psine:

l—a _ _j = 2 b(1 —a) _ Le—m'/él.

1-b ’ a(l—0) /2
Hakomern, Te ke caMble 3aMeHBI II€DEMEHHOIl, IPUMEHEHHBIe K MHTerpany J*
IIPUBOJAT K MHTerpajgaM nogoousM (19) u (20), Ho ¢ HHTErpHpOBaHUEM IO [ JKAM
myTsim o1 0 10 (1 —b)/(1 — a) u or 0o 10 1 COOTBETCTBEHHO.
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3 Mepa nppanmoHajJbHOCTH 5 log 3
(mocsie JI2x. Puna)

3.1 IlpenBapuTesbHOE 3aMeYaHUE

Kak ObL10 OTMEYeHO, MEeTOJ pas3jesa 2 MMeeT MHOXKECTBO JIPYIUX MPHJIOXKEHHUIA.
Hanpumep, BoiGop a3 = 4/3, a3 = 3/2 ung = ny = ng = 2n, m = 3n (cp. ¢
n. 2.3) ¥ npuMeHeHue npejioXKenust 2 BiekyT HepasencTso p(y) < 11.1017577. ..
JUTs TIOKa3areist uppanunonaabHocta ¥ € Qlog 2+Qlog 3 (em. [12], crencrsue 3.1).

3.2 CHoBa 0 panMOHAJbHBIX MPUOIMXKEHUSAX log 2

Kak nam yxke u3zBecTHO M3 paszesna 1.1, gjs HaAIero nepBoOHAYaJJHLHOIO WHTETPa-
na (1) B ciyyae a = 2 BBINOJHEHO

z(l—x2)\" dz
D, € Zlog2+7Z
/( 1+ ) T4g oo™

1 k
z(l—x dz
D, / ( ) € Zlog2+ 7
0 1+x 1+2x
npu JiroOoM HeoTpunareabHoM k < n. PaccmarpuBas JuHeiiHble KOMOWHAIIMH Ta-

KHUX MHTErpajioB, 3aK/JII0YaeM, 4To Jyisi Jiioboro muorowiena Gy (y) € Zy| crenenn
deg G, < N UMEIT MeCTO BKJIIOYEHUST

D/ ( 1—3:)) 7 Z0g2+ 7. (21)

¥, 3HAYUT,

1+2x 1+2x
JIlnst Toro 4ToOBl yrajarh ‘yaadHbli BbIOOp MHOrousieHa (5, 3aMeTUM, 4TO
/1 r(1—-2)\" dz —C/b r(1—2)\" dz
0 1+z 1+z 0 1+z 1+2’
riae C — HekoTopas mocrosinHas (B HameM ciaydae C' = 2), a b — Touka nepesasia
IIOBIHTerPaIbHON byHKIUE: b = /2 — 1; ciienoBaTenbHo,

1 . (V2-1)?
[ 5se[ rm
0 1+x 1+
ey =x(1—2z)/(1+2z) zz(y): (0,(v2—-1)%) = (0,b) — obparHOe 0TOOpaAKeHHE.
OkoHYaTETHLHO,

! z(1—2)\ dx (va-1y?
/0 Gn< T >1+:c —C/O Gn(y)a(y) dy.
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Takum 06pa3oM, OlleHNBasE HEOOXOAUMYIO ACUMIITOTUKY, UCIOJIb3Ysl BKIOUeHust (21)
¥ npuMeHsist peyioxkenue 1, noaydaem ouenky p(log2) < 1+ C1/Cy, rue

Co=—-1— lim log max {\Gn(y)‘l/n}’

n—o0 gy (v2e—1)2

Ci= 1+ limlo max Gn(y)[M/™ Y.
= 1 fim o max {16, ()]")

Tenepb MOXKHO ObLIO Obl 3aHATHCS MOMCKOM MHOrouwieHa G, € Z[y| crenenu < n,
nocrasisomero MuaumyMm Benunuuubl C1/Cy. K coxanenuio, sta (Henuneitnas!)
3a/1a9a MPEeJICTABJISIeTCs] BECbMa TPY/IHO PA3PEIIHMOii.

Unest Puna [15], [16] — aBTOpa yKa3aHHO# KOHCTPYKIMH — 3aKJIOYAETCS B
‘TMHeapu3ayu’ JTAHHON ONTHMHU3AIMOHHON 3a1aun. PUH mpeyaraer uckarb MHO-
rowten G* € Zy] crenenu, ckaxem, < n*, KOTOpbIi Hanbosiee 6JIU30K K OMTHMAJb-
HOMY BBIOODY MHOTOYIEHA B 3aja4e

min max G(y)|V/™ Y, 22
Jun ﬁ_1)2{| W)} (22)
1<deg GEKn*

nocte gero B Kadectse Gy, () Bribupars (G*(x))"/"") nna n cymecrsermo 66mbmmix
vem n*. Hanpumep, ToT daxT, uto (v/2 — 1)? &~ 1/6, maeT mepBoe HeTpHBHATLHOE
npubnnxkenne G*(y) = y%(6y — 1) B nocnenneit 3anaue.

[TpoGiema MuHMMH3AIUH BeJIUYUHBL (22) TECHO CBsI3aHA C BBIYHUC/IEHUEM Z-
tpaucdunuTHOrO Auamerpa orpe3ka [0, (v2 —1)?]. (3xecs Z-rpancdunuTHbi 1ua-
MeTp MHOXKecTBa Y C R ompenesnsiercss cooTHOIIEHTEM

tz(Y) = inf G(y)['/ 48}
2(V) = inf max{|G(y)[/};
deg G>1

0 CJIOXKHOCTH BBIYHMCJIEHHsI 9TOfi BeJMUYMHBI cM. [1].) DTa B3aMMOCBSI3b ONHCAHA
B [2]; Tam ke MoxkHO HaiiTu pe3ynbrar p(log2) < 3.991, monyueHHbIH HA OCHOBE
OIIMCAHHON BBIIIE JTHHEAPU30BAHHON HpOIEAYpHl onTuMusanuu. [locienuss ouen-
Ka BBIIVISIIUT JOCTATOYHO OJIM3KON K OLEHKE U3 TeOPeMbl 1; OJHAKO OHA SIBJISIETCSI
OY€Hb ‘KOMIBIOTEPHO3aBUCUMOIL .

YKa3aHHBIH MeTOJ MOYKeT OBITh HCIOJIb30BAH U B CHTYAIMSX, MOJIOOHBIX DPac-
CMOTpeHHO# B paszzene 2. Hanpumep, MOKHO paccMaTpuBaTh COBMECTHBIE Z[i]-TIpH-
osimkenns K loga; u log ay Buga

a1 _ 2 — 2 — 2
/Gn<(z 12(z — a1)(2 a2>>i_z:3nlogal—3;,
1

23

a2 —1)2 — 2 - 2
/ Gﬂ((z 1)2(2 Zgu) (2 a2>>%23n10ga2—3x
1

JJIsl TPOU3BOJIbHOTO MHOTOUIeHa Gy (y) € Zly| crenenu < n, vie

dan, anSnB;p angnBlnl € Z[l],
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a nesioe d > ( nmpoucxoauT OT 3HAMEHATeJel Jucesn aq, s, afl,a; L (IIpumenenne
JIYUIMX BKJIOYEHHUHl, mojydeHHbIx Xaroii B [11], B aroM citydae kpaiine mpobsiema-
tuuHo.) K coxKasleHuto, JaHHbIH CIOCO0 HE BBIIVISIAUT CJIMIIKOM MEePCHeKTHBHBIM,
ONSTH »Ke BBUJY HEOOXOIUMOCTH ‘JIMHEAPU30BATH BO3HUKAIOILYIO ONTHMHU3AIMOH-
HYIO 33/1a49y.

3.3 JIpyroe 0606menne narerpaia B (1)

C apyroii croponbl, uaTerprpoBanue B (1) MOXKHO IPOBOJUTH 3aMEHsIsS TUCIUTENh
2™(1 — )™ NOABIHTErPAJBLHOTO BHIPAYKEHUs TPOU3BOJIHLHBIM MHOTOUIEHOM CTEIIeHU
< 2n. Ilpu 3ToM, pazymeercs, BO3HUKAIOT €CTECTBEHHBIE JIONOJHUTEIHHBIE OTPAHY-
4YeHUsi HA BHIOOD 10I00HOTO MHOTOYJIEHA.

[Tycrs @ = ¢/d € Q, tue ¢ mu d > 0 B3auMHO TpoCTHI, U MycTh A 0603HAYAET
obiee kparuoe uuces ¢ u d. [Ipexnosoxum, uro muorounen H,(z) € Z[z] crenenn
< 21 MOXKHO TIPEJCTABUTH B BUJIE

n 2n
Hy(z)=)Y BA""2"+ Y B2, e B,€Z v=01,..2n (23
v=0

v=n+1

(flcHo, uro B ciyuae a = 2 muorowien H,(z) = (z — 1)"(z — 2)" umeer TpeGyeMblii
Bu.) Torpa mist mHTErpana

' H,(d—d(1 —a)z)
I(n) = (l—a)/0 70— (1 — a)a)! dz

MoJTyYaeM

I(n) = 3" B,A™ @ (1 - a) /0 (1—(1—a)z)" "' dz

+ Y B (1 -a) /0 (1= (1—a)z)"dz

v=n+1

3
—

2n
| 1— gV
_ BUAn—udu—nai _ Bn loga _ Z Budu—nia"

n—v V—n
v=n+1

<
Il
)

T.C.
I(n)- D, € Zloga+ Z.

B ofmem ciaydae, 061a1ast MHOXKECTBOM U3 k PAIMOHAIBHBIX YHCET a; = ¢;/d

npu j = 1,...,k, 6ygem cuwrarh, uro muorowien H,(z) € Z[z] crenenn < 2n

npejacraBuM B Buge (23) ¢ A, aBASONMMCS OOIMM KPATHBIM YUCEJT Cq, .. ., Cg, d.
Torma, nonaras

' H,(d—d(1 - aj)z)

I(TL, aj) = (1 - a’j) dn(l _ (1 _ a]_)l.)n+1

dz, j=1,...,k, (24)
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HaXOIUM
I(n;a;) - D, = —Bploga; + Anj € Zloga,; + Z, j=1,...,k,

YTO ONSATH-TAKU SIBJISIETCSI COBMECTHBIME NPUOIMKeHUsIMA K logay, ..., loga,. (Ha
CaMoOM JieJie, BBIOOD

H,(z) = A™(z — 1)Porl (z — g )Pl oL (7 — g) 1Pe7

re B; = ojf/a for j =0,1,...,k, naer B TOYHOCTH Te yKe MPUOJIMIKEHNUsI, 9TO U B
paznese 2. Ciyuait 51 = --- = B 611 panee paccmorpen B [15] u [17].)
[Mouck noxxosiiero Muaorounena Hy, (z) mjis 3a1aHHOT0 HAOOPA YUCEIT a1, - . - , O,

OYeHb IOXOXK Ha MpOIeAypy u3 II. 3.2. 3aMeHa nepeMenHoit z; = d —d(1—a;)z B uu-
rerpasax (24) (u, Kak cjeACTBUE, HHTErPUPOBaHUE 00JIee TPOCTOrO BHIPAYKEHUE TI0
orpe3ky [d, da;|) npuBoauT K 331a4e orbicKanust Muorouiena H, (z) € Z[z| crenenn
< 2n ¢ passoxkenueM (23) TAKOro, 4T0 BEJIUIHHA

Hn(Z) 1/n k

MHUHHMAJIBLHO BO3MOXKHA. AJITOPHTMHYECKOE peIIeHHe 3TOi MIpoOJeMbl Ha OCHOBE
LLL-anropurma 6110 HepasHo npemioxeno K. By B [20]. D10 gaer BO3MOXKHOCTD
aBTOMATU3AIUHA TIOUCKA XOPOIIUX OINEHOK JJIsd JUHEHHBIX (DOPM OT JIoTapudMOB pa-
YUOHAALHBLT TACE].

3.4 Mepa aaga log3

Jnst BeIBOZa Hawsydieir Mepbl uppaiponaabaoctu log3 Pun crpour B [16] cos-
MeCTHBIe Tpub/mKeHus K jorapudmam dncen a; = 2/3, as = 4/3 u ucnoansyer
CJIeYIONHH (JIOCTATOYHO CJIOXKHBIN) BEIOOP MHOTOUIEHA (23):

H,(2) = o4 . gontT | (2 1)L0-704324nJ (z B §> 10.552418n| <z B g) 10.447582n |

x (5z — 4)101090720) (17,2 — 34z + 16) 100389341 (1922 — 36 4 16) 10054365

(‘obocHoBanuUe’ 3TOrO BEIGOPA MpUBEAeHO B [20]). Takum cnocobom Pun mokassiBaer
CJIELLYIOIIee yTBEPKIEeHNE.

Teopema 3. Ilokxaszamesv uppayuoHarvrocmu a0boz20 nenysesozo v € Qlog 2 +
Qlog 3 ydosaemsopaem nepasencmey

w(y) < 8.616.

JlanpHeiimme pe3ynIbTaThl B 9TOM HANpaBJIeHHH (HATIPUMED, ONEHKH /IS Mep
uppanuoHanabHocTH uuces log b, log 7 u T.1.) MoxkHO HaiiTu B [20].
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4 3akJIYuTeJbHbIE UMIIPOBU3AINN

BsaumocBsi3u ¢ runepreomerpudeckuMu GbyHKIuaMU (TpeacrasieHubie B 1. 1.1 u
1. 2.4 panee) MOr/IM OBl NOBJIMATH Ha JaJbHeifllee yCUIEHNE ONEHOK Mep UPPAIo-
HaJIbHOCTH JIOTAPUMMOB U JIPYTHUX TOJ00HBIX MOCTOSTHHBIX. TaK, HAIIpUMED, 1peod-
pazosanue Diiiepa (cm. [4], §2.4, dbopmyaa (1))

2F1<A,B ‘ Z) _ 1 _2F1<A,C—B‘ —2 )
C (1—2)4 C 1—2z
rpancdopmupyer apryment z = 1 —a = —1 u3 pazgena 1 B —z/(1 —2) = 1/2. D10
IPUBOJUT K o F1-psijly € nososcumesvrolMy 4I€HaAMHU U JJAeT BO3MOXKHOCTb U3y4e-
HUsl QHAJIUTHYECKONW ACHMITOTHKU BeIHYIHMHBI (3) 6e3 MCIONb30BaHUS MHTETDAJIb-
HOTO TIpeCTaBiIeHus (2), T.e. MBI MOYKEM IOJHOCTHIO M30ABUTHCS OT MHTErDAJIA
(sTa npes npunamaexkut K. Bomay; em. [21], nokasarenscrBo semmer 4). OxHako
TpebyIOTCS JOMOJTHUTEILHBIE COOOpakeHus, 9TOObI MPU3HATH TUIEPIeOMETPUIEC-
KH€ NPEJNCTABJIEHUs JIeHCTBATE]LHO BECOMBIMU /IS HOJIyYeHHsl HOBBIX Pe3yJibTa-
TOB.

Hawm npesicraBiisiercst BeCbMa JIIOOOMBITHBIM U 00EIIA0IINM IIPUMEHEHHE (DOPMY.T
Pamanymkana, 11t 7 TaKuX, Kak

. (1/4)1/(1/2)1/(3/4)1/ (_1)1/ _ 4
"E (21460v + 1123) - 38l —
1

(1/4),(1/2),(3/4), L _
s (263900 +1103) - 55 = -7

o

(25)

e 5

(=)

v=

(cm. [14], paBenctBa (39) u (44)) ¥ MHOTHX APYTHX, JJIs HOCTPOEHUS XOPOIIUX Pa-
MUOHATLHBIX TIPHOTIKeHHil K aucaaM 7 u 7v/d B Clyuae MeJIbX o/ 10KHTeTbHBIX d.
VIMeHHO, MOYKHO OXKUJATH HEIJIOXHME OLEHKHU [JIsl COOTBETCTBYIOIMX MepP MPPAIHo-
HAJIBHOCTH C MOMOIIBIO MOCTPOEHUsI B SIBHOM Buje npubikennii IMage (mepsoro
WJIM BTOPOTO THMNA) Jis dbyHKImoHa bHoit cucremsr 1, f(2), f'(2), f"(z), rue

$° L6 g (55 E)

v!3 1,1

B crarbe [13] crpositest npubsmkenus [lage s ogropoguoit cucremsr f(z), f'(z),
f"(z) (6e3 1), uro HemocTaTouHO Jyisi HAMUX Tesieil. B 3akioveHne HEOOGXOIUMO
OTMEeTHTh, 4TO 00mmit pesysabrar A. [anoukuna u3 [8] (1OKa3aHHBIH C IOMOIIBIO
HEKOTOPOro 06001IeHusT MeTO/Ia 3Ureisl) BI€YeT KOJIUIeCTBEHHYIO JMHEHHYIO He3a-
sucumocThb uucen 1, f(1/b), f'(1/b) u f"(1/b) ansa uenvix b ¢ ycaosuem |b| > by,
e, K COXKaJICHNIO, 3HaUeHUe by CTOJIb BEJIMKO, 4TO B caydaax b = —882% u b = 99?
u3 (25) yKa3aHHBIM Pe3yJIbTATOM HE YJIAETCsl BOCIIOJIb30BATHCS.

fz) =

v=0

Baazodaprocmu. ¢ mnckpenne mpusnaresen k. Puny 3a TO, 4TO OH BBesq MeHA
B NpeAMeT TPAHC(HUHUTHOTO JUAMETPA U er0 TeOPEeTHKO-YHMCJIOBHIX TPUIOXKEHUH,
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B YaCTHOCTHU TeX, 4TO MpeAcTaBJeHbl B pasuaese 3. 4 ocobo Oiaromapen 1. Byni-
11y, IJIOAOTBOPHBIE Oece/lbl ¢ KOTOPhIM BO BPEMsI MOEro JJIUTEJTbHOIO TpebbiBaHms
B KéibHCKOM yHUBepcHTETE ObLIM 0COOEHHO BarKHBI IPY HAIMCaHUU. ¢1 OJaromapen
X. I'mnnepe 3a TO, 9TO OH NMpPHUBJAEK MOe BHHMaHHE K (OPMYyJaM paMaHyIKaHO-
Ba THIIA M TPEJOCTABUJI BO3MOXKHOCTb O3HAKOMUTBLCS C PYKOMHCHIO [9], a Takike
JI>x. CoHIOBY 3a psij KOHCTPYKTUBHBIX 3aMeYaHUi.
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